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Ldi noi dau 

Chink phuc bat cvt mot sit kho khan nao luon dem lai cho ngudi ta mot niem vui sildng tham lang, 
bdi dieu do cung co nghia la day lui mot ditdng ranh gidi va tang them til do cua ban than. 

Quyen sach nay den vdi cac ban chfnh la bat nguon tit cau triet If ay. Vdi mong muon dem lai 
niem yeu thfch va say me cho cac ban ve mot mang toan kho trong chitOng trinh toan hoc cua trung 
hoc pho thong nhrfng an chita trong no biet bao nhieu dieu thu vi va dam me. Do chfnh la bai toan 
ve “Bat dang thitc”. Quyen sach cac ban dang doc la sit tong hop tit cac bai toan hay va each giai 
that ddn gian chi sit dung nhitng “chat lieu” thrfdng gap trong chrfdng trinh trung hoc pho thong, 
nhitng lai mang den sit hieu qua cung nhitng dieu thu vi den bat ngd ma ban quan tri diin dan 
http://boxmath.vn/ bien tap lai tit cac bai toan bat dang thile tren diin dan, nham mang lai cho 
cac ban mot tai lieu hoc tap tot nhat. Va ban bien tap xin giii ldi cam On chan thanh va kfnh trong 
tdi thay giao Chau Ngoc Hung - THPT Ninh Hai - Ninh Thuan da nhiet tinh hi trp ki thuat ve 
Latex, dong thdi cam On cac ban da tham gia giti bai, giai bai tren diin dan. Chfnh sit nhiet huyet 
cua cac ban da dem den sit ra ddi cua quyen sach nay. 

Moi bitdc di de dan den thanh cong trong bat ki linh vile nao cua cuoc song luon gan ket vdi sit 
dam me, tim toi, hoc hoi va chat loc kinh nghiem. Vi the qua quyen sach nay hy vong cac ban se 
tim ditpc cho minh nhitng gi can thiet nhat cho hrfdng giai quyet mot bai toan bat dang thitc. De co 
difpc dieu do cac ban hay xem quyen sach nhil mot ngrfdi ban va doc quyen sach nhrf cac ban dang 
doi ngau say me vdi ngrfdi ban tri ky nay vay! 

Va quyen sach nay cung mong muon mang den cho cac thay co co them tit lieu de phuc vu trong 
viec giang day va gieo cho cac hoc sinh cua minh niem yeu thfch va dam me trong cac bai toan bat 
dang thitc. 

Mac du da co sit co gang tap trung cao do trong viec bien tap nhrfng chac chan khong the khong 
co sai xot, mong cac ban doc thong cam va giti nhitng chia se cua minh ve quyen sach de ban bien 
tap co them nhitng y kien quy bau de hoan thien quyen sach hon. 

Moi chia se cua cac ban xin giti ve dia chi liltee_tm@yahoo.com.vn 

Thay mat nhom biin soan, toi xin chan thanh cam On. 

Thai Binh, ngay 29 thang 10 nam 2011. 

Dai diin nhom bien soan 
Chu bien 

Tang Hai Tuan - Lil.Tee 
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• Tran Quoc Huy - THPT Phan Dinh Phirng - Phu Yen. 

• Nguyen Van Thoan - Nam Dinh. 

• Nguyen Khac Minh - [2009 - 2012] - Trudng THPT Kien Thuy - Hai Phong. 

• Uchiha Itachi - TP Ho Chi Minh. 

Ho trd kl thuat Latex 

• Chau Ngdc Hung - THPT Ninh Hai - Ninh Thuan. 

• Tang Hai Tuan - A12 [2008 - 2011] - THPT Nguyen Dhc Canh - TP Thai Binh. 

• Pham Tuan Khai - THPT Tran Van Nang - Ddng Thap. 

• Ta Hdng Quang - TP Hd Chi Minh - Vung Tau. 

• Dang Nguyen Duy Nhan - Al [2009 - 2012] - THPT Sad Nam - Quang Nam. 

Trinh bay bia 

• Pham Tuan Khai - THPT Tran Van Nang - Ddng Thap. 
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M0T s6 BAT DANG THtfC THUCiNG DUNG TRONG 
CHUdNG TRINH THPT 

I. Bat dang thufc AM-GM. 

1. Bat dang thufc AM-GM cho 2 s6. 

Cho a, b la cac so tlnfc khong am. Khi do bat dang thde sau dung: 

a + b > 2 y/ab 

Dang thitc xay ra khi va chi khi a = b. 

2. Bat ddng thufc AM-GM cho 3 so. 

Cho a, b , c la cac so tlnfc khong am. Khi do bat dang thufc sau dung: 

a + b + c> 2>\fabc 

Dang thde xay ra khi va chi khi a = b — c. 


II. Bat dang thufc Cauchy-Schwarz. 


Neu a, b, c, x, y , z la cac so thRe tuy y thi 

(ax + by + cz ) 2 < 

Dang thde xay ra khi va chi khi — = - = - 
x y z 


(a? + lr + c 2 )(.r 2 - y 2 - z 2 ) 

(qui rfdc: neu mau bang 0 thi td cung bang 0). 


He qua: 

Neu a, b , c la cac so thrfc va x, y, z la cac so difdng thi: 

a 2 b 2 c 2 (a + b + c) 2 

• -1-i-> ————— 

x y z x + y + z 

1 1 4 

• - + - > —— 

x y x + y 

111 9 

• —I-1— > - 

x y z x+y+z 

III. Bat dang thufc Vec td. 

Xet vec to it = (a; b), it = (x;y), = (m;n) 

Ta co \lt\ + |^| > |lt + lt|, hay la. 

y/a 2 + V 2 + yjx 2 + y 2 > \J(a + x ) 2 + (b + yf 
Dang thde xay ra khi it va it cung hrfdng. 

Ta co \lt\ + |^| + \ v$\ > \lt + lt + lt\, hay la 

\Ja 2 + b 2 + y/x 2 + y 2 + y/m 2 + n 2 > yj(a + x + m ) 2 + (b + y + n ) 2 
Dang thde xay ra khi it, it va it cung hrfdng. 
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III. Bat dang thdc Holder. 

Cho a, b, c, x, y , z, m, n,p la cac so thrtc drfdng. Khi do ta co 

(a 3 + b 3 + c 3 ) (x 3 + y 3 + z 3 ) (m 3 + n 3 + p 3 ) > (axm + byn + czp ) 3 

Chifrig minh: 

Sd dung bat dang thde AM-GM ta co: 

a 3 ^ x 3 ^ m 3 ^ 3 axm 

a 3 + b 3 + c 3 x 3 + y 3 + z 3 m 3 + n 3 + p 3 ~ ( a 3 + b 3 + c 3 ) (x 3 + y 3 + z 3 ) (m 3 + n 3 + p 3 ) 

Thiet lap 2 bieu thde tUdng tit vdi bo (b,y,n) va ( c,z,p ) roi cong ve vdi ve ta co dieu phai chdng 
minh. 

Dang thdc xay ra khi cac bien bang nhau. 

Chu y: Bat dang thde Holder khong drtdc hoc trong chrfdng trinh toan pho thong, nen khi di thi 
phai chdng minh. 


IV. Mot so bat dang thrife hay suf dung. 

Vdi a, b, c, x, y, z la cac so khong am. Khi do ta co 



3. (a + b + c) > 3 (pb + be + ca) 

4. x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz(x + y + z) 

5. (xy + yz + zx) 2 > 3 xyz(x + y + z) 

6. 3 (a 3 + b 3 + c 3 f>(a 2 + b 2 + c 2 f 

9 

7. (a + b + c) (ab + bc+ ca) < - (a + b) (b + c) (c + a) 

8 


Chdng minh: 


. 

i 2 + b 2 + c 2 >ab + bc + ca 



Ldi giai: 

Bat dang thde dung do 




a 2 + b 2 + c 2 > ab +be+ ca<£> 2 ( a 2 + b 2 

+ c 2 ) >2 (ab + bc + ca) (a 

- b) 2 + (b - c) 2 + (c 

: — a) 2 > 0 

Dang thde xay ra khi va chi khi a = b - 

- c. 



mcT™ 

9 79 9 (a + 6 + c) 2 

I 2 + b 2 + c 2 > v ’ 




Ldi giai: 

Bat dang thde dung theo bat dang thde Cauchy-Schwarz 


(l 2 + l 2 + l 2 ) (a 2 + b 2 + c 2 ) > (a + b + c ) 2 
Dang thde xay ra khi va chi khi a = b — c. 
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| |~3] (a + b + cf > 3(ab + be + ca) \ 

Ldi giai: 

Bat dang thde can cluing minh trfdng drfdng vdi 1 bat dang thde dung sau: 

(a + b + c) 2 > 3 (ab + bc + ca) <+> a 2 + b 2 + c 2 > ab + be + ca 
Dang tilde xay ra khi va chi khi a = b = c. 

| [i] x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz(x + y + z) ~| 

Ldi giai: 

Bat dang thde dung vi khi ta dat a = xy,b = yz,c — zx thi bat dang thde trd thanh bat dang thde 
a 2 + b 2 +c 2 > ab + bc+ ca. 

Dang thde xay ra khi va chi khi x = y — z hoac y = z = 0 hoac x = y = 0 hdac z = x = 0. 

| |~5] (xy + yz + zx) 2 > 2>xyz(x + y + z) \ 

Ldi giai: 

Bat dang thde dung vi khi ta dat a = xy, b = yz, c = zx thi bat dang thde trd thanh bat dang thde 
(a + b + c) 2 > 3 (ab + bc + ca). 

Dang thde xay ra khi va chi khi x — y — z hdac y — z — 0 hdac x — y = 0 hdac z — x = 0. 

| [g 3(a 3 + b 3 + c 3 ) 2 > (a 2 + b 2 + c 2 ) 3 | 

Ldi giai: 

Bat dang thde dung vi thed bat dang thde Holder ta cd: 

(l 3 + l 3 + l 3 ) (a 3 + b 3 + c 3 ) (a 3 + b 3 + c 3 ) > ^l 3 .a 3 .a 3 + \^l 3 .b 3 .b 3 + ^lhchc 3 ) = (a 2 + b 2 + c 2 ) 3 
Dang thde xay ra khi a = b — c. 

[~7~| (a + b + c) (ab + bc + ca) < ^ (a + b) ( b + c) (c + a) 

Ldi giai: 

Sd dung bat dang thde AM-GM ta cd 

(a + b) (b + c) (c + a) > 2Vab.2Vbc.2y/ca = 8 abc 


Do do 


(a + b + c)(ab + bc + ca) — abc + (a + b)(b + c )(c + a) < 


(a + b)(b + c)(c + a) 


Dang thde xay ra khi a = b — c. 


V. Mot so hang dang thufc dang nhd 

• (x + y) (y + z) + (y + z) (z + x) + (z + x) (x + y) = (x + y + z) 2 + xy + yz + zx 

• (x + y) (y + z) (z + x) + xyz = (x + y + z) (xy + yz + zx) 

• x 2 + y 2 + z 2 = (x + y + z) 2 - 2(xy + yz + zx) 

• x 3 + y 3 + z 3 = (x + y + z) 3 - 3(x + y)(y + z)(z + x) 


http: //boxmath.vn/ 


6 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.i 


1 Bai 1 den bai 20 

Bai 1. Cho ba so thitc dUOng a, b, c thoa man a 2 b 2 + 6 2 ^*# ; ^ 2 a 2 > a 2 b 2 c 2 . 

Tim gia tri nhd nhat cua: 


a 2 b 2 


b 2 c 2 


- C 3 ( a 2 + ^ a 3 ( ft 2 + C 2) ^ b 3 ( c 2 + fl 2) 


Ldi giai: 

_ I 1 1 

Dat x = -,y = -, z = -. 

a b c __ 

Khi do gia thiet drfOc viet lai la: 


z 2 + y 2 + 2 2 >l 


A = - 


y 2 + z 2 z 2 + x 2 x 2 + y 2 
Sd dung bat dang thdc AM-GM, ta co: 

x(y 2 + z 2 ) = -^j=y/2x 2 (y 2 + z 2 )(y 2 + z 2 ) 


' x/2 V 

. J_ If2x 2 + y 2 + z 2 + y 2 + z 2 \ 3 
: \/2 * 

2yfl 


Tnong tit, ta cung co: 


= -g-. (x 2 + y 2 + z 2 ) .yjx 2 + y 2 + z 2 

y(z 2 + x 2 ) < [x 2 + y 2 + z 2 ) . -\/a; 2 + y 2 + z 2 

z(:r 2 A y 2 ) < . (x 2 + y 2 + z 2 ) . y/x 2 -\-y 2 -\- z 2 

Mat khac, sd dung bat dang thdc Cauchy-Schwarz va ket hop cac danh gia tren, ta thay rang: 

_ x 3 y 3 z 3 


y 2 + z 2 z 2 + x 2 x 2 + y 2 
(x 2 + y 2 + z 2 ) 2 

' x(y 2 + z 2 ) + y(z 2 + x 2 ) + z(x 2 + y 2 ) 

> _ {x 2 + y 2 + z 2 ) 2 _ 

3. 2 ^. (x 2 + y 2 + z 2 ) .yjx 2 + y 2 + z 2 

y/x 2 + y 2 + z 2 


>A 

~ 2 

1 73 

Ma khi x = y — z = —= thi A = —. 

y y/3 2 

y/?> 1 

Vay gia tri nho nhat cua A la — khi x — y = z = —=. 
_2_ v3 


Bai 2. Cho hai so thitc ducfng x, y thoa man x + y + 1 = 3 xy. 
Tim gia tri Idn nhat cua: 

3x 3y 1 1 


M = 


y(x+ 1) x(y + 1) x 2 y 2 


Ldi giai: 
Cach 1. 
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Tit gia thiet 

3 xy — 1 = x + y > 2 y/xy <+> (y/xy — 1 ) ( 3 y/xy + 1 ) > 0 <(=> yjxy >l4$xy>l 


Va 


xy + x + y + 1 = 4 xy <+> (x + 1 ) (y + 1 ) = 4 xy 


Ta co 


Suy ra 


3x _ 1 
y(x+ 1 ) y 2 


M 


1 

y{x +1 ) 


3 xy — x — 1 
y 2 (x + 1 ) 

1 

x{y + 1) 


= y 
y 2 (x+ 1 ) 

2 xy + x + y 
4 x 2 y 2 


1 

y(x + 1) 

5 xy — 1 
4 x 2 y 2 


Xet ham so f(t) = ^ v< ^ t — xy > 1. Ta co 

_ 20 1 2 - 8t(5t - 1) 
/ \t) m4 

Vi vay ham so nghich bien vdi t > 1 


8 t - 20 1 2 
16t 4 


< 0 vdi t > 1 


=> f (t) max = /(!) = 1 khi t = 1 <£> Mmax = 1 khi s = y = 1 

Cach 

Dat - = a, - = b^a + b + ab = 3 
x y 

Ta co: 3 = a + b + ab > ab + 2y/ab > 3. \/a 2 b 2 <+> ab < 1 


Suy ra 


M = — 
a - 

.-Ml 


- = ab.( 


a + 1 + 6 + 1 . 


ab + 0 + 6+1 4 

- 2 ab + l] + 3a + 1 —(ab — l) 2 + 3a6 + 1 


Dau bang xay ra khi va chi khi a = b = 1. 
Bai toan difOc hoan tat. 


Bai 3. Cho a, b, c la cac so thitc dUdng. 
Chitng minh rang: 

a + b + c 1 3 

/ (a + b) 2 (b + c) 2 (c + a ) 2 

3 “ 4 V 

abc 


Lcti giai: 

Do bat dang thitc thuan nhan nen ta chuan hoa a + b + c — 1 
Ta co bat dang thitc tifdng ditong 


27[(a + b)(b + c)(c + a)] 2 > 64a6c 

De thay 

(a + b)(b + c)(c + a) > -(a + b +c)(a6 + be + ca) 
(bien doi tifdng difOng va sit dung AM-GM) 

nen ta difOc 

(ab + bc + ca) 2 > 3abc •+> (ab + bc + ca) 2 > 3abc(a + b + c) 

Dieu cuoi luon dung, do do phep chitng minh hoan tat. 

Dang thitc xay ra khi va chi khi a = b — c. 
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Bai 4. Cho a, b, c la cac so thiCc dUdng thoa man abc = 1. 
ChUng minh rang: 


1 a 4 + b 4 l b 4 + c 4 / c 4 + a 4 

1 + ab + \J 1 + bc + \ 1 + ca 


> 3 


Ldi giai: 


Ta co 

^ /a 4 + b 4 _ y /2(a 4 + 6 4 ) ^ y. a 2 ^ y. 6 2 
^Vl + a6 _ ^V 2 + 2ab ~ ^ y/2 + 2 ab + ^ \/2 + 2 ab 

sym sym eye v eye v 


StjC dung bat dang thtfc Cauchy-Schwarz va AM-GM ta co: 


E 


a 2 ^ 2 (a + b + c) 
V2 + 2ab ^ 2-\/2 + 2ab 


> 


2 (a + b + c) 2 
a& + be + ca + 9 


> 


3 

2 


Tudng tit 

^ fr 2 > 3 
V2 + 2 ab ~ 2 

Cong 2 bat dang thtfc ta drtdc 


a 4 + b 4 lb 4 + c 4 

1 + a£> + V l + 6c 


c 4 + a 4 
1 + ca 


> 3 


Phep chilng minh hdan tat. 

Dang thtfc xay ra khi va chi khi a = b — c — 1. 

Bai 5. C7io a, b , c /a cac so t/iftc thoa man a 2 + b 2 + c 2 0. 

CMnq minh rang: 

v >0 

^ 2a 2 + 6 2 + c 2 - 

eye 

Ldi giai: 

Cach 1. 

Ta c6 

E 2o 2 — 2 be (a — c)(a + 6) + (a — 6) (a + c) 

2a 2 + b 2 + c 2 = ^ 2a 2 + b 2 + c 2 

eye eye 

E a + b b + c 

2a 2 +b 2 + c 2 2a 2 + b 2 + c 2 

eye 

•y (a — c) 2 (a 2 + 6 2 + c 2 — ab — be — ca) ^ 
= ^ (2a 2 + 6 2 + c 2 )(2c 2 + b 2 + a 2 ) 

Bat dang thtfc cudi ludn dung, dd dd ta c6 dieu phai chtfng minh. 

Dang thtfc xay ra khi va chi khi a = b = c 

Cach 2. 

Bat dang thtfc can editing minh tudng dUdng 

2 a 2 — 2 be 2 b 2 — 2 ac 2 c 2 — 2 ab 

_ 2a 2 + 6 2 + c 2 + ~~ 2 b 2 + a 2 + c 2 + ~~ 2c 2 + a 2 + 6 2 + “ 


(a + 6) 

^ 2c 2 + b 2 + a 2 

eye 
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Trfdng tit ta drfdc 


(6rfrc) 2 _ {h — cf ^ Ir c 2 

2a 2 + b 2 + c 2 “ a 2 + b 2 + a 2 + c 2 “ a 2 + 6 2 + a 2 + c 2 

(a + c) 2 a 2 c 2 

26 2 + a 2 + c 2 — 6 2 + a 2 b 2 + c 2 

(ft + c ) 2 < &2 , c 2 

2 a 2 + b 2 + c 2 — a 2 + b 2 a 2 + c 2 


Cong ve theo ve ta drfdc 


( a + ft) 2 < o 
^ 2c 2 + b 2 + a 2 ~ 


Do chinh la dieu can cluing minh. 

Dang thrfc xay ra khi va chi khi a = b = c — 1. _ 

Bai 6. Cho a , b , c /a cac so thilc khdng am thoa man a + b + c = 3. 
Ch/lng minh rang: 

y/a(b + c) > 3.V2 abc 

eye 

Lbi giai: 

Bat dang thrfc can cluing minh trfdng drfdng 


lb + c lc + a la + b > ^ 

V 2 be V 2ac V 2 ab ~ 


i =( !L T £ ) *** 


(a + b)(b + c) (c + a) > 8 abc 


(a + b)(b + c) (c + a) > 8 (abc) 2 


6 \ /-^-> d 

Y 8(a6c) 2 

^ lb + c lc + a la + b > ^ 
V 26c V 2ac V 2 ab ~ 

Phep chilng minh hoan tat. 

Dang thile xay ra khi va chi khi a = b = c — 1. 


Bai 7. Cho a, b,c la c 

ac so thuc dUdng. 


CMng minh rang: 


>2+ 2 (x + y + z) 
tfxyz 

Ldi giai: 

Ta co: 


\ >2+ 2(x + y + z) 

) tfxyz 


x y z y z 

+>- + - + - + - + -■ 

y z x x y 

1 x ^ 2(x + y + z) 
z ~ tfxyz 
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Sd dung bat dang thdc AM-GM, ta thay 


Cong tifng ve ta dude 


x x M. 3x 

—I-1— > — 

y z x \/xyz 


y z x x y z 
x + y + z 


y z x x y z ^xyz 

Phep chtrng minh hoan tat. 

Dang tlnic xay ra khi va chi khi a = b = c. 

Bai 8. Cho a, b, c la cac so thuc dUdng. 

ChvCng minh rang: 

(1 + a 3 ) (1 + b 3 ) (1 + c 3 ) > (1 + ab 2 ) (1 + be 2 ) (1 + ca 2 ) 

Ldi giai: 

Ap dung bat dang thde Holder ta dupe: 

(1 + a 3 ) (1 + b 3 ) (1 + 6 3 ) > (l + «6 2 ) 3 

(1 + b 3 ) (1 + c 3 ) (1 + c 3 ) > (1 + 6C 2 ) 3 

(1 + c 3 ) (1 + a 3 ) (1 + a 3 ) > (l + ca 2 ) 3 

Nhan tifng ve cua 3 bat dang thitc tren ta dupe 

(l + a 3 ) (l + b 3 ) (l + c 3 ) > (l + ab 2 ) (l + be 2 ) (l + ca 2 ) 

Phep cluing minh hoan tat. 

Dang tlitfc xay ra khi va chi khi a = b = c. 


Bai 9. Cho a, b, c la ca 

\c so thiCc dUdng thoa man a + b + c 

= 1 . 

Cluing minh rang: 

e t4t- 2 

ya + be 



Ldi giai: 

Sd dung bat dang tlidc AM-GM va ket hpp gia thiet, ta co 

be be be 

V a + be y/a(a + b + c) + bc y/(a + b)(a 


. 1 Z' be be 
2 \a + b a + i 
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Trtdng til ta drfdc: 


ac 1 / ac ac 

/b + ac 2 \& + a b + c 

ab f ab ab 

Jc -r ab _ 2 \c + a c + b 


Cong ve theo ve cac bat dang thile tren, ta ditOc 


E; 


be 


. 1 / ab + ab + be + be + ca + ca \ 

— be 2 \a — c b + c a + b a + c b + a b+cj 


Phep cluing minh hoan tat. 

Dang thile xay ra khi va chi khi a = b = c — -. 


1 


Bai 10. Cho a, b, c la cac so thitc dUdng. 

Cluing minh rang: 

—j== + X- — + r—r - / (V“ + V& + \/c) 

VbTc Ja + c Ja + b x/2 V v v ) 


y/b + c y/a + c y/a + b y/2 

Ldi giai: 

Cach 1. 

Bat dang thile can cluing minh trtdng dctdng 

b 


P = - 


^ v/2 a + y/2b + y/2icj yjb + c cl + \/26 + \/2cj yj cl + c ys/2,0, + y/2b + v^2cy y/ cl + b ^ 

Theo bat dang thile AM-GM ta drtdc 


Do do ta co: 

2 a 


P > - 


2 b 


\Play/b + c < 


y/Zby/a + c < 
y/2cy/a + b < 


2c 


2 a + b + c 


2 b + a + c 


2 c + a + b 


2a + 5 b + 5c 2b + 5 a + 5c 2c + 5 a + 5b 
Theo bat dang thile Cauchy-Schwarz 


b 2 


2 a 2 + 5 ab + 5 ac 2b 2 + 5 ab + 5 be 2c 2 + 5 ac + 5 be 


q2 _ > 2 _ (a + b + c) 2 _ > 2 (a + b + c) 2 = 1 

^ 2a 2 + 5ab + 5ac ~ '2a 2 + 2b 2 + 2c 2 + lOab + lObc + lOca ~ 4(a + b+c) 2 2 


Chilng minh hoan tat. 

Dang thile xay ra khi va chi khi a = b = c. 
Cach 2. 

Ta co 


P — -i— . H— , — (a+b+c) ( H— H— ) — (\/b — c y/a + c + y/a + b] 

y/b + c y/a + c y/a + b \y/b + c y/a + b y/a + cj V / 
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Theo bat dang thde Cauchy-Schwarz ta c6 

/ , \ ( 1 1 1 \ 9 .(a + b + c) 

{a + b + c)[ n _ + , + , ) > - v ' 


v Vb — c \/a + b \/a — c) \/a — b ■ \'b — c +V C — a 

Theo bat dang thde AM-GM ta co: 

yfa + b + y/b 4- c+ \Jc + a ^ -\/3.2.(ci + b + c) 

Suy ra 

9(a + b + c) /———t ---- -v/3(a T b + c) 1 / r- _\ 

V'3.2.(a + 6 + «) a/2 #V v ' 

Phep chdng minh hoan tat. 

Dang thtfc xay ra khi va chi khi a = b = c. 

Cach 3. 

Do bat dang thde thuan nhat, chuan hoa: a + b + c — 3. 

Ta se chdng minh: 

‘ >^ + »(«_!) 
y/3--t ~ y/2 4%/2 

That vay, ta co: 

t _ Vi 3(t — 1) _ 3 (V3=i - V2) 2 + y/2) (5y/3^t + 6V2) 


/3-I 4a/2 ^2 4 A /3^t (y/2 + 


Suy ra 


=^ + jhi +: 'UT^c’ s hV~ a+ ' rb+ 'P) + m (a+b+c ~ i) -^2^ + ' rb+ 


x/3-a /3 — b V3-c ~ \/2 

Phep chimg minh hoan tat. 

Dang tilde xay ra khi va chi khi a = b = c. 


Bai 11. Cho x , i/, 2 : la cac so thitc chlcing thoa man x + y + z = 6. 
Ch/tlng minh rang: 

8 * + 8 y + 8 Z > 4 X+1 + 4 y+1 + 4 Z+1 

Ldi giai: 

Cach 1. 

Dat a = 2 X , b = 2 y , c = 2 Z -+ abc = 64 
Bat dang thde da cho drfpc viet lai nhrf sau: 

a 3 + b 3 + c 3 > Vabc ( a 2 + b 2 + c 2 ) 

Theo bat dang thde AM-GM ta co: 

3 Vabc < ( a + b + c) 


Suy ra ta se chdng minh 


3 (a 3 + b 3 + c 3 ) > (a + b + c) (a 2 + b 2 + (?) 
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2 (a 3 + b 3 + c 3 ) > ab(a + b) + bc(b + c) + ca(c 
That vay, theo bat dang thile AM-GM ta c 6 : 


+ b 3 + b 3 > 3 ab 2 


b 3 + b 3 + c 3 > 3 b 2 c 
b 3 + c 3 + c 3 > 36c 2 

Cong tfifng ve cua cac bat dang thile tren ta drtde 

2 (a 3 b 3 + c 3 ) > ab(a + b) + bc(b + c) + ca(c 

Phep chilng minh hoan tat. 

Dang thlie xay ra khi va chi khi a = b = c. 


Dat a = 2 X , b = 2 y , c — 2 Z —>• abc = 64 
Ta phai chilng minh: 

a 3 + b 3 + c 3 > 4 ( q 2 + h 2 + c 2 ) 

That vay, ta co: 

{ a 3 + a 3 + 64 > 12a 2 

6 3 + 6 3 + 64 > 126 2 =k a 3 + 6 3 + c 3 + 96 > 4 (a 2 + b 2 + c 2 ) + 2 (a 2 + 6 2 + c 2 ) 
c 3 + c 3 + 64 > 12c 2 

Ta lai co: 2(a 2 + b 2 + c 2 ) > 23v / a 2 6 2 c 2 = 96 

Suy ra a 3 + 6 3 + c 3 > 4 (a 2 + 6 2 + c 2 ) 

Phep chilng minh hoan tat. 

Dang thile xay ra khi va chi khi a = b = c. 


J2 (2 X — 2 y ) 2 (2 X + 2 V ' 

{4 X + 4^ + 4 2 ) (2* + 2^ + 2 2 ) c^kc 


Theo bat dang thile AM-GM ta co 

2 X + 2 y + 2 Z > 3.\/¥- 

Do do: 


= 3.2“= 3.2 2 = 12 


(4 X + 4 y + 4 Z ) (2 X + 2 y + 2 Z ] 


> 4 . ( 4 * + 4 y + 4 2 ) = 4 X+1 + 4 y+1 + 4 Z+1 


(2 » - 2») 2 ( 2 " + 2 ^) ^ 

q — 

eye u 

Suy ra: 

8 X - 8" - 8 2 > 4 X+1 + 4 y+ Pif 4 Z+1 

Phep chilng minh hoan tat. 

Dang thile xay ra khi va chi khi x = y = z — 2. 
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Bai 12. Cho x, y , z la cac so thitc dUdng thoa man xy + yz + zx = xyz. 
Cluing minh rang: 


Dat x — y — z ■ 
a b 

Ta can chimg minh: 


Theo Cauchy-Schwarz ta c 


~ + j >3(a 2 + b 2 + c 2 ) 


Ta se chilng minh: 


b 2 a c 2 b a 2 c + b 2 a + c 2 b 


(a 2 + b 2 + c 2 ) 


> 3 (a + b + c 


a 2 c + b 2 a + c 2 b v J 

a 2 + b 2 + c 2 > 3 (a 2 c + b 2 a + c 2 b ) 

<S=t (a + b + c) (a 2 + b 2 + c 2 ) > 3 (a 2 c + b 2 a + c 2 b ) 

<S=t a 3 + b 3 + c 3 + ac 2 + ba 2 + cb 2 > 2 (a 2 c + 6 2 a + c 2 b ) 
Vay ma theo AM-GM thi: 


[ c 3 + cb 2 > 2 cm 

•O’ a 3 + 6 3 + c 3 + ac 2 + ba 2 + cb 2 > 2 (« 2 c A 6 2 a + c 2 6 ) 
Phep chimg minh hoan tat. Dang thirc xay ra khi va chi khi a = b = c — - -o 


— + — + - 7 - > 3 (a 2 + 6 2 + c 2 l 


a b 
a 2 b 2 c 2 

. - 1 - 1 

cab 
a 2 b 2 c 2 

. - 1 - 1 T~ 

cab 
(a — c ) 2 (b ■ 


■ (a + b + c) 2 > 3 (a 2 + b 2 + c 2 ) — (a + b + c) 2 
(a + b + c) > 3 (a 2 + b 2 + c 2 ) — (a + b + e) 2 


- > (a — b) 2 + (b— c ) 2 + (c — a 


> J >- 6) 2 >0 


Vi a + 6 + c= 1 O -, 7) - > 1, do do bat dang thhc cuoi dung. 

a b c . 

Phep chilng minh hoan tat. Dang thilc xay ra khi va chi khi a = b — c = - <o x — y ~ z — c 


Bai 13. Cho x, y, z la cac so thuc dUdng thoa man x,y > T,x + y + 3 = xy. 
Tim gia tri Idn nhat cua: 

^ \Jx 2 - 1 \!y 2 — 1 1 

p — 1 _l Am_i_ 
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Dat a — b — - 
x y 

Suy ra: a + b + 3 ab = 1 < a + b + ^ <^> a + b > 


< V2 [ 2 _ (a , + 62 )] + i__^) 


2 

O (a + b ) 2 

2 


r 


2 


+ 





3(a + b) 3 

1 1 _ 1 + 8a/2 

72" ~~ 3 “ 6 

3 '3 

Dang thhc xay ra khi va chi khi a = b = \ ^ x = y = 3. Vay minP = UlTT? 

_3_6_ 

Bai 14. Cho x, y , z la cac so thitc dttctng thoa man x 2 + y 2 + z 2 + 2 xy = 3(x + y + z). 
Tim gia tri nhd nhat cua: 

„ 20 20 
P=x+y+z+ + 


7T2 


Ldi giai: 

Cach 1. 

Theo bat dang thhc AM-GM ta co: 


Suy ra: 


Xet f(t ) = t + 


3(x + y + z) — (x + y) + z 2 > -{x + y + z) ->• 0 < x + y + z < 6 
2v7~+7 < ^(4 + x + z) 

2 y/y + 2 < -(6 + y) 


P>x+y+z+ 

320 


80 


4 + x + z 6 + y 


80 ^ 320 

+ > +x + y + z + - 


10 + x + y + z 


10 + t 


320 


Ta co: f'(t) = 1- 9 < 0 vdi Vt e (0, 6 ] 

(10+ t) 2 “ 

Vay ham so nghich bien vdi Vt e (0, 6 ] 

Suy ra f{t) Min = f( 6 ) = 26 

Dang thhc xay ra khi va chi khi x = 1, y = 2, z = 3. 

Cach 2. 

Ta co: 

3(x + y + z) — (x + y) 2 + z 2 > \(x + y + z) 2 ^>0<x + y + z<6 
Sh dung bat dang thhc Cauchy-Schwarz va AM-GM, ta co: 
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P=x+ y + z + 


20 20 
\/x + z \Jy + 2 
80 


= x + y + z + 2 + 


2 (x + z + y + 2) 

. 16y/2 


/(x + z + y + 2) y/(x + z + y + 2) 


> 3\/16V2.16V2 + 8y/ ^ -2 

“ V \/ 6 T 2 


8 V^ 

/(x + z + y + 2) 


Dang thitc xay ra khi va chi khi x = 1, y = 2, z = 3. Vay minP = 26. 

Bai 15. Cho a, b , c /a cac 50 thitc dUdng thoa man a + b + c = 1. 

CMng mink rang 

E^<2(f + 6 +) 

6 + c c a/ 

id* giai: 

Ta phai chilng minh: 

E l + a (a b c\ 

^- 2 U + i + a ) 

2a + 6 + c /« 6 + c\ 

' b + c \b c a) 

E 2a „ ^ /a b c\ 

6 + c c «/ 

^ a a ^ 6 6 ^ c c > 3 

6 b + c c a +■■£ a a — b 2 

ac 6c a6 3 

- 1 - 1 -> - 

6(6+ c) a(a + 6) c(c + a)~ 2 

^ M 2 | (be) 2 | (a6) 2 ^ 3 

a6c(6 + c) a6c(a + b) abc(c + a) ~ 2 
Mat khac: Theo bat dang thitc AM-GM ta co: 

(ab + bc+ ca ) 2 > 3 ( a 2 bc + ab 2 c + a6c 2 ) = 3abc(a + b + c) 
Theo bat dang thitc Cauchy-Schwarz ta co: 

(ac) 2 + (6c) 2 + (ab) 2 > (a6 + be + ca) 2 > 3 

a6c(6 + c) a6c(a + 6) a6c(c + a) — 2a6c(a + 6 +c) — 2 

Bai toan ditOc chitng minh xong. Dang thitc xay ra khi va chi khi a = b = c — 

Bai 16. Cho a, 6, c la cac so thuc dvtctng thoa man a + 6 + c = 3. 

Tim gia tri nhd nhat cua 


P = 100 + (ab + bc + c 


M + a 2 6 + 6 2 c + c 2 , 


(a + 6) (6 + c)(c + a) + abc 


Ldi giai: 

Ap dung bat dang thitc AM-GM, ta co: 


6 3 + 6 3 + c 3 > 36 2 c => a 3 + 6 3 + c 3 > a 2 6 + 6 2 c 
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Va: (a + b)(b + c )(c + a) + abc = (a + b + c)(ab + be + ca) = 3 (ab + bc + ca ). 

Cach 1. 

Ta c 6: 

_ f.f. , afr + frc + ca 81 

P > 100 + ab + be + ca H—-——-- + ———--- 

a 3 + b 3 + c 3 3(a6 + be + ca 

afr + frc + ca 27 

— 100 + ab + be + ca + —— ,—;-:-, H—---- 

30 — 9 [ab + bc + ca) ab + bc + ca 

Dat ab + be + ca = t(0 < t < 3) 

Ta co: 

p = f(t) = ioo +1 + 3Q _ 9t + 3l 

ftU y 1 , (30-90+ 9i 27 i 30 27 n .. n 

fit) = 1 + --^- - = l-\ -^--<0vdi0<t<3 

J W (30 - 9 1) 2 t 2 (30 - 9 if t 2 

Vay f(t) nghich bien vdi 0 < t < 3 
^/(*W = /(3) = 113 

Dang tilde xay ra khi va eh! khi a = b = c = 1. 

Cach 2. 

Ta se co them 1 danh gia nhrt sau: 

a 2 b + b 2 c + c 2 a = ^ ( a 2 b + b 2 c + c 2 a) + jj(a 2 & + b 2 c + c 2 a) 

< ^ (a 3 + b 3 + c 3 ) + ^ (a 2 6 + 6 2 c + c 2 a) 

1 


Suy ra: 


-(a + b -t- c) (a 2 +b 2 + c 2 ) = a 2 + b 2 + c 2 
= 9 — 2(ab + bc + ca). 


P > ioo + n 6+6c+c«+ , a , 6+ ,t c+ca , + 


> 100 + ab + be + ca + 
Dat ab + be + ca = t, 0 < t < 3 


a 2 b + 6 2 c + c 2 a ab + bc + ca 
ab + bc + ca 27 


Khi do P >.100 + ^ + t + - 95 + l2(9 _ 2() 

Theo bat dang thtre AM-GM ta co 


9 — 2 (ab + bc + ca) ab + bc + ca 
9 


9(9-201 ( n 18\ 9 

+ + {* + T) + t 


[ | 9 ~ 2t ^ 3 

2(9-20 2 “ ’ 

2t+ y > 12 


Mat khac - > 3 
t ~ 

Vi vay P > 95 + 3 + 12 + 3 = 113 

Ket luan: Pm/at = 113 khi va chi khi a = b — c — 1. 

Bai toan ditOc hoan tat. _ 


Bai 17. Cho a,b,c la cac so thitc dUdng. Chiing minh rang 
P= 1 ■ 1 ■ 1 - 


a(b+l) b(c+ 1) c(a + 1) ^abc(j^abc+ij 


Ldi giai: 

Dat: x — y/a, y = tfb, z = yfc 
Suy ra 


http: //boxmath.vn/ 


18 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


„ 1 1 1 3 

P =-1— ---)-> - 

X 3 (y3 _|_ 1) y3 (^3 _|_ z 3 ( x 3 _|_ l ) (xyz + 1) 


M 3 + (1 + x 3 y'V*) + + ^3 ^3 + !) + .3 ( X 3 + !) ) 

= y _ - _+ y ( y3z3 +i)=y 1 + x3 + y y3 ^ + ^ 

^ x 3 (y 3 + 1) ^ \y 3 + 1 ) ^ x 3 (y 3 + 1) ^ (1 + y 3 ) 


Theo bat dang thtrc AM-GM ta co: 


Suy ra 


eye ’ 

x 3 +1 ^ 3 

^ x 3 (1 + y 3 ) — xyz 


M > 3 xyz + - 


• (1 + x 3 yV) .P > 3 xyz + -3 

V ' T1K 


3 / s 3 3 3 (x 2 y 2 z 2 — xyz + 1) 0 3 

- - — ( x 3 y 3 z + l) =-= 3 xyz -34- 

xyz(xyz 4-1) xyz zyz 


Vi vay 


(Lfx 3 yV)P> (l + x 3 yV; 


xyz 

3 


' xyz(xyz + 1) xyz{xyz + 1) 

Cluing minh hoan tat. Dang thiic xay ra khi va chi khi x — y = zOa = b = c 


Bai 18. Cho a, b, c la cac so thuc dicing. Chting minh rang 

abc < (a + 6)(a + 6 + 2c) < 1 

(a + 6)(6 + c)(c + a) ~ (3a + 36 + 2c f “8 


Ldi giai: 

Trrfdc het ta cluing minh: 


(a 4“ b) (a 4“ b 4“ 2c) ^ 1 
(3a + 3 b+ 2c) 2 “ 8 


That vay, ta co: 


Suy ra 


(a 4“ b) (a 4- b 4- 2c) — — (2a 4- 2b) (a 4- b 4- 2c) 

^ 1 I" (2a 4- 2b) 4- (a 4- b 4- 2c) 1 

“ 2 [ 2 J 

= — (3a 4- 36 4- 2c) 


(a 4“ b) (a 4- b 4- 2c) 1 

(3a + 36 + 2c) 2 “ 8 

Dang thiic xay ra khi va chi khi a + 6 = 2c. 
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Bai 19. Cho x, y , z la cac so thitc diidng thoa man x 2 + y 2 + z 2 = 3. Tim gia tri nhd nhat cua 
bieu thitc: 

P- 1 1 1 

xy + 2 yz + 2 zx + 2 

giai: 

Theo bat dang thitc Cauchy-Schwarz ta c6 

„ 1 1 1 9 

P =-1-1-> - 

xy + 2 yz + 2 zx + 2 xy -\- yz -\- zx + 6 

Theo bat dang thitc AM-GM ta co: 

x 2 + y 2 + z 2 > xy + yz + zx 


Suy ra: 

P > ---= 1 

~ a 2 + b 2 + c 2 + 6 

Bai toan diftJc hoan tat. Dang thitc xay ra khi va chi khi x = y — z — 1. _ 

Bai 20. Cho a, b, c la cac so thitc ditdng thoa man: a + b -he = 3. Chitng minh rang 
y/a{a + c)(2a + b) + y/b(b + a)(2b + c ) + {/c{c + b) (2c + a) < 3-^6 

Pdf* giai: 

Theo bat dang thitc AM-GM ta co: 


5 r a + c 2a+ b ^ 1 + 1 + a + ^2 

v u -°-—■—*-f 


2o + b 
3 


2 13a 

5 ~30~ 


Trfdng tit ta co: 


+ a) (26 + c) < | + ^ 


yc(c + 6)(2c + a)<- + —+ - + - 


Cong ve vdi ve cac bat dang thitc tren, ta ditdc: 


b c 
15 + 10 


~^= |^\/a(a + c)(2a + b ) + \/b(b + a)(26 + c) + \/c(c + b) (2c + a)j < -^-+ lo) (°A&-l-c) — 3 

•O' y/a(a + c)(2a + 6) + \/6(6 + a) (26 + c) + -\/c(c + 6)(2c + a) < 3^ 

Chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = b — c = 1. 


2 Bai 21 den bai 40 


Bai 21. Cho a, b, c la cac so thitc diidng thoa man: a + b + c— 3. Chitng minh rang 

\ +~k +\ > a 2 + b 2 + c 2 
a 2 b 2 c 2 


Ldi giai: 
Cach 1. 


Do a, b, c > 0 O a 2 + b 2 + c 2 < (a + b + c) 2 — 9 
TH1: Gia sit 1 trong 3 so a, b, c nhd hdn - 
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^ - b 2 >-4b + A 
b 2 

4 — c 2 > —4c + 4 

c 2 

Cong ve theo ve, ta ditdc: 

4 + 4 + 4-a 2 -6 2 -c 2 > 4 ( 3 -a-6-c) = °^4 + i + 4>a 2 + 6 2 + c 2 
a 2 b 2 c 2 a 2 b 2 c 2 

Dang thilc xay ra khi va chi khi a = b — c — 1. 

Cach 2. 

TH1: Vdi a,b,ce (0; 1 + a/ 2). Khi do ta co itdc litdng: 

4-a 2 > —4a + 4 —a 4 + 4a 3 — 4a 2 + 1 > 0 

a , luon dung 

(a - l) 2 [2 - (a - l) 2 ] > 0 

Titdng tit 

4 ~b 2 > -4 b + 4 
b 2 

4 — c 2 > —4c + 4 

c 2 

Cdng titng ve cua 3 bat dang thilc ta ditdc 

— — a 2 + — — 6 2 H—- — c 2 > 12 — 4(a+ 6 +c) >9 
a 2 o 2 c 2 

TH2: Neu c6 mdt trdng 3 s6 a, 6, c ldn hdn hdac bang 1 + \/2. 

Khong mat tinh tdng quat gia sil a > b > c suy ra: 

— m 2 - a /2 1 >- 

a > 1 + \/z => b -r c < 2 — v2 c < —-— =>• — > 6 + 4v2 

2 c 2 

Khi d6 VT(1) > 6 + 4a/ 2. Trong khi dd 1AP(1) < (a + b f e) 2 = 9. 

Nhit vay trong TH2, (1) cung dung, ta di den ldi giai nhit d tren. 

Dang thitc xay ra khi va chi khi a = b = c = 1. 

Cach 3. 

Theo bat dang thilc AM-GM ta de dang co ditdc 


Va 


1 1 1 1 1 1 _ a + b + c 

a 2 ^ b 2 ^ c 2 ~ ab^ be + ca abc 

3 abc{a -b-t- c) < (ab + bc+ ca) 2 
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Do do ta co: 


Mat khac: 


Do do ta co: 


l^l^l^a + 6 + c (a + b + c ) 2 > 3(a + 6 + c) 2 

a 2 b 2 c 2 ~ abc abc(a + b + c ) — ( a b + be + ca ) 2 


(a + b + c) 2 = (a 2 + b 2 + c 2 ) + (ab + bc+ ca) + (ab + bc + ca) 
> 3. \J(a 2 + b 2 + c 2 ) (ab + bc + ca) 2 
O (a + b + c) 6 >27 (a 2 +b 2 + c 2 ) (ab + bc + ca) 2 

^^k±t±£l!_> 0 2 + 6 2 + c 2 

(ab + bc + ca) 


1 1 1 

^ + ^ + ^ 


>a 2 + b 2 + c 2 


Chtrng minh hoan tat. 

Dang thitc xay ra khi va chi khi a = b = c = 1. 


Bai 22. Cho x , y, z thoa man 13x + 5 y + 12z = 9. Tim gia tri Idn nhat cua 
A = X V + 3 yz 6 zx 
2 x + y 2 y + z 2z + x 


Ldi giai: 

Taco 

Theo bat dang thde AM-GM ta co 


111^1 1 1^1 1 1 

x y y 3z 3z 3y 6x 6x 6 z 

(a + b + c) f —f — 4— ) >9 
\a b c) 


Ap dung ta ditdc 


(y + z + z) (1 + T + 1-) > 3 « 


x + y + y _ 


y + z + z 


1 1 1 

—I-1— 

x y y 

1 

> 


1 1 1 

3y + 3z + 3z 

, . / 1 1 1 \ ^ 3 2 (z + x + x) 1 

v J \6z 6x 6x) ~ 2 3 - 1 1 1 

3z 3x 3x 

Cong ve vdi ve cac bat dang thhc tren ta ditpc 

A < (- + 2-^j x + ^2- + y + ( 2 - . ; 4 "-^) z — -(13x + 5 y + 12z) = 1 


3 3 


Vay A max — 1 

3 

Bai toan ditpc hoan tat. Dang thbc xay ra khi va chi khi x = y — z — — 

Bai 23. Cho a,b,c> 0, ab > 12, be > 8. Chting minh rang: 

„ , n ( 1 1 1 \ 8 121 

S — a + b + e + 2 l — + — -\ -) H—— > —— 

V ab be ca J abc 12 


Ldi giai: 

Ap dung bat dang thbc AM-GM ta co: 
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2 a b 1 

- 1 - 1 -> - 

ah 18 24 “ 2 

2_ A ^ > 3 
hc + 16 + 8 “ 4 
2 a c 
m + 9 + 6 S1 
8 a b c > 4 

^ + 9 + 12 + 6 “ 3 
13a 136 13 

--t--— 

18 24 “ 3 

13c 136 > 13 

24" + 48" “ ~6~ 

Cong ttfng ve cua cac bat dang thtfc tren ta dtfdc 

, / 1 1 1 \ 8 1 
a + 6 + c + 2f — + — + —W — 


3 4 13 13 

T + l+ g + “^“ + “7T 

4 3 3 6 


Chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 3, 6 = 4, c = 2. 


121 

12 ;. 


Bai 24. Cho ab + bc + ca = abc va a,b,c> 0. Chilng minh rang 
a 4 + 6 4 6 4 + c 4 c 4 + a 4 

ab (a 3 + 6 3 ) be (6 3 + c 3 ) ac (a 3 + 6 3 ) 


> 1 


Ldi giai: 


Ap dung bat dang thtfc AM-GM ta co: 

a 4 + a 4 + a 4 + 6 4 > 4a 3 6 


6 4 + 6 4 + 6 4 + a 4 ^ 4a6 3 

Suy ra: 2a 4 + 26 4 > a 4 + 6 4 + a 3 6 + ab 3 = (a 3 + 6 3 ) (a + 6) 

Vi vay: 

^^0 + 6^6 + c^c + a a6 + 6c + ca ^ 

— 2a6 26c 2ac abc 

Chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = 6 = c = 3. 


Bai 25. Cho a, 6, c > 0; a + 6 -b;c = 1. Chitng minh rang: 

-■< (a — 6)(6 - c).(c - a) < 


idf* gdai; 

Khong mat tinh tong quat. Gia sha>6>c>0 
Ta co bien doi sau: 

[(a — 6)(6 — c)(c — a)] 2 < [(a — 6)a6] 2 < 

Ap dung bat dang thtfc AM-GM ta co 

-\ 3 /2a6 + 2a6 + (a — 6) 2 \ 

pabZMa /.} j ^ 3 ) _ ( a + 6 )° ( 0 + 6 + e )« 


^2ab2ab(a — 6)' 


Suy ra: 


[(a - 6)(6 - c)(c - a)] 2 < ^ ^ |( a _ b)(b - c)(c - a)| < 


Hay ta co dieu phai chtfng minh. 

Bai 26. Cho x,y,z > 0; xy + yz + zx — 3. Chting minh rang: 

1 


xyz (x + y)(y +z)(z + x) 2 


http: //boxmath.vn/ 


23 






Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ldi giai: 

Ap dung bat dang thrtc AM-GM ta c6: 

3 / - 7—;—77 —;—77—;—7 . x(y + z) + y{z + x) + z(x + y) 

V xyz(x + y)(y + z)(z + x) < ---= 2 


\fxyz < - 


\/( x + y)(y + z )( z + x ) 

xyz <_4_ 

2 “ (x + y)(y + z)(z + x) 

Mat khac: 

3 = xy + yz + zx > 3 ^/x 2 y 2 z 2 o- xyz < 1. Do do 


_ 1 xyz n 1 3 

P >-h — >-b xyz-— > 2-= - 

“ xyz 2 ~ xyz y 2 “ 2 2 

Chrfng minh hoan tat. Dang thrfc xay ra khi va chi khi a — b — c — 1. 


Bai 27. C7io a, b, c thoa man a > 4; b > 5; 7 > c > 6; a 2 + b 2 + c 2 = 90. Tzm yia tri nhd nhat cua 
S — a + b + c 


Xdf* giai: 

Dat a = x + 4, b = y + 5, c = 2 + 6 thi x, y, z > 0 
Ta co: 

a 2 + b 2 + c 2 = 90 


O (x + 4) 2 + (y + 5) 2 + (z + 6) 2 = 90 
O x 2 + y 2 + z 2 + 8x + lOy + 12z = 13 

Gia sd: x + y + z < 1 

Ma x, y, z > 0 o x 2 + y 2 + z 2 < 1 

Ta co: 

x 2 + y 2 + z 2 + 8x + lOy + 12z = (x 2 + y 2 + z 2 ) + 8(x + y + z) + 2 (y + z) + 2z 

< 1 + (8 + 2 + 2).(x + y + z) 

< l + 8 + 2 + 2 = 13 

Dieu nay la vo If, vi vay x + y + z > 1 
Do do 


S' = a + & + c = 4 + x + 5 + y + 6 + z>15 + x + y + z>16 

Vay S MIN = 16 

Dang thiic xay ra khi va chi khi a = 4, 6 = 5, c = 7. 

Chu y: viec tim ra dieu kien x + y + z > 1 chi la dieu kien can cua bai toan. Bai toan drfdc coi la 
hoan tat khi chi ra drfdc dau bang. 

Cach 2. 

Do a 2 + b 2 + c 2 — 90 nen ta se co cac dieu kien rong va he qua sau day 


4<a<9o(a — 4) (9 — a) > 0 <0 a > 
5 < b < 8 O (b - 5) (8 -b)>0^b> 


a + 36 
13 

b 2 + 40 


6 < c < 7 O (c — 6)(7 — c) > 0 0> c > - 


Cong ve theo ve ta drfdc 


c ^ a 2 + 6 2 + c 2 + 42 + 36 + 40 

S = a + b + c> -—-= 16 


Vay Smin = 16 
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Dang thde xay ra khi va chi khi a = 4, b = 5, c — 7. 
Bai toan hoan tat. 


Bai 28. Cho a > b > 0. Tim gia tri nhd nhat cua 


P — 2a + 


32 


(a-6)(26 + 3) 2 


Ldi giai: 

Cach 1. 

Bieu thde drtdc viet lai nhrf sau: 


„ 26 + 3 26 + 3 32 

P = (2a- 26 + —— + —— +-j 

V 7 2 2 (a — 6) (26 + 3) 2 


Ap dung bat dang thde AM-GM ta c6: 

26 + 3 26 + 3 32 

(2a - 26) H-1-1- 

2 2 (a — 6) (26 + 3) 2 

Do doP>8 — 3 = 5 

Dang tlidc xay ra khi va chi khi 2a — 26 = 


> 4(1 (2a - 21 .)(*+!)'- Z - -j 

“ V 2 ’ (a — 6)(26 + 3) 2 


26 + 3 


32 u 3 7 1 

-7T hay a = 6 = 

(a — 6) (26 + 3) 2 2’ 2 


Cach 2. 

Ap dung bat dang thde AM-GM 

(4a - 4b)(2b + 3)(2 b + 3) < ( 4<< - 46 + » + 3 + 26 + 3 j 3 = (*£ + «) “ = 1 (2 „ + 3 )> 


Td do ta co: 


P > 2a + - 


32 


— (2a + 3) 


2 a + 3 2 a + 3 2 a + 3 432 

' + + “3“ + (2+3? 


Ap dung bat dang thde AM-GM 

2a + 3 ^ 2a + 3 ^ 2a + 3 


Do doP>8 — 3 = 5 

Dang thde xay ra khi va chi khi 2a — 26 = 
Vay Pm in = 5 


3 3 

26 + 3 


(2a + 3) d 
32 


.. hay a = 6 = 

(a — 6) (26 + 3) 2’ 2 


Bai 29. Cho a, 6, c > 0 thoa man a 2 + 6 2 + c 2 = 3. Chting minh rang: 

a 6 c ^ 1 

= a 2 + 26 + 3 + 6 2 + 2c + 3 + c 2 + 2a + 3 ~ 2 

Xcf* gia*; 

Ta co: a 2 + 26 + 3 = a 2 + 1 + 26 + 2 + 2a + 26 + 2 

^ 1 / a 6 r 

P< - - 7 -- + 7-t— h - 


Suy ra 


2 b 1 6 + c + 1 c -\- a \ J 

3 _ P > i / & + 1 , c + 1 , a + 1 ^ 

2 2 l a + 6 + 1 6 + c+ l c + a + ly 


Ap dung bat dang thde Cauchy-Schwarz ta drfdc 

6+1 c+1 a +1 

a+6+1 6+c+l c+a+1 


(b+iy 


r + 


(c+ir 


+ 7 


(a + l) 2 


(6 + l)(a + 6 + 1) (c + 1)(6 + c + 1) (a + l)(c + a + 1) 
(a + 6 + c + 3) 

(a + l)(a + c + 1) + (6 + 1)(6 + a + 1) + (c + l)(c + 6 + 1) 
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(a + l)(a + c + 1) 4- (b + 1)(6 + o + 1) + (c + l)(c + b + 1) 
= o 2 + b 2 + c 2 + ab + be + co + 3(o + b + c) + 3 
= — (a 2 + b 2 + c 2 ) + ab + be + co + 3(o -|- b T c) + — 

= -(a + 6 + c + 3) 2 


M (a + 6 + c + 3) — 2 

-(a + b + c + 3) 2 

2 - 2 

Bai toan hoan tat. Dang thtfe xay ra khi va chi khi a — b — c — 1. 


Bai 30. Cho x,y,z > 0 thoa man xy + yz + zx = 3. Tim gia tri nhd nhat cua 

1 1 1 

x 2 + 1 y 2 + 1 z 2 + 1 


l/Of* giai: 

Cach 1. 

Khong mat tfnh tong quat, gia sit x > y > z 
Do xy + yz + zx = 3 O- yz > 1 
Ta co bo de: 


That vay, ta co: 


1 1 > 2 

y 2 + 1 z 2 + 1 — yz + 1 


Suy ra 


Do do ta se chilng minh 


(: y 2 + ^ 2 + 2 ) {yz + 1 ) > 2 (y 2 + 1 ) {z 2 + 1 ) <* (y - zf{yz - 1 ) > 0 
(luon dung do yz > 1 ) 

1 1 1 > 1 2 
x 2 + 1 + y 2 + 1 + z 2 + 1 ~ x 2 + 1 yz + 1 


1 2 
x 2 + 1 yz + 1 


+ x 2 + yz- + 1 2 

•O’ x 2 + 3 — yz — 3x 2 yz > 0 
•O x 2 + xy + xz — 3x 2 yz > 0 
<0 x(x + y + z — 3xyz) > 0(*) 

Th xy + yz + zx = 3 ta, co x + y + z > 3 v& xyz <1. Do do x + y + z — 3xyz > 0 
Do do (*) dung. Vay 

1 1 11 2 > 3 

x 2 + 1 + y 2 + 1 + z 2 + 1 ~ x 2 + 1 + yz + 1 ~ 2 
Dang thde xay ra khi va chi khi x — y — z — 1. 

Cach 2. 

P = 


1 1 1 _ ( x 2 y 2 z 2 \ 

x 2 + 1 y 2 + 1 z 2 + 1 \x 2 + 1+ y 2 + 1 + z 2 + l) 


Ap dung bat dang thitc Cauchy-Schwarz ta drfdc 
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4x 2 


4ar 


3x 2 + 3 3x 2 + xy + yz + zx x 2 + xy + xz 2x 2 + yz x + y + z 2x 2 + yz 

Trtdng to vPi 2 bieu thu’c con lai. 

4 r 2 r r 2 „2 
n +E^- = 1 + E, 


c 3x 2 + 3yz 


Ta se chdng minh: 
Ta co 


2x 2 + 7/Z 


- < 1 




" c i + ?/ + 2 ^ 2x 2 + yz 


— I v 

- 2 2-^ 2x 2 4- 7/z “ 2 1 ^ 


c 2x 2 + yz 


2x 2 + yz 2 ' 2x 2 + yz 2 


(y^ 2 


' 2x 2 yz + y 2 z 2 


Ap dung bat dang thdc AM-GM - Cauchy-Schwarz ta dope: 

(yzf > _ (xy + yz + zx) 2 _ 

“ 2 x 2 yz + y 2 z 2 ~ x 2 y 2 + y 2 z 2 + z 2 x 2 + 2 xyz(x + y + z) 
3 


' 2x 2 + yz 
4x 2 


>£ 

eye 

^ 3x 2 + 3 yz 

eye 


2x 2 + yz 2 
.2 

< 1 


< 2 


x 2 3^3 

-< — =>- _P > — 

x 2 + 1 - 2 - 2 


Dang thdexay ra khi va chi khi x — y — z — 1. 
3 

Vay Pm in = ^ • 


Bai 31. Cho a,b,c> 0 t/ida man 3a(a + b + c) = be. Tim gia tri nhd nhat cua 

P= b + C 


Ldi giai: 

^ ( b c\ be 

Do a > 0 nen ta co: 3 H-h - ) = — 

\ a a J a 2 

b c 

Dat x = -,y = - thi ta co 3(1 + x + y) = xy (x,y > 0) 
Ta phai tim GTNN cua P = x + y 
Theo bat dang thtre AM-GM ta co 


3(1 + x + y) = xy < 


(x + yf 


Tif do ta co {x + y) 2 — Y2(x + y) — 12>0=^x + y>6 + 4^/3 (do x, y > 0) 
7 be 

Dang thdc xay ra khi va chi khi x = y = 3 + 2\/3 ^ — 3 + 2\/3 

a a 

Vay Pmin = 6 + 4\/3. 


Bai 32. Cho x,y,z > 0 thoa man x 2 + y 2 + z 2 < xyz. Chting minh rang 
x y z 1 

-1---1-< - 

x 2 + yz y 2 + zx z 2 + xy 2 


Ldi giai: 

Ap dung bat dang tilde Cauchy-Schwarz, ta co: 


Ul - + - 


x 2 + yz x 3 + xyz x 3 + x 2 + y 2 + z 2 4 \x x 2 + y 2 + z 2 


http: //boxmath.vn/ 


27 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Suy ra: 


£ 




x 2 + yz 4 \x y z 


x 2 \ _ 1 fl 1 1\ 1 

x 2 + y 2 + z 2 ) 4\a;”*”y”*”;z,/”*”4 


Ap dung bat dang thtic AM-GM ta drtdc: 

1 1 1 xy + yz + zx < x 2 + y 2 + z 2 

x y z xyz ~ xyz 

^ , V- X 1 1 1 

Do do E TT— < T + 7 = o 

eye x 2 + yz 4 4 2 

Bai toan hoan tat. Dang thufc xay ra khi va chi khi x = y = z = 3. 


Bai 33. Cho a,b,c£ [3; 5]. Chting minh rang: 

0x6,+ 1 + y/bc+ 1 + y/ca + T > a+ b + c 


Ldi giai: 

Do a, be [3; 5] => \a - b\ < 2 (a - bf < 4 
Ta se chilng minh 

2y/ db + 1 + 6 

That vay, bat dang thrfc can chilng minh titdrig dudng: 

4a6 + 4 > a 2 + b 2 + 2ab <+> (a — b ) 2 < 4(luon dung) 

Tudng tu 

2\Jbc + 1 > 6 + c 
2 y/ac + 1 > a + c 

Cong ve theo ve cac bat dang thrfc tren, ta co: 

•\/ab + 1 + v / 6c~+T + \Jca + 1 > a + 6 + c 
Dang thrfc khong xay ra, do do: 

y/ab -r 1 + \/6c + 1. + \/ca + 1 > a + 6 + c 

Chrfng minh hoan tat. 


Bai 34. Cho a,b,c> 0. Chting minh rang: 

1 a 3 1 a 

+ b >- + ~r + b 

a 6 b 6 a b 

Ldi giai: 

Ap dung bat dang thrice AM-GM ta co: 


a 3 3a 

¥ + 1 + 1 ~T 

6 3 + 1 + 1 > 36 

- + v+b>3 
a 6 

Cong ve vdi ve cac bat dang thrice tren, ta co: 

l + g +6 3 + 6 > 3 /i + “ +6 N )>I + « +( , + 6 

a 6 b 6 \a 6 / a 6 

1 a 3 ,, la, 

<^^ + Tg+& a >-+-f + 6 

ar b 6 a 6 

Bai toan chrfng minh hoan tat. Dang three xay ra khi va chi khi a = 6 = 1. 
Bai 35. Cho a,b,c> 0. ChvCnq minh ranq: 

6 c > 3 a/2 

'i/o6+|p v^6c + e 2 y/ca + a 2 ~ 2 


P= - 
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Ldi giai: 

Ap dung bat dang thde AM-GM ta co: 

726. (a+ 6) <--- = ^— 

Td do: 

p> 2ay/2 26\/2 2cy/2 

o + 36 6 + 3c c + 3a 

Ta se chdng minh 

,, a 6 c ^ 3 

M = - 1 - 1 -> - 

a + 36 6 + 3c c + 3a 4 

That vay, ta co: 

M 0,2 b 2 ° 2 

Theo bat dang thde AM-GM ta co: 

ab + be + ca < a 2 + 6 2 + c 2 
Ap dung bat dang thde Cauchy-Schwarz ta dupe 


M > 


(o + 6 + c) 


(a + 6 + c ) 2 


a 2 + 6 2 + c 2 + 3a6 + 36c + 3ca 


Hay la 


a 2 + 6 2 + c 2 + - (ab + bc + ca) + - (ab + be + ca) 


M > 


(a + 6 + c ) 2 


(a + 6 + c ) 2 3 


^ (a 2 + 6 2 + c 2 ) + ^ (a 6 + 6 c + ca) ^(a + 6 + c ) 2 4 


Vi vay 

Td do ta co: 

Chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c. 


a 6 c > 3 

a + 36 6 + 3c c + 3a 4 

W2 267 2 2c72 m 3 _ 372 

"a + 36 6 + 3c c+3a" V 4 2 


Bai 36. Cho a, 6, c > 0 £/ioa man a + b + c— 1. Chting minh rang: 

a b c 3 /—-— 10 


Ldi giai: 

Theo bat dang thde AM-GM ta co: 

a a c 37a 2 3a 

-1-1 - 7 — o/ — — ,/- 

c c 6 76c 7a6c 

Tudng td: 

6 6 c 36 

-1-f T A ,,— 

a a 6 7 abc 

c c a ^ 3c 

7 + t H-+ ,,- 

6 6c 7a6c 

Cong ve theo ve ba bat dang thde tren, ta co 

a 6 c a+6+c 

—I-1 - 7 A — — — 

cab 7 abc 

Suy ra: 

abc ^ a — 6 — c 

- H-b 7 + v abc > —~7—-b v abc 

cab y abc 


Ap dung bat dang thde AM-GM ta co: 


1 «• ag&jg 2 

—i= + 7 abc > - 
97o6c 3 
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Mat khac: 
Cung do 

Th do suy ra 


a+b+c— 1 => yfahc < - =>• ._ > - 

_ 3 9 tftic ~ 3 

2 + b + c 3r ^~ 1 3r ^- 8 2 8 10 

— o; -b v abc = _ + yabc H-> - + - = — 

\/ abc 9\fabc 9 \fabc 3 3 3 

Cl b C — 10 

=> - + - + 7 + Vabc > — 
cab 3 


a+b+c— 1 ^ a 2 + b 2 + c 2 < \ 


10 ^ 10 
3 "" 9(a 2 + b 2 + c 2 ) - i 


abc 3 /—-— 10 

_+_+_+v*> 9(a2+62+c2) 


Chilng minh hoan tat. Dang thiic xay ra khi va chi khi a = b — c — -. 

Bai 37. Cho a,b,c> 0 thoa man a 2 + b 2 + c 2 = 3. Chting minh rang 
a b c ^ 

-j =-\—^ H— -j= > a + b + c 
y/b V c v a 


Ldi giai: 

Ap dung bat dang thiic Cauchy-Schwarz ta co 

a+b+c a 2 + b 2 + c 2 > (a + b + c ) 2 

Vb y/c yfa aVb byfc. Cyfa ~ a \fb + byfc + Cyfa 

Ta se cluing minh 

a\fb + byfc + Cyfa < a + b + c 

That vay, 

Ap dung bat dang thhc AM-GM ta co: 

aVb<+^+ 


Cyfa < 


2 

c(a + 1) 


Cong ve theo ve cac bat dang thiic tren, ta drfpc 

afb + byfc + Cyfa < -(a + b + c + ab + bc + ca) 

Ta lai co: a 2 + b 2 + c 2 = 3 a + b + c < 3 

Suy ra: (a + b + c)(a + b + c) > 3 (ab + bc + ca) > (a + b + c)(ab + bc + ca) 

=+a + b + c>ab + bc + ca 

Do do ta co ^ 

aVb + byfc + cyfa < ~(a + b + c + a + b + c)<+> aVb + byfc + cyfa < a + b +c 


_ (a + b + c) 2 + (a + b + c) 2 

a\fb + byfc + Cyfa a + b + c 

a b c ^ 

=$■ —j=. H—. H—. > a + b + c 
y/b V c V a 

Dang thhc xay ra khi va chi khi a — b — c — 1 . 


= a + b + c 


Bai 38. Cho a,b,c> 0. Chting minh rang: 

y/y + Z yf Z + X y/x + IJ _ 


4 (x + y + z) 


' y/(y + z)(z + x)(x + y) 


Ldi giai: 
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sjy + z \Jz + x \Jx + y _ 


4(x + y + z) 
y/{y + z)(z + x)(x + y ) 


^ (y±+J¥±W ±A> i(x + y + z) 

^ x 

Theo bat dang thilc Cauchy-Schwarz va AM-GM ta co: 

(y + z)V( x + y)( x + z) ^ (y + z) (x + ^/yz) _ _ , (y + z)y/yz ^ , 2 yz 

— — y + z + _ y z + 

X X XX 

Suy ra: 

> 2(x + +z) + 2 (vjl + “ + ^ 

x \x y z 

Mat khac theo bat dang thilc AM-GM ta co: 

( yi + -y + ^f> i ^ + i - + ^ ) > (x+v+z f 

xzy 


^'£ <-V + *W(z + v)(* + *) > 4(x + y + z) 

Chiing minh hoan tat. Dang thilc xay ra khi va chi khi x — y — z _ 


Bai 39. Cho a,b,c> 0. Chiing minh rang: 


a(b + c) b(a + c) c(a + 6 ) <6 

(ifHe ) 2 + a 2 + (c-tif+ 6 2 + ||§§ 2 + c 2 “ 5 


£< 1 * giai: 

Ap dung bat dang thilc AM-GM ta co: 

( b + cf 


a 2 + (b + c) — 
a(b + c) 


3/t \ 2 ^ /7 \ 3, >2 (6 + c) (4a + 36 + 3c) 

+ ^ (6 + c ) 2 > a (6 + c) + -(6 + c ) 2 - ^^ Z 


4a(6 + c) _ 4a 
a 2 + (6 + c ) 2 (4a + 36 + 3c) (6 + c) 4a + 36 + 3c 

Theo bat dang thilc Cauchy-Schwarz ta drfdc: 


r + - > 


a (b + c) 


25 y3 (& + 6 + c) a J 4 a H- 36 + 3c cfl -\- (b -\- c)^ 25 (ci + 6 + c) 25 


TrfOng tit: 


6 (c + a) < 276 1 

6 2 + (|+# a ) 2 25 (a + 6 + c) 25 

c(c + a) < 27c 1 

c 2 + (c + a ) 2 25 (a + 6 + c) 25 


Cong ve theo ve cac bat dang thilc tren ta drfpc 

a(6 + c) 6(a + c) c(a + 6) < 27(0 + 6 + 0 ) 3 _6 

(6 + c) 2 + a 2 (c + a) 2 + 6 2 (a + 6) 2 + c 2 ~ 25(a + 6 + c) 25 5 

Chiing minh hoan tat. Dang thilc xay ra khi va chi khi a = b — c. 

Bai 40. Cho a,b,c> 0, abc = 1. Chiing minh rang: 

4a 3 46 3 4c 3 

(1 + 6)(1 + c) (1 + ci)(l + c) (1 + 6)(1 + a) 

Ldi giai: 


Ap dung bat dang thilc AM-GM ta co 
4a 3 

(1 + 6)(1 + c) 


1 + 6 1 + c 

+ —- + — — 


> 3a 
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4 b 3 1 + c 1 + a 

(1 + c) (1 + a) 2 2 

4a 3 1 + a 1 + 6 

(1 — 6)(1 -r c) 2 2 

Cong ve theo ve cac bat dang thtfc tren ta diftJc 

4a 3 46 3 4c 3 

(1 + 6)(1 + c) (1 + a)(l + c) (1 + 6)(1 + a) 
Cung theo bat dang thtfc AM-GM : 


> 36 

> 3c 

+ 6 + tMb 3 + 3(a + 6 + c) 


2 + 6 + c > 2> <y ahc = 3 


4a 3 


46 3 


4c 3 


(1 + 6)(1 + c) (1 + a)(l + c) (1 + 6)(1 + a) 

Chtfng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c —1 


+ 2(a + 6 + c) — 3 > 2.3 — 3 — 3 


3 Bai 41 den bai 60 


Bai 41. Cho a, 6, c > 0 thoa man abc = 1. Chting minh rang: 

l+ * 6 


a + 6 + c ab + be + ca 


Ldi giai: 

Dat: a = -,6 = -,c = - => abc = 1 
x y z 

Khi do ta co: 

1 + 3 6 


1 + 


a + 6 + c ab + be + ca 
3 6 


3a6c 

1 + , > 


6a6c 


a + 6 + c ab + be + ca 

3 6 


1 1 1-111 

ab be ca abc 

Theo bat dang thtfc AM-GM ta co: 

3 (xy + yz + zx) < (x + y + z) 2 => 1 + 

Mat khac: 


^1 + - 


> 


xy + yz + zx x + y-\- z 
3 . 9 


xy + yz + zx 
3 


- > 1 + - 


(x + y + z) 


1 -I------= f 1 H-—- ) > 0 vdi V x, y, z 

(x + y + z) 2 x + y + z \ x + y + z) 

9 6 3 6 

=> 1 H- -k > -=> 1 H-> - 

(x + y + z) x + y + z xy + yz + zx x + y + z 

Chilng minh hoan tat. Dang thtfc xay ra khi va chi khi x — y = z = l^+a = b — c—1 

Bai 42. Cho a,b,c > 0. Chvtng minh rang: 

a 6 c < 1 fl 1 1\ 

3a 2 + 26 2 + c 2 + 36 2 + 2c 2 + a 2 + 3c 2 + 2a 2 + 6 2 “6Va + 6 + cJ 


Loti giai: 

Ap dung bat dang thilc AM-GM ta co: 

3a 2 + 26 2 + c 2 = 2 (a 2 + 6 2 ) + (a 2 + c 2 ) > 4a6 + 2ac 

Do do ta co: 

a ^ a _ 1 / i \ 

3a 2 + 26 2 + c 2 “ 4a6 + 2ac “ 2 \2b + c) 

Ap dung bat dang thtfc Cauchy-Cauchy-Schwarz ta co: 

'-L_ <*+ + + 

26 + c 9 \b c) 

Ttf do ta suy ra: 
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a ^ 1 /2 1\ 

3a 2 + 2b 2 + c 2 “ 18 \b + c/ 

Ttfdng ttf ta co: 

6 ^ 1 /2 n 

35 2 + 2c 2 + a 2 ~ 18 V c + «/ 

c < 1_ /2 1\ 

3c 2 + 2a 2 + 5 2 — 18 \a 6/ 

Cong ve theo ve ta co 

a b c 1/1 1 1\ 

3a 2 + 2 b 2 + c 2 35 2 + 2c 2 + a 2 3c 2 + 2 a 2 + 5 2 — 6\a + 5 + c/ 

Chiing minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c = 1. _ 

Bai 43. Cho a,b,c > 0 thoa man a + b + c = 3. Chting minh rang: 

a 3 + b 3 ^3 
^ 3a 2 - Aab + 115 2 “ 5 

l/Of* giai: 

t 3 + 1 

Xet ham so /(t) = ——^ e ( 9; ^ c ° : 

, _ 3t 2 (3t 2 - it - 11) - (t 3 + 1) (6 t - 4) _ 3t 4 - 8t 3 + 331 2 - 6t + 4 

* * ~ M - 4t + ll) 2 ~~ 4 1 + M 2 


13 

=>• /'(l) — —. Vay pinning trlnh tiep tuyen cua f(t) tai t = 1 la: 

y(t) - /(1) = - 1) O j/(t) - \ = ^ “ 1) ^ Vi 1 ) = ^ “ |j 

„ t 3 +1 13 3 

Xet: g(t) = /(f) - y(t) = 3 , 2 _ 4t + n - ^ ^ 


^ $(f) = 


(f- i) 2 (m + 8i) 


50(3t 2 - At + 11) 
t 3 + l ^ 13, 3 


> 0; Vf e (0; 3] 


3t 2 -4f + 11 “ 50* 50 > V * e (°> 3 ] 

a a 3 + b 3 13a —3b 

b ^ 3a 2 — Aab + 115 2 — 50 

Tifdng tit ta co: 


b 3 + c 3 


35 2 — 45c + 11c 2 
a 3 + c 3 

3c 2 -4ac+ 11a 2 

Cong ve theo ve cac bat dang thtfc tren, ta difdc: 

a 3 + b 3 b 3 + c 3 

7 + —;-77-77^7 + 


50 

13c — 3 a 
[ 50 

a 3 + c 3 


3a 2 - 4ah + 115 2 3 b 2 - 4 be + 11c 2 

Chiing minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c = 1 


3c‘-4ac+lW-5 (a * b + c) -5 


Bai 44. Cho a,b,c> 0. CMnq minh ranq: 

111 9 ^ „ / 1 1 1 
a b c a+b+c \a + b b+c c+a 

Ldi giai: 

Do bat dang thtfc thuan nhat nen ta se chuan hoa a + b + c — 1 
Khi do: 

BDT <+ - --b9>4^ , + 7 —-1-—- 

a b c \a + b b+c c + a 

•v4> (a + b + c) ( —h "r H— J + 9 > 4 fa + b + c) (-- +-1-J 

v ’ \a be) ~ v ; \a + b b + c c + a) 
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Ap dung bat dang thitc Cauchy-Schwarz ta co: 

a a ^ 4a b b ^ 4b c c 4c 

- + - > - , - + - > - , - + - > - 

b c b c c a a4~c a b a — b 

Cong ve theo ve cac bat dang thitc tren, ta dupe: 


bcbbcc^ 4a 4b 4c 

-1-1-1-1-b 7 > 1 -1-1- J 

a a c a a b b — c c 0a a + b 



Ldi giai: 

Cach 1. 

Ap dung bat dang thdc AM-GM ta co: 

a 3 + b 3 > ab(a + b) ab(a + 6) a + b 
2 — 2 abc c 


Tit do ta co: 

c 3 + ?!±t!> (; 3 + i + 
2 c 

— > 2c\/a + b 

Titdng tit ta co: 



b 3 + > b 3 + ^ 

— > 26\/a + c 


3 b 3 + c 3 3 b + 

a + —2— > a '+ — 

— > 2aVl#p 

Cong ve theo ve 

cac bat dang thhc tren, ta ditdc: 



a 3 + b 3 + c 3 > ay/'b~+ c + by/a + c + cy/a + b 
Bai toan dupe chdng minh xong. Dang thdc xay ra khi va chi khi a = b = c = y/2. 

Cach 2. 

Ap dung bat dang thitc Cauchy-Schwarz ta co: 

( ay/b + c + by/a + c + cy/a + b ) 2 < 2 (a + b + c) (a 2 + b 2 + c 2 ) = abc(a + b + c)(a 2 + b 2 + c 2 ) 
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a 3 — b 3 — c 3 > a\/b + c + b+'a + c t-c\/a->- b 
Bai toan drfdc cluing minh xong. Dang tlitfc xay ra khi va chi khi a = b = c — \f2. 


Bai 46. Cho a, b, c > 0 thoa man a + b + c — 1. Tim gia tri Idn nhat cua 

1 1 i 

~ l + a 2 + l + b 2 + 1 + c 2 


Ldi giai: 

—2x 

Xet ham so f{x) - e (0; 1] =► f'(x) = 4 

^ || + x ) 

Tiep tuyen cua ham so f(x) tai x — - la: 

V(x) - f (0 = /' (i) (* - i) « m = +1 


-27 

50 


. , , , 1 (-Tlx 27\ (3x-4)(3x-lY w , n 

/W - - (“gr + 26 ) = 50 (!+*») - ° ;6 <0; 11 

1 > -27x 27 

^ 1 + x 2 ~ 50 + 25 

Vdi x = a, b, c ta co cac bat dang thtfc: 



1 

> 

-27a 

1 

T ^ 2 


50 


1 

> 

—27b 

1 

T & 2 


50 


i 

> 

-27 c 

1 

T ^ 2 


50 


+ 25 
27 

ou 25 

Cong ve theo ve cac bat dang thtfc tren, ta drfdc: 

1 1 1 (27\ , 27 27 

+ (so) (a + 5 + e) + 3.— — — 

Bai toan drfdc hoan tat. Dang thtfc xay ra khi va chi khi a = b — c — 

Bai 47. Cho x,y > 0 thay doi thoa man x + 2x — xy = 0. Tim gia tri nhd nhat cua 

p x 2 y 2 

4 + 8y + 1 + x 


Ldi giai: 

Trf gia thiet ta co: 

x + 2y = ~.x.2y < -.(x + 2 y) 2 <+> {x + 2y)(x + 2y - 8) > 0 <+> x + 2y > 6 
2 8 

Theo bat dang thtfc Cauchy-Schwarz: 

p x 2 | y 2 x 2 | ( 2 yf > {x + 2yf 

4 + 8 y 1 + x 4 + 8 y 4-\-4x ~ 8 + 4(x + 2 y) 

t 2 

Dat: x + 2y = t ^ P = -— vdi t > 8 

y 8 + 4 1 

t 2 

Xet ham so f(t) = - -— vdi t > 8 

JW 8+4 t 

f/ ,. 2t(8 + 4t) — 4.t 2 4t 2 + 8t + 

=+ f(t) = -^—7 - 4 ^-= 77 -— > 0 vdi t > 8 


(8 + 4 ty 

• m u ,N = m = l 


(8 + 4 1) 2 


J )MIN — j VV ~ 5 

Dang thtfc xay ra khi va chi khi x = 4, y = 2. 


Bai 48. Cho x,y,z > 0 thoa man x + y + 1 — z. Chxtng minh rang 

_ x 3 y 3 _ < 4 

(x + yz){y + zx)(z + xy) 2 ~ 729 
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Ldi giai: 
Cach 1. 

Ta c 6: 


x V 


(x + yz)(y + zx)(z + xy) 
Ap dung bat dang tlntc AM-GM: 


(x + y + yx + y 2 ) (y + x + x 2 + yx) (1 + x + y + yx) 


16 

CTrjjlf 


2 ' 2 ' 2 ' 2 

(1+I+J/+ ^. (l + | + | + | + f + f + f + f + f) %( 9i 

Nhan ve theo ve cua ba bat dang tlntc tren, ta dupe: 


(x + y + yx + y 2 ) (y + x + x 2 + yx) (l+x + y + yx) 2 > 


729 x 3 y 3 


Hay la: 


(x + yz)(y + zx)(z + xy) 

Dang tlntc xay ra khi va chi khi x = y = 2, z — 5 
Cach 2. 

Ta co: 


z - l = x + y 

y + yz = yz - y + z - 1 = (y + l)(z - 1) = (y + l)(x + y) 

y + zx — zx — x + z — 1 = (x + 1) (z — 1) = (x + 1) (x + y) 

z + xy — xy + x + y + 1 = {x + 1) (y + 1) 


Do do: 


(x + yz)(y + zx)(z + xy) 2 (x + y) 2 (x + 1 ) 3 (y + l) 3 
Ap dung bat dang tlntc AM-GM ta co: 

x + y > 2 y/xy => (x + y) 2 > Axy 

27x 2 


x+i = - + - + i>3^-^(x+iy> 4 

r i 3 27 y 2 

j=>(y + 1 ) 


Nhan ve theo ve cua ba bat dang tlntc tren, ta dupe: 
Nhrf vay: 


, , \ 2 / , 1N 3 , , iN 3 ^„ 27x 2 27 y 2 729 x 3 y 3 
(x + y) (x + 1) (y + 1) >4x7/. — .— =--- 


(x + yz)(y + zx)(z + xyj 

Cluing minh hoan tat. 

Dang thilc xay ra khi va chi khi x = y = 2, z — 5. 


_<JL 

' 2 “ 729 



http: //boxmath.vn/ 


36 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ldi giai: 

Ta c 6: 

(a + b — c) 2 > 0 vdi Va, b, c > 0 nen: 

1 15 5 

be + ca — ab < - (a 2 + b 2 + c 2 ) ^ be + ca — ab < - Do a, 6, c > 0 => abc > 0 

Chia ca 2 ve cua (*) cho abc ta drfdc: 

bc + ca — ab < 5 1 1 1 1 1 

abc ~ 6 abc abc abc abc 

Chiing minh hoan tat. _ 

Bai 50. Cho a,b,c> 0 va a 2 + b 2 + c 2 < abc. Tim gia tri Idn nhat cua: 

a b c 

a 2 + be + b 2 + ca + c 2 + ab 

Ldi giai: 

Cach 1. 

Theo bat dang tlitfc AM-GM ta co: 


a 2 + b 2 + c 2 > ab +be + ca 
Ap dung bat dang thile Cauchy-Schwarz ta co: 

1 /1 „ 

' “ T ' ~ + bc 


1 

< - 
: ~ 4 


a 2 + be ' 
b 

b 2 + c 

—-— < - I 

c 2 + ab 4 \c ab 
Cong ve theo ve cac bat dang thile tren, ta co: 

a b c l/111 a &c\ 

a 2 + be b 2 + ca c 2 + ab ~ 4 \ a b c + be ac + ab) 

< 1 (a 2 + b 2 + c 2 + ab +be + ca\ 1 


abc 


Dang thile xay ra khi va chi khi x = y = z — 3. 
Vay maxP = 

Cach 2. 

Theo bat dang thile AM-GM ta co: 

a 2 + bc> 2 aVbc = 


a 2 + be 2 aVbc 2 yfbc 


abc 


1 

< 

- 2 


Trfdng tit ta co: 


2 

sfbc " 


1 1 

b + c Z 


a 2 + be 


1 1 
b + c 


b < 1 ( 1 + 1 
5 2 + ac ~ 4 \a c 

c 1/1 1 

c 2 + a5 — 4\a”^5 
Cong ve theo ve cac bat dang thile tren, ta co: 

a b c <1/1 1 1 \ 1 / a& + 5c + ca 

a 2 + 5c”^5 2 + ca”^c 2 + a5 — 2\a”^5~^c/ 2 \ abc 

Dang thilc xay ra khi va chi khi x = y = z — 3. 

Vay maxP = 


2 + 5 2 + 

abc 
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Bai 51. 37. Cho a,b,c> 0; a+b—c— 1. Tim gia tri Idn nhat cua. 
P 


I ( b — c ) 2 [ (a — c ) 2 (a — b ) 2 

=\l a+ -T^+\J b+ —^+\lc+ { — r L 


Ldi giai: 

Ta co: 


(b-cf 


b + c\ . . ( b — c ) ( b + c 

J a(a-b-c)+i -- la ~ 2 


( b-c) 2 (b + c) 2 


-be < 0 


(b — c) ( b + c\ / (b — c) b + c 

e f +L r-“ + T 


Toeing ti i: 


/ 6+ (^L< i)+ ^ 

I (a — b) 2 a + b 


Cong ve theo ve ta co: 

P = f^f + fT^f + f^K<2 (a + b + c) = 2. 

Dang thhc xay ra khi va chi khi a = 6 = 0 ; c = 1 va cac hoan vi cua chung. 
Vay maxP = 2. 


Bai 52. Cho a,b,c> 0. Chiing minh rang: 

b 


- - i , , \ f 111 

7 H- 1 — ) > (a + 6 + c) ( —b 7 H— 

b c a \a b c 


Ldi giai: 

Ta co: 

a b c\* , fl 1 1 

7 H- 1 — ) > (a + 6 + c) ( —h 7 + - 

b c a) \a b c 

Ap dung bat dang thhc AM-GM: 


|^77 + ^ + — + -+-+7 > 3 + 7 + - + - 


- + 7 + ->3 (1) 
c b a 

a b c 

7 H-1— >3 

b c a 

Mat khac, cung theo bat dang thde AM-GM: 

a 2 2 a 

¥ + -~b 


Cong ve vdi ve ta co 

a 2 b 2 c 2 . 

¥ + ¥ + ¥ + 3 - 2 (b 


b . 
Sf94- - 


b 2 


«7 + 7 + 7Sj + - + - (2) 

Cong thng ve cua (1) va (2) ta ditpc: 

a 2 b 2 c 2 a b c „ a b t 

77 + H-2 ^-1-1- 7 > 3 + 7- H-b- 

b 2 c z a 2 c a b b c c 

Chiing minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c. 
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Bai 53. Cho a,b,c> 0. Chvtng minh rang: 
S=y 


ha 4 > \/2 (a + b + c) 


Ldi giai: 

Ap dung bat dang thhc AM-GM ta co: 


Tudng ttf; 


Cong ve vdi ve, ta co: 


+ bt> (l + V) 

2 - 2 3 _ ^8 


VWT*> b -p 

~ </8 


4 n- 7 a + c 

Va 4 + c 4 > — 7 = 7 - 
- ^8 


7 2(a + b + c) 4/ - . 

> --— v 2 (a + b + c) 

v 8 


Chitng minh hoan tat. Dang thdc xay ra khi va chi khi a = b = c. 


Bai 54. Cho a,b,c> 0. Chitng minh rang: 


b 3 


a 3 + (b + cy y b 3 + (a + cy y c 3 + (b + a)' 


Ldi giai: 

Viet lai P ditdi dang 


P = 


b 3 


c 3 


i = E 


I a 3 + (b+ c ) 3 Y b 3 + (a + cy y c 3 + (b + ay “ Y a 3 + (b + c ) 3 
Ta se cluing minh: 


(b + cY 




That vay, ta co: 


'•> - (^')' * (¥)'* K‘A * V f - Ch i( V 2 " 

-HAKVH’ 2 " 

(luon dung) 


a 3 2 V a 


>^=E 


— P — a >E--— 

1 + «-£r 1 + V»±£ 

a 3 2 V a 


Mat khac, do X) (6 + c ) 2 < 2 ( 6 2 + c 2 ) nen ta co: 

cj/c eye 

2 a 2 v 


iii+c\ 2 5 


c,c 1+ V^ 2 ^ 2a2 + ( & + C ) 2 _ t ^ 2a2 + 2 ^ 2 + C2 ) ^« 2 + &2 + c2 

2 V a 
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Vay 


eye -y _|_ 


1 



> 1 


Chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c. 
Bai 55. Cho a,b,c(z R. ChUng minh rang: 

(a 2 + 3) (b 2 + 3) (c 2 + 3) > 4(a + b + c + 1) 

Lcti giai: 

Cach 1. 

Ap dung bat dang tilde Cauchy-Schwarz ta co: 




, b -v c b — c 

> ( l.a -\ -— .1 H- —.1 + 1.1 


4 (a 2 + 3) 



> 4(a + b + c+ l) 2 


Mat khac, ap dung bat dang thde AM-GM ta co: 

( b 2 + 3) (c 2 + 3) = 3 b 2 + 3c 2 + b 2 c 2 + 1 + 8 = 2b 2 + 2c 2 + (6 2 + c 2 ) + (6 2 c 2 + l) + 8 
> 2b 2 + 2c 2 + 2 be + 2bc + 8 = 2(b + cf + 8 



Nhit vay, 


(a 2 + 3) (6 2 + 3) (c 2 + 3) > 4 


/(6 + cf 


4j(a ; 


+ 4 J (a 2 + 3) > 4(a + b + c + l) 2 


Dang thde xay ra khi va chi khi a = b = c — 1. 

Cach 2. 

Ap dung bat dang AM-GM ta ditpc: 

(a 2 + 1 + 1 + 1) (l + ( 6± | ± 1) 2 + (*±£±1)’* 

> (i.„ + 6 ±|±i + 6 ±|±t+ 6 ±|±iy 

44 4 (a 2 + 3) ^1 + + ^ > 4(a + 64-e + l) 2 


Ta se chdng minh: 


(b 2 + 3) (c 2 + 3) > 4 


1 + 


(ft + c+1) 2 


3 b 2 c 2 + 5 (b 2 + c 2 ) - 8 (b + c) - 86c + 11 > 0 
2 (b + c- 2) 2 + (6 - c) 2 + 3(6c - l) 2 > 0 
Dieu cuoi luon dung. Do do ta co 


(a 2 + 3) (b 2 + 3) (c 2 + 3) >4 


/(6 + cf 


4j(a : 


+ 4 J (a 2 + 3) > 4(a + b + c + l) 2 
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Chilng minh hoan tat. Dang thtfc xay ra khi va chi khi a = b — c = 1. 
Bai 56. Cho x,y,z > 0 thoa man x + y + z — 9. Chilng minh rang: 

p= x 3 + y 3 | y 3 + z 3 | z 3 + x 3 > Q 
xy + 9 yz + 9 zx + 9 — 

Ldi giai: 

Cach 1. 

Ap dung bat dang thtfc Holder ta co: 


(x*+ya+z*j (1 + 1 + l) 3 > x + y + z 3(xa + yz + 2:2 j > (x + y + zf 
Ap dung bat dang thtfc Cauchy-Schwarz ta co: 


x 3 | j/ 3 : ^ ^ ^ (x + y + zf 

xy + 9 yz + 9 xz + 9 — xy + yz + xz + 27 — 3(27 + xy + yz + zx) 

</ 3 , ; 3 , x 3 ^ (*§+ i /§+*§) 2 ^ (x + y+zf 

xy + 9 yz + 9 xz + 9 — xy + yz + xz + 27 — 3(27 + xy + yz + zx) 

Cong tifng ve ta drfdc: 


P 


xy + 9 


y 3 

yz + 9 


xz + 9 


g/ 3 z 3 > 2(x + y + z) 3 

xy + 9 yz + 9 xz + 9 ~ 3(27 + xy + yz + zx) 


Mat khac, theo AM-GM ta co: 


(x + y + z) 2 2(x + y + z) 3 2.9 3 

xy + yz + xz< ---- 2 ^ 3[2Hls + F + z ^ 3 . (2H2 g 


Bai toan drfdc chtfng minh xong. 

Dang thhc xay ra khi va chi khi x — y — z. 

Cach 2. 


x 3 + y 3 y 3 + z 3 z 3 + x 3 
xy + 9 yz + 9 zx + 9 


Ap dung bat dang thtfc Cauchy-Schwarz ta c6: 


' 1 1 \ 

^ 4x 3 

4x 3 

xy + 9 

zx + 9/ 

— xy + xz + 18 

x(9 — x) + 18 

' 1 1 ^ 

^ 4y 3 

4y 3 

v xy + 9 

zy + 9j 

— xy + yz + 18 

y(9 — y) + 18 

' 1 


^ 4z 3 

4z 3 

v xz + ; 9 

zy + 9 J 

— xz + yz + 18 

“ z(9 — z) + 18 


Cdng ve thed ve ta drfdc: 




\xy + 9 zx + 9 


yz + 9 yx + 9 / 


xz + 9 zy + 9 / 


Ax 3 Ay 3 A z 3 

9x - x 2 + 18 + 9y - y 2 + 18 + 9z - z 2 + 18 
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Xet ham so: f(x) = 


Ax 3 


9x — x 2 + 18 


vdi x G (0; 9] 


, 12x 2 (9x-x 2 + l$)-Ax 3 (9-2x) 11 

(9x - re 2 + 18) 2 V ' 4 

Ta co: /(3) - 3 

PhUdng trinh tiep tuyen cua ham so f(x) tai x — 3 la: 

g(x) - /(3) = /'(3)(x - 3) g{x) - 3 = ^ (x - 3) g(x) = ~ 


Ta se chilng minh : 


/W-gW = te _y +lg -( t"~t) so 

16x 3 — (llx — 21) (9x — x 2 + 18) >0 
27x 3 - 120x 2 + 9x + 278 > 0 
& (x — 3) 2 (9x + 14) > 0 


Dieu cuoi luon dung, do do 

Tuong tit ta co: 


Ax 3 11 21 

9x — x 2 + 18 — 4 X A 


Ay 3 ^ 11 21 

9 y-y 2 + 18 “ ~A V ~ ~A 
Az 3 ^ 11 21 

9z-z 2 + 18 “ ~A Z ~ ~A 
Cong ve theo ve 3 bat dang thhc tren, ta dude: 


4x 3 Ay 3 Az 3 11 , . 3.21 

te _ I 2 + 18 + 9!/ _ !/ 2 + 18 + to _^ + 18 ST (:C + !, + Z) “^- 9 


Vay P >9 

Dang thilc xay ra khi va chi khi x = y = z 

Cdch 3. 

Theo bat dang thtre AM-GM ta co: 

x 3 + x 3 + y 3 > 3 x 2 y 
y 3 + y 3 + x 3 > 3 xy 2 

=> 4 (x 3 + y 3 ) >x 3 + y 3 + 3 x 2 y + 3 xy 2 = (x + y) 3 
Mat khac, cung theo bat dang thde AM-GM ta co: (x + y) 2 + 36 > 12 (x + y) va Axy < (x + yf 


3 + y 3 _ A (x 3 + y 3 ) ^ (x + yf 36 3 (x + y) _ 

xy + 9 Axy + 36 “ ( x + yf + 36 X V (x + yf + 36 “ X V (x + y) X V 


(*) Tuong tu ta co: 


z 3 + y 3 

zy + 9 
x 3 + z 3 
xz + 9 


> z + y — 3 

> x + z - 3 
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Cong ve theo ve 3 bat dang thde tren, ta drfdc: 


4x 3 


% 3 


4z 3 


11 , , 3.21 

-1--1- - - ( nr* -I— it _J_ + ) — - = 

9x — x 2 + 18 9y — y 2 + 18 9z — z 2 + 18 — 4 1 ' 4 


Vay P >9 

Dang tlitfc xay ra khi va chi khi x = y = z 

Cach 4- 

Sd dung bat dang thde quen thuoc 4 (x 3 + y 3 ) > (x + y) 3 ta co: 

xy 9 
~6 ~ 2 


x 3 + y 3 (.x + y) _ 

xy + 9 ~ 4 xy + 36 


(x + y) Axy + 6 
4 xy + 36 24 


Ap dung bat dang thde AM-GM: 


(x + y) 3 4 xy + 6 

-1- — H---+ 3 > 3 

4 xy + 36 24 

x 3 + y 3 


3 (x + y) Axy + 6 = c 
' 4xy + 36’ 24 


xy + 9 


. 3(x + y) 
2 


Tuong td ta co: 


z 3 + y 3 3 (z + y) 


zy + 9 
z 3 + x 3 


_ zy 

2 6 
3 (z + x) zx 


zx + 9 2 

Cong ve theo ve 3 bat dang thde tren, ta ditpc: 


xy + 9 yz + 9 
Theo bat dang thde AM-GM ta co: 

. (x + y + z)' 


- >3 (x + y + z) - 


xy + yz H 


27 

’ T 


xy + yz + zx < - 


= 27 3 (x + y + z) — 


xy + yz + zx 


27 27 

- — > 3.9- 

2 “ 6 


Vay P >9 

Dang thde xay ra khi va chi khi x = y = z 


Bai 57. Cho a,b,c> 0. CMng mink rang: 

yj ( a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ) > abc + (a 3 + abc)(b 3 + abc)(c 3 + abc ) 

2 /( 7 * giai: 

Do a&c 0 nen ta chia ca 2 ve cua bat dang thde cho abc. Ta drfpc: 
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^ be ca ab 

Dat: x = — ]y = —] z = — => xyz = 1 
a 2 b 2 c 2 
Khi do ta phai chdng minh: 

\3 + x + y + z-\ -1-1— > 1+ \/(l + x)(l + y)( 1 + z) 

V x y z 

+ x + y + z + xy + yz + zx> 1 + \/2 + x + y + z + xy + yz + zx 

Dat t = v/2 + x + y + z + xy + yz + zx 
Ap dung bat dang thde AM-GM ta co: 

x + y + z + xy + yz + zx> 6 tyxyz.xy.yz.xz — 6 ^/x 3 y 3 z 3 = 6 

=£■ t + \/2 + 6 = 2 

Bat dang thde da cho tUdng dUdng vdi: 

Vt 3 + 1 > 1 + t & t 3 + 1 > t 2 + 2t + 1 <+ t 3 - t 2 - 2t > 0 t(t + l)(t - 2) > 0 

(dung vdi t > 2) 

Chdng minh hoan tat. Dang thde xay ra khi va chi khi a = b — c 


Bai 58. Cho a,b,c> 0. Chting minh rang: 

(a + b + c)(—K 7 H—) > 3 
abc 

^ ! J3(a + b + c)(a + b)(b + c)(c +a) 
y (ab + bc + ca) 2 



Ldi giai: 

Dieu phai chdng minh tUdng dUdng vdi: 


a b e b ^ c a > ^ 3 3(a + b + c) (a + b) (b + c) (c + a) 
bcaabc~\j (ab + bc + caf 

Ap dung bat dang thde AM-GM ta cd: 

a 2 c + a 2 c + b 2 a > 3 \/a 3 b 2 c 2 — 3a\/a 2 b 2 c 2 
a 2 c + c 2 b + c 2 b > 3$a 2 b 2 c 5 = 3 c\/a 2 b 2 c 2 
b 2 a + b 2 a + be 2 > 3 \/a 2 b 3 c 2 — 3b\/a 2 b 2 c 2 
Cdng ve vdi ve cac bat dang thde tren, ta dude: 

a 2 c + b 2 a + c 2 b> (a + b + c) \/a 2 b 2 c 2 

Mat khac, ta cd: 

a b c a 2 c + b 2 a + c 2 a (a + b + c) \/a 2 b 2 c 2 a + b + c 

b c a abc ~ abc \fabc 

TUdng td: _ 

b + c + a b 2 c + c 2 a + a 2 b > (a + b + c) \/a 2 b 2 c 2 a + b + c 

abc abc ~ abc \fabc 

Cdng ve vdi ve 2 bat dang thde nay ta dude: 

a b c b c a 2(a + b + c) 

b c a a b c V abc 
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Ta se chilng minh: 

2 (a + h + c) 3 ls.(a + b + c) (a + b)(b + c ) (c + a) 

\fabc V (ab + bc + ca ) 2 

^g(a + 6 + c) 3 > 81(a + 6 + c)(a + 6)(6 + c)(c + a) 
abc ~ (afr + frc + ca) 2 

<(=b 8(a + b + c) 3 (ab + bc + ca ) 2 > 81a6c(a6 + be + ca)(a + b)(b + c)(c + a)(a + b + c) 

<(=b 8(a + b + c) 2 (ab + bc+ ca) 2 > 81 abc(a + b){b + c)(c + a) = 81 (ac + bc)(ca + ab)(ab + be) 
Ap dung bat dang thile AM-GM ta co: 

81(a6 + bc)(bc + ca)(ca + ab) < 81 ^(a6 + 6c + ca) _ _g /, c _g ca ) 3 

Mat khac: 

3 (ab + bc + ca) < (a + b + c) 2 

=> 24(a6 + be + ca) 3 — 8 .(ab + be + ca) 2 .3(ab + bc + ca) < 8 (ab + bc + ca) 2 (a + b + c) 2 
=+ 81a£>c(a + b)(b + c)(c + a) < 8(a + 6 + c) 2 (a& + be + ca) 2 
Suy ra dieu chilng minh la dung hay 

2 (a + b + c) > ^ J3.(a + b +c)(a + b)(b +c)(c + a) 

\fabc ~ y (afr + frc + ca) 2 


Nhu vay, 


a b c b c a 2 (a + b + c) 3.(a + b + c)(a + b)(b + c)(c + a) 

-—I- 1 - 1 -b 7 H— — - -1/ - - >3.W- k - 

b c a a b c V abc y ( ab + bc + ca) 

Cluing minh hoan tat. Dang thile xay ra khi va chi khi a = b — c. 


Bai 59. Cho a,b,c> 0. Chting minh rang: 


_ b 
T + _ sfc' 

b c i 


> (a + 6 + c) ( —b j) H— 


/ ab + be + ca 


Ldi giai: 

Bat dang thile can chilng minh tUdng dudng: 

{a 2 c + b 2 a + c 2 a\ 2 

l-*- j S( “ + 6 + C \ abc 

<S=b (a 2 c + b 2 a + c 2 b ) 2 > abc (a + b + c) (ab + bc+ ca) 

Ap dung bat dang thile Cauchy-Schwarz ta c6: 

(a 2 c + b 2 a + c 2 b) (c + a + b) > (ab + bc+ ca) 2 

(a 2 c + b 2 a + c 2 b) ^ > (a + b + c) 2 

Nhan ve vdi ve 2 bat dang thile nay ta dude 

(a 2 c + b 2 a + c 2 a) 2 (a + b + c) (- + - + \ ) > (ab +be + ca) 2 (a + b + c) 2 
v 7 \c a bJ 

<+ (a 2 c + b 2 a + c 2 a) 2 (a + b + c) ^ + ca ^ > ( a /> + bc + ca) 2 (a + b + c) 2 

<S=b (a 2 c + b 2 a + c 2 a) 2 > abc (ab + bc + ca)(a + b + c) 

Chilng minh hdan tat. Dang thile xay ra khi va chi khi a = b — c. 
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4 Bai 61 den bai 80 


Bai 60. Cho x.y > 0 thoa man x + y + 1 = 3 xy. Tim gia tri Idn nhat cua: 

P = 3x + 3y _ Jl _ Jl 

y(x + 1) x(y+ 1) x 2 y 2 

Lcti giai: 

Cach 1. 

Ta co: 


= 3 xy 3xy _ 1_ _ 1_ = y + (x + 1) x + (y + 1) _ 1_ _ 1^ 

y 2 (x + 1) x 2 (y + 1) x 2 y 2 y 2 (x + 1) x 2 (y + 1) x 2 y 2 


y 2 {x + 1) x 2 (y + 1) y(x + l) z(y + l) 

Dat: a = —;b— - =>a + 6 + a6 = 3 
x y 

Ap dung bat dang thdc AM-GM ta co: 

3 = a + b + ab > ab + 2y/ab ab + 2 y/ab — 3 < 0 ^\fab — 1 j [yfab + 3^ < 0 y/ab < 1 ab < 1 

Khi do ta co: 

„ ab ab f 1 1 \ . a+ b + 2 

p = o+T + &+T = “ 6 \o+T + b+i ) = “ 6 '(a + 1)(()+ 1) 

^ (3 — a6) + 2 a6.(5 — a6) — (a6) 2 + 5a6 

’ (a6 + a + b) + 1 4 4 

[—( 06 ) + 2 ab — lj + 3 ab + 1 
= 4 

— (ab — 1) + 3 ab + 1 
= 4 

1 

Dang thdc xay ra khi va chi khi a = 6 = 1 <^> x = y = 1. 

Vay maxP = 1 

Cach 2. 

Dat a — x + y va b = xy thi ta co a, b > 0; a + 1 = 36; a 2 > 4b. 


> (3b - l) 2 > 4b 9b 2 - 10b + 1 > 0 ^ (96 - 1) (b - 1) > 0 =t> b > 1 
(vi a + 1 = 3b b > 


3x + 3y 11 _ 3x 2 (y + 1) + 3y 2 (x + 1) x 2 + y 2 

y(x+l) x(y+ 1) x 2 y 2 xy(xy + x + y + 1) x 2 y 2 

3 xy(x + y) + 3 (x 2 + y 2 ) _ x 2 + y 2 _ 3xy(x + y) + 3 [(a; + yf - 2 xy] _ [(a; + yf - 2 xy] 
xy(xy + x + y+l) x 2 y 2 xy(xy + x + y + 1) x 2 y 2 

3 ab + 3 (a 2 - 2b) a 2 -2b _ 36(36 - 1) + 3 [(36 - if - 26] [(36 - l) 2 - 26] 

b(a + 6 + 1) b 2 ~ 6 [6 + (36 — 1) + 1] 4 b 2 

36(36 - 1) + 2 [(36 - l) 2 - 26] 21 19 1 

- W - L = T~4S + W 
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01 IQ ft 2 IQ 

Xet f(t) = i G (0; 1] ^ f'(t) = t - — < 0 vdi Vt e (0; 1] =*► f(t) < 1 

Dang thilc xay ra khi va chi khi a—b—l<^x — y — 1. 


Bai 61. Cho a, b, c E [0; 1] thoa man a + b + c— -. Tim gia tri nhd nhat cua 
A — cos (a 2 + b 2 + c 2 ) 

Ldi giai: 

Tit gia thiet suy ra: 

0<a 2 + 6 2 + c 2 < a + b+ c = ^ ^ 

Do do A dat GTNN khi Q = a 2 + b 2 + c 2 dat GTLN. 

Khong mat tinh tong quat, gia sit 


Q = a 2 + b 2 + c 2 = (a + b) — 2 ab + c 2 < 


Vay GTNN cua A la cos - 


Bai 62. Cho a,b,c > 0 va a + b + c — 3. Chting minh rang: 

a b c 


2 a 2 + be 2 b 2 + ca 2c 2 + ab " 


Ldi giai: 

Bat dang thilc can cluing minh titdng ditdng: 


2 a?bc + b 2 c 2 2 ab 2 c + c 2 a 2 2 abc 2 + a 2 b 2 


Ap dung bat dang thile Cauchy-Schwarz va chu y bat dang thilc quen thude 


(ab + bc+ cay < 


(a + b + c) 2 ] 


2 a 2 bc + b 2 c 2 2 ab 2 c + c 2 a 2 2 abc 2 + a 2 b 2 a 2 b 2 + b 2 c 2 + b 2 c 2 + 2 abc(a + b + c) 

=_ 9 _ 5 >i. 

(ab + bc + ca) 

Vay bat dang thilc ditdc chilng minh. Dang thilc xay ra khi a = b — c — 1. 
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Bai 63. Cho a,b,c> 0 va a + b + c — 2. Tim GTLN cua bieu thtic: 

ab be ac 

P = - -|—~^ = ^ = -|— 

\/2c + ab \J2 a + 6c a/ 2& + ac 

id* gda*; 

Ket hop gia thiet bai toan va ap dung bat dang thtfc AM-GM ta drfdc: 


P =T,- 


ab 




ab 


y/c{a + b<¥c) + ab ^ (c + a)(c + b ) 

Vay P dat gia tri ldn nhat bang 1. Dang thtfc xay ra khi a — b — c — | 


< — N ab ( -1-— — (a + b + c) — 1. 

~2^ \c + a c + 6/ 2 v ’ 


Bai 64. Cho a,b,c> 0. ChUng minh rang: 

n 3 U 3 ,-.3 i 

^2-c + ^2a + ^2 b > ~-^ +b + P 


Ldi giai: 

Dau tien ta can chu y hai bat dang thtfc quen thuoc: 

a 2 + b 2 + c 2 > ^(a + b + c) 2 . 

3(a6 + bc + ca) < (a + b + c) 2 . 

Ap dung bat dang thtfc Cauchy-Schwarz va hai bat dang thtfc tren ta co: 

Y' “ 3 Y' “ 4 (a 2 + 6 2 + c 2 ) 2 (* + 3 * ) 1 , 2 

= . >- - i = K (a+b+c). 


J ab + 2ac 3 (ab + bc + ca) (a + fr + c) 2 y 


Bat dang thbe da drfdc chtfng minh. Dang thtfc xay ra khi a = b — c. 

Bai 65. Cho x,y,z > 0 va x + y + 1 = z. Tim gia tri ldn nhat cua bieu thde: 

p= __ 

(x + yz)(y + xz)(z + xy) 2 


Ldi giai: 

Tif gia thiet ta co: 


Do do: 


x + yz = yz - y + z - 1 = (y + l)(z - 1). 

y + zx — zx — x + z — 1 — (x + 1 )(z — 1). 

2 + xy — xy + x + y + 1 = {x + l)(y + 1). 

z - l = x + y. 


p — _f____ =____=___£___ 

(x + yz) (y + zx) (z + xyf (z - l) 2 (x + l) 3 (y + l) 3 (x + yf(x + l) 3 (y + l) 3 

Ap dung bat dang thtfc AM-GM ta co: 

x + y > 2^/xy => (x + y) 2 > Axy. 

2 2 “ V 4 4 

, y v . . 3 fy 2 , , 3 . 27 2 

2/+ 1= 2 + 2 + 1 - 3 VT ^ + 1 ^ ^ ~I V • 
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Th do ta c 6: P < 


4 X y 2 l X 2 2 ly2 729 

- , 4 

Vay gia tri ldn nhat cua P la Dang thhc xay ra khi (x; y, z) — (2; 2; 5). 


Bai 66. Cho a + b + c < 2. Chting minh: 




Ldi giai: 

Ta de dang thay P > 0. Ap dung bat dang tlitfc Cauchy-Schwarz ta co: 

P 2 > (a + b + c) 2 + (- + ]- + >(a + 6 + c) 2 + --—— 

\a h cj (a + 6 + cf 


Ap dung them bat dang thilc AM-GM va chu y gia thiet a + b + c < 2: 

81 \, n2 16 1 65 


(a + b + c) : 


(a + 6 + c) 


— (a + b + c) 


(a + 6 + c) J ( a + b + c) 4 


V97 , 2 

Suy ra P ^ ■ Dang thtfc xay ra khi a = b — c — -. 


Bai 67. Cho a,b,c> 0 va abc = 1. Tim gia tri nhd nhat cua bieu thtic: 

p _ q3 , 6 3 , c 3 


(1 + 6)(1 + c) (1 + c)(l + a ) (1 + a)(l + b ) 

Ldi giai: 

Ap dung bat dang thufc AM-GM: 

1 + 6 : 1 + c ^ 3a . . 

4 


(l + 6)(l + c) 

+ 


8 : 

6 3 

+ 

i + c 

1 + a 

(1 + c) (1 + a) 



8 

c 3 

+ 

1 + a 

1 + 6 


a + 6 + c > 3 \fabc =3 (4). 


Ket hop (1), (2), (3), (4) suy ra: P+ ^ + ^-(a + 6 + c) > ^(a + 6 + c) P > a + ^ + c _ ^ ^ 

3 

Vay gia tri nho nhat cua P la Dang thtrc xay ra khi a = b — c — 1. 

Bai 68. Cho x,y la cac so thitc khong am thay doi. Tim gia tri ldn nhat va gia tri nho nhat cua: 

(x-y)(l-xy) 


(1 + x) 2 (l + y) 2 


Ldi giai: 
Cach 1. 


Xet ham so f(t) = 
Th do suy ra: 


(t + 1)' 


(x + 1) (y + 1) 

r,Vt > 0 thi ta co ket qua sau 0 < f(t) < 
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P max = max f(x) - min f(y)= 

x>0 y> 0 4 

P min = min f(x) - max f(y) = 

x>0 y >0 4 

Cach 2. 


= (x-y)(l-xy) < (x + y)(l + xy) < 1 

(1 + x) 2 (l + y) 2 ~ [(x + y) + (1 + xy)] 2 ~ 4 



Bai 69. Cho a,b,c> 0 i>aa + 6 + c=l. Tim gia tri Idn nhat cua: 

1 + a 2 1 + b 2 1 + c 2 
“ 1 + 6 2 + 1 + c 2 + 1 + a 2 ' 


Pd* giai: 

Gia sxt a = max{a, b, c} => ^ < a < 1. 
Tit do ta co: 


P < 


1 + a 2 

1 + 6 2 


1 + b 2 c 2 1 1 + a 2 

1 + c 2 1 + c 2 1 + a 2 1 + 6 2 


1 + b 2 + c 2 
1 + c 2 


1 

1 + a 2 


' 1 + ° 2 ,1 , IU , 


Xet ham so /(a) = a 2 + (1 — a) 2 + -—vdi a e 1 ta drfdc /(a) < /(1) = 

1 + a^ \6 I 2 

Suy ra: P < ^.. 

Dang thrfc xay ra khi (a; 6; c) = (1; 0; 0) va cac hoan vi. 

Bai TO. Cho a, b > 0 va a + b + ab = 3. Chting mirth: 

a b ab < 3 
a +1 6 + 1 a + 6 2 

Pdf* giai: 

Trt gia thiet suy ra: (a + 1) (6 + 1) = 4. Ap dung bat dang thhc AM-GM: 


3 = a + 6 + a6>a6 + 2 Vab => 0 < ab < 1. 


Do do bat dang thrfc da cho viet lai: 


1 o(6 + 1) + 1 6 (o+ 1) + _A ; < 

3 — ab ab ab 3 

- + — + - + — . 

4 2 3-aft“2 

ab ab 3 

^ T + 3^6 “4 - a 


3 

2 ' 


Xet ham so 

f(t) = | + 7^ - | (0 < t < 1) =» / (§ < 0. 

Vay bat dang thrfc drfdc chrfng minh. Dang thrfc xay ra khi a = b = 1. 
Bai 71. Cho a, 6, c > 0 va yfa + Vb + y/c = 1. CMng mirth: 

a 2 + bc b 2 + ca c 2 + ab m 

— /, + , / , 4- / , > V2. 

ay 6 + c oyc + a cy/a + b 
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Ldi giai: 

Sd dung bat dang thtrc Cauchy-Schwarz lien tuc: 
be 


E 


^E 


;=E 


ay/b + c ^ ay/b + c ^ y/ay/ab + ac ^ abey/b + c 


+ E; 


(6c) 2 


(a + b + c) 


(a6 + be + ca ) 2 


(a + b + c) 2 


(a6 + be + ca) 2 


X) ( y/ay/ab + ac) abc Y^ y/a + b y/2(a + b + c)(ab + be + ca) abc Y^ y/a + b 

eye eye eye 

(a + b + c) 2 3 abcia + b + c) [W. " T 3(a + b + c) 

' M ■r^EATT-V2 ( “ +6+c) + : 


(a + b + c) -y/1 (a + b + c) 
- \/6(a + b + c) > y/2. 


y/G (a + 6 + c) 


Vay bat dang tilde dude chimg minh. Dang thufc xay ra khi a = b — c — 
Bai 72. Cho a,b,c> 0. Tim gia tri nhd nhat cua: 


p 3(6 + c) + 4a + 3c + 12(6 — c) 


Ldi giai: 

Dat x = 2a, y = 3b, z — 3c. 

Bieu tilde da cho viet lai: 

p y + z 2 x + z Ay — Az y + z + x — x 2 x + z Ay + Ax — Ax — Az 

x y x + z x y x + z 

= (v + E) + (^ + ^-+ -+L + -5 > 10-5 = 5 . 

\x y J \ x y x + z x + zj 

Vay gia tri nho nhat can tim la P = 5, 


Bai 73. Cho a, b, c > 0 va — + — + — = 3. Chting minh: 
a 2 b 2 c 2 

1 1 
+ - 


1 + y/(a + 6) + abc 1 -(**/ (6 + c) + abc 1 + yj (c + a) + abc 


~ A 


Ldi giai: 

Cach 1. 

Ap dung bat dang thde Cauchy-Schwarz ta co: 
1 


1 + yj (a + 6) + abc yj (a -|- 6) -|- abc yj (a -|- 6) + abc yj (a + 6) ^ 


abc 


yj (a + 6) 3 + abc J 

Set dung bat dang thde AM-GM va bat dang thde Cauchy-Schwarz, ta co: 
1 1 1 


yj(a + b) 3 + abc yj (a + b)(a + bf + abc V( a + b ) 4ab + abc y/Vab(Aa + Ab + c ) 


2 V 9a6 4a + 46 + c 
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1 1/441 

4a + 46 + c — 81 \a 6 c 


1 + ^ (a + 6) + abc 

-E 


eye 1 + yj (a-\- 6) 3 + abc 
Mat khac ta co hai bat dang thtfc quen thuoc sau: 


< JL _JL _1 f 1 1 1 

— 16 32 ah ”*”96Va”*”&”*”c 


3 3/1 1 1 \ 9/111 
16 32 \ab be ca) 96 la 6 c 


111 / / 1 1 1 \ 
a ? % + c-V 3 U + ^ + ^)“ 3 ' 
111 1 1 1 
ab be ca — a 2 6 2 c 2 


^ 1 + 


\/( a + & ) 3 


+ abc 


3 3 „ 9 „ 3 

“ 16 + 32' 3+ 96' 3_ 4' 


Bat dang tlitfc drfdc chtfng minh. Dang thtfc xay ra khi a — b — c — 1. 

Cach 

Ap dung bat dang tlitfc AM-GM: 


1 1 1 3 

a 2 + b 2 + c 2 ~ \/a 2 b 2 c 2 


■ abc > 1. 


= *E- 


= = E 


yj^a+~bf 


~ 1 + \J(a + b) 3 + abc eye 1 + yj (a + b) 3 + 1 eye 

V^+l = v/ (l + x)(l-x + x 2 ) < (1 + x) + ( 0 1 ~ x + x2) ^1 + ^ 

^a/IT^-1<^E 


-1 1 

— < —. 
- 2x 


Suy ra: 

E 


(a + 6) 


2 1 a + b b + c c + a ) 4 1 a b c ) 4 y 3 (a 2 ~E 2 ~E 2 ) 4’ 


Bat dang tlitfc drfdc chtfng minh. Dang thtfc xay ra khi a = b — c = 1. 
Bai 74. Cho a,b,c> 0 fa ab + be + ca = 3. Chting minh: 

111 

a 2 + 2 + 6 2 + 2 + c 2 + 2 ~ ' 


Ldi giai: 

Bat dang thtfc da cho trfdng drfdng: 


a 2 + 2 + 6 2 + 2 + c 2 + 2 - L 
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Ap dung bat dang thdc Cauchy-Schwarz: 

a 2 h 2 c 2 > (a+ b + c) 2 (a + b + c) 2 

a 2 + 2 b 2 + 2 c 2 + 2 — a 2 + b 2 + c 2 + 6 a 2 + b 2 + c 2 + 2 (ab + bc+ ca ) 

Bat dang thdc dupe chdng minh. Dang thdc xay ra khi a = b — c = 1. _ 

Bai 75. Cho x,y,z > 0 va x 3 + y 3 + z 3 = 3. Chiing minh: 

x y z > 3 

] ■ + t*+~ _ 

Ldi giai: 

Cach 1. 

Ap dung bat dang thdc AM-GM: 


x x 3 1 1^1 x 

(y + z) 4 + 16 + 16 + 16 - 2 y~+~z' 

y y 3 1 1 1 y 

- - —r + — H-t-> —. 

(z + xf 16 16 16 - 2 z + x 

z z 3 1 1^1 z 

(j^ y) 1 + 16 + 16 + 16 - 2 'x + y' 

=» y x > I + + _J_\ _ x 3 + y 3 + z 3 _ 3 > I 3 _ 1 _ 3 = 3_ 

^(^ + z ) 4 -2V?/ + ^ 2 + x x + yj 16 8“ 2 2 16 8 16 

Bat dang thdc dupe chdng minh. Dang thdc xay ra khi x — y = z = 1. 

Cach 2. 

Ap dung bat dang thdc AM-GM: 


• 2 (x 3 + y 3 + z 3 ) + 3 > 3 (: x 2 + y 2 + z 2 ) 3 > x 2 + y 2 + z 2 . 


•E 7 








cy cfe +# t ^ 4 ^ 2 + z2 ) 2 ^ 4 ( 3_x2 ) 2 t ^ 16x2 -^-^ 16 

Bat dang thdc ditdc chdng minh. Dang thdc xay ra khi x = y = z — 1. 


>l (l 3 + ! ,3 + * 3 ) = A 


Bai 76. C7io x, y, z > 0 va x + y + z = 1. Tzm <?ia th n/io nhat cua: 

x 2 5 y 2 24 z 2 

P=15 -T + 36'7 + 26 V 


£< 7 * giai: 

Ap dung bat dangt thdc AM-GM: 


24 z 2 24 48 1 

—. 1- v > — ,-z. 

25 y 36 y “ 5 6 

T 2 1 ^ 

15.-1 2 > 6x. 

z 25 

x 2 5 y 2 24 z 2 

>15 V + V7 + 25'7- i + !, + z:=L 


Vay gia tri nho nhat can tim la P = 1 (x; y ; z) 
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Bai 77. Cho a,b,c> 0 va abc = 1. Chting minh: 

1 1 1^1 

“ a 2 + 2b 2 + 3 + b 2 + 2c 2 + 3 + c 2 + 2a 2 + 3 “ 2' 


id* giai: 

Ap dung bat dang thtfe AM-GM: 

a 2 + 2b 2 + 3 = (a 2 + b 2 ) + (b 2 + l) + 2 > 2 ab + 26 + 2. 


1 


1 


1 


2 y ab + 6 + 1 6 c + c + 1 ca + a + 1 J 2 I ab + 6+1 


i 


i + i + i' 

a ab 


1/1 ab b 

2 y ab + 6 + 1 6+1 + ab 1 + ab + 6 


Bat dang thtfe drfdc cluing minh. Dang thiic xay ra khi a — b — c—1. 
Bai 78. Cho a,b,c > 0 va a + b + c — 1. Tim gia tri nhd nhat cua: 

a + b i 6 + c ^ c + a 


v/a6 + c v 6 c + a \/ca + 6 


P = - 


Xdf* giai: 

Ket hdp gia thiet a + 6 + c= lva bat dang thiic AM-GM: 




o + 6 


= E- 


o + 6 


^06 + c(a + 6 + c) + - v /(a + c )(6 + c) 


Vay gia tri nho nhat can tim la P = 3. Dang thtfc xay ra khi a = b — c — 


Bai 79. Cho a, 6, c > 0 va a + 6 + c = 1. Chitng minh: 

a 2 + 6 2 + 2 6 2 + c 2 + 2 c 2 + a 2 + 2 > i2 

a + 6 — a6 6 + c — 6c c + a — ca — 


Ldi giai: 

Bat dang thhc da cho trfdng drfdng: 


o 2 + 6 2 + 2 


' (a + 6 ) (a + 6 + c) — ab " 
a 2 + 6 2 + 2 


^ a 2 + 6 2 + ab + be + ca 

eye 

(2 — ab — be — ca) ———- T - T - 

^ a 2 + 6 2 + a 6 + be + c 


Ap dung bat dang thiic Cauchy-Schwarz: 

1 9(2 — ab — be — ca) 

° 2 + fr 2 + a b + be + ca ~ 2 (a 2 + 6 2 + c 2 ) + 3(a6 + be + ca) 

9 (2(a + 6 + c) 2 — ab — be — ca) 
2 (a 2 + 6 2 + c 2 ) + 3(a6 + be + ca) 

Vay bat dang thtfc dude chtfng minh. Dang thiic xay ra khi a = b = c — |. 

Bai 80. Cho x, y, z > 0 va x + y + z = 1. Tim gia tri Idn nhat cua: 

4 

P = xy + yz + zx — -xyz. 
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Ldi giai: 

Cach 1. 

Dau tien ta se chilng minh bat dang thtfc sau: 

xyz > (x + y - z)(y + z - x)(z + x - y) (*). 

Ta chi can chilng minh bat dang thtic (*) vdi trrtdng hop khong tam thndng x, y, z la do dai ba canh 
tam giac. 

That vay, ap dung bat dang thhc AM-GM: 


{x + y ~ z){y + z - x) < 


[(x + y-z) + (y + z-x)\ 


Tuong tit ta cung co: 


(y + z - x)(z + x - y) < z 2 . 
(z + x - y)(x + y - z) < x 2 . 


Th do suy ra bat dang thilc (*). 
Quay lai bai toan. 

Ta co: 


xyz > (x + y - z)(y + z — x)(z + x- y) = (1 - 2z){\ - 2x){l - 2 y) 

1 9 xyz 

xy + yz + zx < -+ ^ . 

Ap dung bat dang thhc AM-GM ta dope: 


4xyz 1 llxyz 1 11 fx + y + z 

P = xv + yz + zx -< —-< —-- 

y y 3 “4 12 - 4 12 V 3 


23 

= 81' 


23 1 

Vay maxP = —. Dang thhc xay ra khi x — y — z — 

Cach 2. 

Gia sd 


0<x<y<z^0<x<- 


Th do suy ra: 


P = x(y + z) + yz[l-—J <x(l-x)+ ^ 


(3 ~ x ) 2 ( x _ 4x 

3 


Khao sat ham so f(x) — x(l — x) + 
Hoac phan tich va danh gia nhrf sau: 


(3 ~ x ) 2 L _ 


ta cung drfOc ket qua tren! 


x(l — x) + 




. _i yf n\ 92 

4x\ -4x 3 — x 2 + 2x + 3 4 V X 3/ V X+ 12i + 27 23 


4 V 3 
Bai toan drfOc chiing minh. 
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5 Bai 81 den bai 100 


Bai 81. Cho a, h, c > 0 va - + T + - = 1. Tim gia tri nho nhat cua: 
a b c 

P — a + b + c. 


Ldi giai: 

Ap dung bat dang thilc Cauchy-Schwarz: 

1 = 3 + 2 + 1 > (y/S + y/2 + 1) 
a b c ~ a + b + c 
=► P = a + b + c> (Vs + V^-fl) . 

Vay p m in — (-\/3 + \/2 + l) 2 . Dang tlitfc xay ra khi 

(a; b ; c) = (^3 + V6 + 3;v / 2 + V6 + 2;v / 3 + v / 2 + l). 


Bai 82. Cho a,b,c> 0. Chting minh: 


172(1 + -) -</3> 

V eye \ 


\/243 
2 + abc' 


Ldi giai: 

Bat dang tlitfc da cho tUdng dudng: 


1+ ^) + ( 1 + J) + ( 1 + 0 - 3 ( 1 ^?Tabc 


Ap dung bat dang thilc AM-GM : 




>3 tl(iP-) (i + \) fiP- 


Ta lai co: 


1 + l)( 1 + D( 1 + l)-{ 1+ im) -( 1 + 3 m) -( 1+ 


Tit do suy ra dieu phai chitng minh. Dang thitc xay ra khi a = b = c. 


2 + abc 


Bai 83. Cho a,b,c> 0 va (a — b)(b — c)(c — a) ^ 0. Chting minh: 

{ab + bc + ca) ( 1 2 + 1 2 + , 1 W ) ^ 4 - 

\{a — b) (b — c ) (c — a) 


Ldi giai: 

Gia sii c = min{a, b, c}. Tit do ta co: 


ab + bc + ca > ab. 


(b-cf ~ V 


(c-a) 2 ~ a 2 
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Do do ta chi can chtfng minh: 



Ldi giai: 


Dat 

, x y z 

a = k—,b = k-,c— k—. 
y z x 

Bat dang tilde can chilng minh tufting difting: 


y z x\ ( y z x \ ^ 9 

-1-1 ) ( -;-1-7 1-:— I > r- 

x y zj \y + kx z + ky x + kz J 1 + k 


Ap dung bat dang tliifc AM-GM: 

fy_ + z + x\ f y + z + x ^ > x + y + z 3 / y z X 

\x y z J \y + kx z + ky x + kz J ~ ^fxyz \ y + kx z + ky x + kz 


3 (x + y + z) 



Ldi giai: 



Bai 86. Cho a,b,c> 0 va abc = 1. 

1 

Chting minh: 

1 

1 1 

a 5 (b + 2cj' 

2 6 5 (c + 2a) 2 c 5 

(a + 2b) 2 ~ 3 


Ldi giai: 
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Bat dang thdc da cho viet lai: 


* (z + 2 y) 3 


Ap dung bat dang thdc AM-GM: 


Td do suy ra: 


x 3 z + 2y t z + 2y ^ 3x 

A+S§ 2 + 27 + 27 “ "9“' 


x + y + z 3 tfxyz _ 1 


VAz + ly) 9-93 

Vay bat dang thdc drtdc chdng minh. Dang thdc xay ra khi a = b — c — 1. 
Bai 87. Cho a,b,c> 0 va a + b + c = 3. Tim gia tri nhd nhat cua: 

P- 1 1 1 

~ (i+v^y + (i+vbiy + 

Ldi giai: 

Ap dung bat dang thdc Cauchy-Schwarz ta co: 


3P = 3 


1 1 

2 + " 


1 


[(l + y/abj ^1 + y/bcj A V 7 ^) 


1 1 

- ■ —= + ~ 


1 + Vab 1 + Vbc 1 + \fca 


(3 + v^b + Vb-c+yn) (3 + « + f> + c) 4 


- p 4 


Bai 88. Cho a,b,c> 0. Chting minh: 


(.a + b + cf ^ 18y/3 81 


abc 


\Ja? + b 2 + c 2 a + b + c 


Ldi giai: 

Sd dung bat dang thdc quen thuoc sau: 

3 abc (a + b -pc) < (ab — be — ca ) 2 


(ft + b + c) 3(ft + 6 + c) ^ 3(ft + b + c) 


a&c 3a5c (a + b + c) ( ab + be + ca) 2 


Do do ta chi can chdng minh: 


3(a + b -i- c) 18\/3 

2 + “ 


( ab + bc + ca ) 2 \/o 2 + 6 2 + c 2 a -b-r a 

That vay, ap dung bat dang thdc AM-GM: 

3(a + 6 + c) 3 9 a/ 3 9\/3 27(a + b + c) 

(ab + bc + ca) 2 + Va 2 W + ^~ ^(nf, + 6c + ca) V + <> 2 + <= 2 ) 

27 (a + b + c) 


(aft + be + ca) + (aft + be + ca) + (a 2 + 6 2 + c 2 ) 


81 

a + b + c' 
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Vay bat dang thilc diMc chdng minh. Dang thiic xay ra khi a = b = c 
Bai 89. Cho a,b,c> 0 va a 3 + b 3 + c 3 < 3. CMng minh: 

ab be ca „ 3 


a/3 + a \/3 + b 2 


Ldi giai: 

Ap dung bat dang thirc AM-GM: 


3 (a + 6 + c) + (cl 3 + b 3 + c 3 ) + 6 + 9 =>- a + b + c + 3. 

1 9 

ab + be + ca < - (a + b + c) < 3. 


Ap dung bat dang thde Cauchy-Schwa 


ab be ca \ , , . / ab 

. H— . H— . < (a6 + 6c + ca) -b - 

y/3 + c v'Ha y/3 + b) 'V 3 + c 3 

[ ab be ca 

|_ (a + c) + (6 + c) (6 + a) + (c + a) (6 + c) + (6 + a 

3 / a6 a6 be be ca ca \ 
iya + c 6 + c 6 + a c + a b + c b + aj 

3 I" / a6 be \ / ab ca \ f be ca 

4 la + c + c + a/ \6 + c”*”6 + cJ”*” V6 + a~^6 + o 


ab be ca 
3 + c 3 + ci 3 + 6 


3 . , . 9 

— T (a + 6 + c) — T- 

4 4 


Vay bat dang thhc ditpc chdng minh. Dang ttnjfc xay ra khi a = b — c — 1. 


Bai 90. C7io a, 6, c > 0 va a + 6 + c = 
ab 

1. CMng minh: 
be 

ca ^ 3\/2 

^/(l-c) 3 (l + c) y/( 

l-a) 3 (l + a) 

l-6) 3 (l + 6)~ 8 


CIO 

eye \/(l-c) 3 (l + c) eye ( 
y a ab 

eye (a + 6) -^(a + 6 + c) 2 - 


i + 6) 


Ap dung bat dang thirc AM-GM: 

• a 2 + 6 2 + 2 (ab + bc + ca) > 2 (ab + 6c) + 2(a6 + ca). 

• a + 6 > 2Va6. 


\ ab ^ 1 \ I ab 

(a — 6) \/a 2 +.|? — 2(a6 — be — ca) “ 2 “ y 2(a6 + 6c) + 2(a6 + c 


E labab 
\ ab +be + ab + ca 


ab + be ab + ca 


^V3.V3 = V? 
4a/2 8 
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Vay bat dang thilc dtfdc dicing minh. Dang there xay ra khi a = b — c — -. 


Bai 91. Cho a,b,c> 0 va abc = 1. Chting minh: 

1 


^ 1 

J c 2(a 3 + 1) + b 3 + c 3 “ 2' 


Ldi giai: 

Dat 

a 3 — x 2 , b 3 — y 2 , c 3 = z 2 => xyz — 1. 
Ap dung bat dang there AM-GM: 

\ ^ 1 \ ^ 1 


eye 

= E< 


- < 


2(a 3 + 1) + b 3 + c 3 ^ 2(x 2 + 1) + y 2 + z 2 ^ 2(x 2 + 1 + yz) 

1 


^ 2{x 2 + 1 + yz) ^2(x 3 + x + l) 

<y_*_< V_-_= V_— 

- ^ 2f2.7: 2 Jr\\~ ^ 2(x 2 + 2x) ^ 2(x 4- 


f 2(2x 2 + 1) “ ^ 2(x 2 + 2x) ^2(x + 2)' 

Vay ta chi can editing minh: 


Dat 


y. 1 ^ 

^ (x + 2) ~ 


m n p 
x = —,y= - t z = —. 
n p m 


Bien doi tctdng dctdng va set dung bat dang there Cauchy-Schwarz 


y — 

' (x 4- 


(x + 2) m + 2n + n + 2p + p + 2m 


A+ p 


1 


1 3 

- - + - 


m + 2n 2 n + 2p 2 p + 2m 2 2 

1 / m n P \ 3 

2\m + 2n n + 2p p + 2m) 2 



Ldi giai: 

Ap dung bat dang thiic Cauchy-Schwarz: 


y/(a + b)(c + a) > yfac + Vab. 


2 + y / (a + 6)(a + c) ^a + y/ac + Vab ^y/a+Vb + y/c 


= E- 


\fa 
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Vay bat dang thilc drfdc chilng minh. Dang thilc xay ra khi a = b = c. 

Bai 93. Cho a,b,c> 0 va a 2 + b 2 + c 2 = 3. CMng minh: 

a 2 b 2 + 7 b 2 c 2 + 7 cV + 7 

(a + b) 2 (b + c ) 2 (c + a) ~ 

Ldi giai: 

Ap dung bat dang thilc AM-GM: 

a 2 b 2 + 7 _ a 2 b 2 + 1 + 2(a 2 + b 2 + c 2 ) > 2 ab + 2(a 2 + 6 2 + c 2 ) 

(a + b) 2 (a + b) 2 ~ (a + b) 2 

a 2 + b 2 + 2c 2 ^ a 2 + b 2 + 2c 2 _ 3 c 2 

+ (a + 6) 2 “ + 2 (a 2 + b 2 ) ~2 + ^+^' 

_^ a 2 6 2 + 7^9 c 2 

^ > 2 + 

q/c ' > eye 


Ap dung bat dang thilc Cauchy-Schwarz: 


2+ b 2 


= £ 


(a 2 + 6 2 + c 2 ) 2 3 (a 2 6 2 + &V + c 2 o 2 ) _ 3 


a 2 c 2 + 6 2 c 2 2 (a 2 6 2 + 6 2 c 2 + c 2 a 2 ) 2 (a 2 6 2 + 6 2 c 2 + c 2 a 2 ) 2' 

=> 5 ] > 9 + 3 = 6 


' (a + b) 2 2 2 

Vay bat dang thilc dude chilng minh. Dang thilc xay ra khi a = b — c — 1. 


Bai 94. Cho a,b,c> 0 va a 3 + b 3 + c 3 = 3. Chilng minh: 

b 2 c 2 

+ / , + / n < I- 




Xdf* giai: 


' \/6H8 


s £ 


^ 3(6 + 2 ) 


< (o 3 + 6 3 + c 3 


fa | 6 | c 

\3(6 + 2) + 3(c + 2) + 3(a + 2) 


Ta se chilng minh: 

a b c 

- 1 - 1 -< 1 . 

6 + 2 c + 2 o + 2 

<+> a 2 c + 6 2 a + c 2 b + 2 (a 2 + 6 2 + c 2 ) < abc + 8. 


Mac khac: a 2 + 6 2 + c 2 < 3. Do dd ta chi can chilng minh: (gia sil b la s6 d giha) 


a 2 c + b 2 a + c 2 b — 2 — abc < 0 <$+ a 2 c + b 2 a + 6(3 — a 2 — b 2 ) — 2 — abc < 0 

+>• —(6 — 1) 2 (6 + 2) — a(b — c)(a — b) <0 

Bat dang thilc cudi ludn dung, do do bai toan ditdc chilng minh. 

Dang thilc xay ra khi a = b — c — 1. 

Bai 95. Cho x,y,z> 0. Chilng minh: 

(x + y + zf + xy 2 + yz 2 + zx 2 > 1Q 
2>xyz x 3 + y 3 + z 3 ~ 

Ldi giai: 

Ap dung bat dang thile AM-GM: 

(x + y + z) 3 — x 3 + y 3 + z 3 + 3(x + y + z) (xy + yz + zx) - 3xyz > x 3 + y 3 + z 3 + 24 xyz. 
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{x + y + zf + xy 2 + yz 2 + zx 2 > x 3 + y 3 + z 3 + 3 xy. 

2>xyz x 3 + y 3 + z 3 ~ 3 xyz x 3 + y 3 

Vay bat dang thdc dude chdng minh. Dang thdc xay ra khi x = y = 
Bai 96. Cho x,y,z > 0 va xyz = 1. Chting minh: 

x 3 + 1 y 3 + 1 z 3 + 1 


- + 8 > 2 + 8 = 10 . 


> 2 y/xy + yz + z 


|_ yr + y + z yf + ^ + 3: + x + y _ 

Tct* giai: 

Ap dung bat dang thdc AM-GM: 

2yJ{x 4 + y + z) (xy + yz + zx) = 2y/[x 4 + xyz(y + 2 ;)] (xy + yz + zx) 

= 2-\/(x 3 + t/ 2 z + yz 2 ) ( x 2 y + x 2 z + xyz) < (x + y + z) (x 2 + yz) = (x + y + z 
x 3 + 1 ^ 2x^xy + yz + zx 

^/x 4 + y + z x + y + z 

v—v + 1 , - 

=+ > , = > 2 v^?/ + 2/2 + -zx. 


Vay bat dang thdc dupe chdng minh. Dang thdc xay ra khi x = y = z 
Bai 97. Cho a,h,c> 0 va a + b — c 1. Chting minh: 

n ( ab be ca \ I ab / be 


' + ab a + bc a + c 


V c+ ab V a + bc \ a + c 


a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 abc(a + b + c) = (ab + bc+ ca) 2 . 

, , , . (afe + 6c + ca) 2 

a6c(a + b + c) < ----—. 

Ap dung bat dang thdc Cauchy-Schwarz: 

ab + be + ca > (ab + bc + ca) 2 

c + ab a + bc a + ca ~ a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 abc(a + b + c) + abc(a + b -r c) 

> (ab + bc + ca ) 2 _ 3 

~ , h h \2 . {ab + bc + ca) 2 4 


\c + ab a + bc a + c 
Tit (1) va (2) suy ra: 


/ ab + / be + l~ 

V c + ab \ a + bc \ c 


I ab I be r 

V c + ab V a + bc y < 


\c + ab a + bc a + caj \c + ab \a 
Vay bat dang thdc dupe chdng minh. Dang thdc xay ra khi a = b 


Bai 98. Cho a, b, c > 0 va 16(a + b + c) > - + ^ + -. 

Ch+Ing minh: 

a 1 0 c 

8 

Et- 


cyc |^a + &+ -\/2(a + c 
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Ldi giai: 

Ap dung bat dang thtfc AM-GM: 


» - #e- + - < 16 (a + b + c) => ab + be + ca < 16 abc (a + b + c ) < —(ab + bc + ca ) 2 . 
a b c 3 

3 

=>- — < ab + be + ca. 

16 

, r —7-r , la + c la + c „ 3 (a + b)(a + c) 

* a + b+ y/2 (a + c) — a + b + y —--f- y —-— > 3 y-— 


(a + b + y/2 (a + c)^ > y (a + d) (a + c) . 

y_ 1 _< Ay_ 1 _ 

£? * “ 27 tA“ + 6 > + c > 


4 a + b + c 64 A ( a _|_ _|_ c ) 64 (ad + be + ca) (a + b + c) 

27 (a + 6) (6 + c) (c + a) 81 ’ (a + b) (b + c) (c + a) “ 81 ’ (a + b) (b + c) (c + a) 

64 (a + b) (b + c) (c + a) + abc 64 I" abc 1 64 / 1\ 8 

81’ (a + 6) (6 + c) (c + a) 81' [ (a + 6) (6 + c) (c + a)J — 81 \ "*"8/ 9' 


Vay bat dang thUc dupe chUng minh. Dang thUc xay ra khi a = b = c — -. 

i i 2 : 

Bai 99. Cho a,b,c > 0 va - + - = Tim Gia tri nhd nhat cua: 
a c b 

_ a + 0 c+6 

2a —b^ 2c —b' 


Ldi giai: 

, . , , 2 ac 

Tu gia thiet suy ra: b = -. 

a + c 


a + 3c c + 3a 3/a c \ 

2 a 2c 2 Vc a) 


>4. 


Vay minP = 4. Dang there xay ra khi a = b — c — 1. _ 

Bai 100. Cho a, b, c e [1; 3] fd a + b + c — 6. Tim gia tri Idn nhat cua: 

P = a 2 + b 2 + c 2 . 

Ldi giai: 

Dat x — a — 1, y — b — 1, z — c — 1 thi: 


• {x — 2){y — 2){z — 2) < 0 —2(xy + yz + zx) < 8 — 4{x + y + z) — xyz = —4 — xyz < —4. 

• P — x 2 -f !f + z 2 + 2{x + y + z) + 3 — —2 (xy + yz + zx) + 18 < 14. 


Vay .P m ax = 14. Dang thile xay ra khi (a; 6; c) = (1; 2; 3) va cac hoan vi. 


6 Bai 101 den bai 120 

Bai 101. Cho a, b, c > 0 va a + b + c = 3. Tim gia tri nhd nhat cua: 

1 1 1 

“ a 2 + 1 + b 2 + 1 + c 2 + l' 
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Ldi giai: 

Ap dung bat dang thdc AM-GM: 



Ldi giai: 


x 2 _ 3x 2 _ 3x* _ 3x 2 

y 2 -2y + 3 3y 2 -3.2y + 3 2 3y 2 - (x + y + z).2y + (x + y + zf x 2 + 2y 2 + z 2 + 2xz' 

Ap dung bat dang tilde AM-GM: 


3x 2 > 3 x 2 

x 2 + 2y 2 + z 2 + 2xz ~ 2' x 2 + y 2 + z 2 ' 



Ldi giai: 

Ap dung bat dang thilc Cauchy-Schwarz: 


(x 4 + y 3 + z 2 )(l + y + z 2 ) > (x 2 + y 2 + z 2 f. 

Do do: 

1 _ 1 + y + z 2 < 1 + y + z 2 _ 3 -\- x ~\- y + z + x 2 + y 2 + z 2 

j^x 4 + y 3 + z 2 (x 4 + y 3 + z 2 )(l + y + z 2 ) ~ ^ (x 2 + y 2 + z 2 ) 2 ( x 2 + y 2 + z 2 ) 2 


Mac khac, ap dung bat dang thtic AM-GM: 
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Ldi giai: 


Ap dung bat dang there AM-GM: 


l + 2 b 2 . 
- ab + bc ' 


a 2 + 2b 2 
a 2 + ab + be 


I b 2 + 2c 2 F 

V 6 2 + be + ca V ' 


b 2a 2 


c 2 + ca + ab 


Mac khac, ap dung bat dang there Cauchy-Schwarz: 

(a 2 + 2b 2 ) ( b 2 + 2c 2 ) = (a 2 + b 2 + b 2 ) (6 2 + c 2 + c 2 ) > (6 2 + be + ac) 2 . 
(6 2 + 2c 2 )(c 2 + 2a 2 ) = (6 2 + c 2 + c 2 )(c 2 + a 2 + a 2 ) > (c 2 + ca + a6) 2 . 
(c 2 + 2a 2 )(a 2 + 2b 2 ) = (c 2 + a 2 + a 2 )(a 2 + b 2 + b 2 ) > (a 2 + a6 + 6c) 2 . 

Tef do suy ra: 

/ a 2 + 26 2 / 6 2 + 2c 2 / c 2 + 2a 2 > 

\ a 2 + ab + be '\ b 2 + be + ca '\ c 2 + ca + ab ~ 

Vay bat dang thitc dupe chdrig minh. Dang tilde xay ra khi a = b — c. _ 


Bai 105. Cho a,b,c> 0. Chting minh: 

a 2 — ab b 2 — be c 2 — ca 

- j —I —j -1-A 0. 

a + b b + c c + a 


Ldi giai: 

Ap dung bat dang tilde AM-GM: 

a 2 — ab > a 2 — a 2 — b 2 a — b 

a + b a + b 2(a + b) 2 

E a 2 — ab a — b + b — c + c — a 

- — > -= 0 . 

a + b ~ 2 

eye 

Vay bat dang thtfc dupe chufng minh. Dang thtic xay ra khi a = b — c. _ 

Bai 106. Cho a,b> Ova ^ = 2. Tim gia tri nhd nhat cua: 

P = a 3 + b 3 + a(b 2 — 6) + b(a 2 — 6). 

Ldi giai: 

Sir dung bat dang there AM-GM, ta co: 

„ 114 , 

2 — —h - > - - a + b > 2. 

a b a + b 

2 = - + \ > 2\ \ Oab> 1 . 
a b V ab 

Tif do ta co: 

P = a 3 + b 3 + a(b 2 — 6) + b(a 2 — 6) = (a + 6)(a 2 + 6 2 — 6) > (a + b)(2ab — 6) > (2)(2.1 — 6) = 
Vay minP = —8. Dang there xay ra khi a = b = 1. _ 


Bai 107. Cho ab + 0 va v + ~ = v ~ Tim aid tri nhd nhat, qia tri Idn nhat cua: 
^ baba y 

P = a 2 + b 2 — a + 36. 


Ldi giai: 

Tif giai thiet ta co: 


a 2 + 6 2 = 4a — 26 (a — 2) 2 + (6 + l) 2 = 5. 
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Dat 

Do do: 


a = 2 + -\/5 si 


> b = —1 + -\/5cosq:. 


P = 9 + a/ 5(5 sin a + cos a) — 9 + \/l30 sin /?, ^/3 — a + arcsin S=-L=^ . 
O 9 - VT30 < P < 9 + \/l30. 


Vay p min = 9 ~ yl30, P max ^ 9 + \/l30. _ 

Bai 108. Cho a,b,c> 0 va a + b + c — 3. CMng minh: 

I a + b I b + c I c + a > g 
V c + ab V a + bc \ b + ca ~ 

Ldi giai: 

Ap dung bat dang there AM-GM: 

I a + b I b + c 


( B + 1 f(^l) 2 (c + lf<( a + i ’ + C + 3 ) =64. 

4(c + ab)(a + bc ) < (c + ab + a + be) 2 = (b + 1 ) 2 (a + c) 2 . 

O 64(c + ab) 2 (a + bc) 2 (b + ca ) 2 < (a + 1 ) 2 (b + l) 2 (c + l) 2 (a + b) 2 (b + cf(c + a) 2 
< 64(a + b) 2 (b + c) 2 (c + a) 2 . 

(c + ab)(a + be)(b + ca) < (a + b)(b + c)(c + a). 

Den day ta de dang co dieu phai chilng minh. Dang tilde xay ra khi a = b — c — 1. 

Bai 109. Cho a,b> 0. CMng minh: 


° 2 + b + l) + a + i) - ( 2a + 2 


0H 


Ldi giai: 


lV , 1 9,3 ,1 

2/4 4 2 

1\ 2 1 3 1 

b — — ] >0 o ly 2 + — P b o b 2 + a + - a + b + —. 

2) ~ 4 ~ 4 ~ 2 


Ap dung danh gia tren va bat dang there AM-GM: 


|V2a + -^ + f 2b + 


a ‘ 2 + b+^) (b 2 + a + ?) > fa + b+±) - - 4 


^ I 2 a + 


8 ( 26+ i 


Bai 110. Cho a,b,c> 0 va a 2 + b 2 + c 2 = 3. CMng minh: 

a b c . .. A 

— -|-1- \-a + b + c>6. 

b c a 

Ldi giai: 

Cach 1. 

Dat 


% + b + c = 3 — t 2 0 —\J 3 — \/3 < t < ^3 — y/3. 


http: //boxmath.vn/ 


66 






Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


a b c . „ ^ 2(3 — t 2 ) 

~r + — I - ho + 6 + c — 6> - 2 - 3 - 

b c a ~ (3 - t 2 ) 2 - 3 


4.2 t\5-t 2 ) 


t 4 - 6t 2 + 6 : 


Cach 2. 

Ap dung bat dang thhc Cauchy-Schwarz: 


a + c > a + b + c) 


b c a ab + bc + ca ab + bc + ca 

Ta se chtfng minh bat dang thhc sau: 

3 


ab + bc + ca 
6 


+a+6+c>4 

+ a + b-be — 4 > 0 


(a + 6-tc) 2 - 3 

■O {a — b + c — 3) [a — b — c + ‘2) > 0 

Bat dang thhc cuoi luon dung, do do bai toan ditdc chhng minh xong. 
Dang thhc xay ra khi a — b — c — 1. 


Bai 111. Cho a,b,c> 0 va - + \ + - = 1. Tim gia tri nhd nhat cua: 
a b c 

b + c c + a a + b 

Ldi giai: 

_ I 1 1 

Dat x = y = z=-=>x + y + z=l. 

a b c 

Ap dung bat dang thhc AM-GM va Cauchy-Schwarz ta co: 

x—' a 2 (b T c) ^ — > 4a 2 


Vay P min = 2. 

Dang thhc xay ra khi a = b — c = 3. 


Bai 112. Cho a,b,c > 0 va a + b + c — 1. Tim gia tri nhd nhat cua: 

P = _1_+ _J_, 

a 2 + b 2 + c 2 ab + bc + ca 


Ldi giai: 

Ta co: a 2 +b 2 + c 2 > a + b + c ) 2 = Dat a 2 + b 2 + c 2 = t, ^t > ^ 




Xet ham so f(t), th do suy ra 
Vay P min = 4 (2 + a/3) . 


-vs). 


Bai 113. Cho x.y > 0 va x 2 + 2 y 2 = 1. Chvtng minh: 

a/1 + 2rr 4- a/ 1 + 2y > 1 + \/l + a/2. 


http: //boxmath.vn/ 


67 







Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ldi giai: 

Ta c 6: 

(Vl + 2x + a/1 + 2-j/j =2 + 2(x + y) + 2^yY+~2jar+yY+4^>2 + 2(x + y) + 2y/l+~2(x~+y). 

Mac khac: 

/ ,2 2 2 x 2 o x 2 + 2 y 2 1 y/2 

(x + y) =x + 2xy + y > — + y = --- = -^ x + y> —. 


(vT+2^ + ^l + 2 y y >2 + V2 + 2\Jl + V2 = (l 1 + y/2) . 


Vay bat dang thiic drfdc dicing minh. Dang thdc xay ra khi (x: y) = | 0; — J . 


Bai 114. Cho x,y,z > 0 va x + y + z = xyz. Tim gia tri Idn nhat cua: 

^2 1 1 

P — — , - . : H . 

Vl + x 2 y/l + y 2 vTT^ 


Ldi giai: 


Dat 


i = —]b= c = - => ab + bc + ca = 1. 
xyz 

^ 2a b r. 

> P = -===$*- 


J\ - a 1 y/l+W yf\ - W 


Ap dung bat dang thilc AM-GM: 
P = 

V(® 

1 1 


2a b c 

\f{a + b)(a + e) yj (b + a)(b + c ) -\/(cr/)(c+fr) 


^ 1 \ /I 1 \ 9 

— a ( -r “I-] + b ( — - - -r- -t- - ) + c ( 


a + b a + c) \4(6 + c) a + bj \4(6 + c) a + c) 4 


Vay P max = Dang thdc xay ra khi (x; y ; z) — \/l5; V^5 

Bai 115. Cho a + b + c = 0. Tim gia tri nhd nhat cua: 

P = ^3 + 4“ + V3 + 4 fe + $$:+ 4 C . 

Ldi giai: 

Ap dung bat dang thhc Cauchy-Schwarz va AM-GM: 


V(3+l)(3 + 4“) >3 + 2“. 

V- ^ 3 + 2“ + 3 + 2 b + 3 + 2 c ^ 9 + 3^2“+^ e 

=* 2^ V3 + 4“ > --> -3-= 6 ‘ 


Vay .P m i n = 6. Dang thhc xay ra khi a = b = c = 0. 


Bai 116. Cho a,b,c> 0 va a + b + c — 1. Chitng minh: 

a 2 + b 2 + 2 b 2 + c 2 + 2 c 2 + a 2 + 2 > ^ 

a + b — ab b + c — bc c + a — ca 


Ldi giai: 

Ta co: 


a + b — ab = (a + b) (a+ b + c) — ab = a 2 + b 2 + ab+ bc + ca. 
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g 2 + 6 2 + 2 
^ n-\-h — ah ~ ^ 


a 2 + b 2 + 2 


= £ 

eye 

^E 


a + b — ab ' a 2 + b 2 + ab +be + ca 

eye 

a 2 + 1 a 2 + l 


a 2 + b 2 + ab +be + ca c 2 + a 2 + ab + be + c 
4 (a 2 + 1) 

a 2 + a 2 + b 2 + c 2 + 2 (ab + bc + ca) 


= 4 (° 2 + !) = 4 ( q2 + 4 ) _ Y 2 

a 2 + (a + b + c ) 2 a 2 + 1 


Bai 117. V7?z moi so three dicing a, b, c thoa man a + b + c = 1. Tim gia tri nhd nhat cua bieu 
tilde: 

a 3 b 3 c 3 

(1 — a ) 2 + (1 -bf + ( 1 -c ) 2 


Ldi giai: 

Ta se chdng minh bat dang thilc phu sau: 


(a -!) , 4 

That vay, bat dang tilde tren tcfdrig drtdng vdi bat dang there dung sau: 

9 9 3 1 / 1\ 2 

i“ -2° + 4-°^(““3j -° 

Trtdng tit, ta chefng minh drtdc: 

63 2 > b-\ 

(b~ lf~ 4 
c 3 ^ _1 
(c-i) 2 -" 4 

Cdng ba bat dang thhc tren thed ve ta defde: 

3 1 

P > a + b + e— 7 = 7 

4 4 

Vay gia tri nhd nhat cua P bang 

4 i 

Dang tlitfc xay ra khi va chi khi a = b = c — 


Bai 118. Cho cac so thiCc dicing a, b, c thoa man a + b + c < 1. Tim gia tri nhd nhat cua bieu 
thde sau: 

A 1 111 

A = n , to , 0 + —-- + —-- + - 


a 2 + b 2 + c 2 ab(a + b) cb(c + b) ac(a + c) 


Ldi giai: 

Then bat dang thde Cauchy-Schwarz, ta c 6 : 

1 1 
> + - 


1 


a 2 + b 2 + c 2 ab + bc + ca ab + bc + ca (a + b + c]‘ 
3 


Ap dung bat dang tilde AM-GM ta drfdc: 

1 ^ 1 ^ 1 > ~ > m 
ab(a + b) cb(c + b) ac(a + c) ~ J^ + b + c) 3 8(ab +be + caf “ 2 (ab + bc + ca) 


>9 (1) 

27 


Mat khac: 


27 


27 
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2 (ab + bc + ca) ab + bc + ca 2 (ab + bc + ca) 
2 23 


Tif (1), (2) va (3) ta suy ra: 


ab + bc + ca 2 . 2 

-(a + b + c) 

(3) 

ab + be + ca 2 


1 1 1 87 

H-77-7T H-77-7T + / . \ > - 


a 2 + b 2 + c 2 ab(a + b) cb(c + b) ac(a + c) 2 

Vay gia tri nho nhat cua A bang —. 

Dang thilc xay ra khi va chi khi a = b = c — 

Bai 119. Chiing mink rang vdi moi so thitc khong am a, b , c thoa a + b + c = 1 thi: 

Yh+YY 2 + V + h + - 10 


Ldi giai: 

Gia sil c = min{a, b, c}, ta co cac danh gia sau: 

a 2 + b 2 < + ac+ ^ b 2 + bc+ = (a + + |) 

b 2 + c 2 <(b+^j 2 

Tildng til: 

c 2 + a 2 < (a + 0 

Do do: 


1 


7 +: 


hlY-hl) ’ 

Theo bat dang thilc AM-GM, ta co: 


1 + 1 


K) 


1 + 1 


1 




1 

(VA 






>?. 
- 4 


1 

> 

- 4 


’ 6+ P (“ 


( 6 + l) M _ 4 V‘ + H) ,_(0+i+c): 

6 


M’ + K)’ ( “ + 6+c)2 


Ap dung bat dang thilc Cauchy-Schwarz, ta co: 

P > 4 6 _ 10 

( a + b+Y + hj 2 (a + 6 + c ) 2 (a + 6 + c ) 2 

Vay bat dang thilc da dude chilng minh. 

Dang thilc xay ra khi va chi khi (a; 6 ; c) = 0 ) .□ 
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Bai 120. Cho cac so thiCc dUdng a, 6, c thoa man abc = 1. Tim gia tri nhd nhat cua bieu thiCc: 
a 3 + b 3 b 3 + c 3 c 3 + a 3 

a 2 + ab + b 2 b 2 + be+ c 2 c 2 + ac + c 2 

Ldi giai: 


p (a + b) ( a 2 — ab + b 2 ) + (b + c) (b 2 —bc + c 2 ) + (c + a) (c 2 — ca + a 2 ) 


a 2 + ab+ b 2 


b 2 + be + c 2 


c 2 + ca + a 2 


Ta se chdng minh: 

x 2 — xy + y 2 > 1 
x 2 + xy + y 2 ~ 3 

That vay, bat dang thde tren trfdng during vdi bat dang thde dung sau: 

2(x — y) 2 > 0 


Ap dung ket qua tren ta suy ra: 

1 2 
P > — (a + 6 + 6 + c + c + a) = — (a + 6 + c) 

Lai theo bat dang thde AM-GM, ta c6: 

P > -.3v ^abc = 2 

Vay gia tri nho nhat cua A bang 2. 

Dang thitc xay ra khi va chi khi a = b = c = !.□ 


7 Bai 121 den bai 140 


Bai 121. Cho x,y la cac so thyCc diCdng. Tim gia tri nhd nhat cua: 


P = 


x 3 + y 3 + 7 xy(x + y) 


■yy/x 2 + y 2 

Ldi giai: 

Ap dung bat dang tilde AM-GM, ta c6: 

(x + y) 2 


** \[Py-\/x 2 + y 2 < - 


Do do: 


2V2 


P > 


2 \f2 [x 3 + y 3 + 7xy(x + y)] _ 2\f2[x + y){x 2 + y 2 + 6 xy) _ 2\f2 [(x + y) 2 + 4 xy\ 


V%y(x + y) 2 


y/xy(x + y) 2 

Lai theo bat dang thde AM-GM, ta co: 

P> 8 AN^i±yl = sV 2 

jxyyx + y) 

Vay gia tri nho nhat cua P bang 8^2- 
Dang thde xay ra khi va chi khi x = y.D 


V%y(x + y) 


Bai 122. Cho x,y,z la cac so thiCc dUdng. Chdng minh rang: 

x 2 y 2 z 2 > 1 

(2 y + z)(2z + y) + (2z + x)(2x + z) + (2x + y)(2y + x) ~ 3 

Ldi giai: 

Ap dung bat dang thde AM-GM, ta co: 

( 2 y + z)(2z + y) < |( 3 y + 3 z) 2 = |j(y + z) 2 
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Titdng tit: 


(2z + x)(2x + z) < -(z + x ) 2 
(2x + y)(2y + x) < |(x + y ) 2 


(2 y + z) (2z + y) (2z + x) (2x + z) ( 2x + y) (2 y + x) 

Theo bat dang thilc Cauchy-Schwarz. ta co: 


9 [(y + z) 2 (z + x ) 2 

y 


(x + y) 2 


> — ( — + 

27 \y + z z + x 


x + y 


9 L (y + z) 2 [z + x] 2 (x + y) 2 \ 
v 4 f x y 

Bay gid ta can cluing minh — (-1-1-) > - la bai toan difOc giai quyet. 

27 \y + z z + x x + y J 3 

That vay, bat dang thilc tren lai tifdng ditdng vdi bat dang thilc dung sau: 

— - -1---1--— > - (bat dang thilc Nesbit) 

y+z z+x x+y 2 

Vay bat dang thilc da ditdc chilng minh. 

Dang thilc xay ra khi va chi khi x = y = z.D 

Nhan xet: Ta se chilng minh bat dang thilc Nesbit nhit sau: 

Ta co: 

x y z . . ( 1 1 1\ 

-1-1-= (x + y + z) (-1-1-) — 3 

y+z z+x x+y \x+y y+z z+x) 

= \[(x + y) + (y + z) + (z + x)] ( —j— + — l — + —j—^J -3 
2 \x + y y + z z + x) 

Ap dung bat dang thilc AM-GM, ta ditdc: 

l[(**») + (v + *) + (* + *)] (^- y + ^r z + 7h)- 3 -l- 3= l 

Phep chilng minh hoan tat. 


Bai 123. Cho a, 6, c la cac so thuc dUOng thoa man ab + bc + ca = 1. Tim gid tri nhd nhat cua 
bieu thtic: 

p Va, 2 + 1 y/b 2 + 1 p Vb 2 + lVc 2 + 1 + V^-+ 1 Va 2 + 1 


c 2 + 1 


a^fl 


yw+i 


Ldi giai: 

De y rang: 

a 2 + 1 = (a + b) (c + a) 
b 2 + l = ( a + b)(b + c) 
c 2 + 1 = (bn-c)(c + u) 

Khi do bieu thilc P viet lai thanh: 

P — (a + b) + (b + c) + (c + a) — 2 (a + b + c) 

Mat khac, ta lai co: 

(a + b + c ) 2 > 3 (ab + be + ca) = 3 

Do do: 

P > 2a/3 

Vay gia tri nho nhat cua P bang 2\/3. 

y/g 

Dang thilc xay ra khi va chi khi a = b = c — -^-.D 
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Bai 124. Cho a,b,c la cac so thuc dUdng. Chting mink rang: 

2-\/3 a 6 b 6c 

y/(a + b)(a + c ) y/(b + a)(b + c) y/(c + a)(c + 6) 


< 5a/3 


Ldi giai: 

Viet bat dang thbc can chbng minh drfdi dang: 

2a 2^3 b 


\/ (a + 6) (a + c) y/ {b A a) (6 + c) -^/(c + a) (c + 6) 

Ap dung bat dang thbc AM-GM, ta co: 


2y/3c 


Trfdng tit: 


y/(a + b)(a + c) a + b a + c 


2y/3b 


b 3 b 

< : : b 7 


y (6 — a)(6 — c) 6 + a b — c 

2v^c < c _l_ 

■ N /(cAa)(cA&) “ A A a c A b 
Cong cac bat dang thbc tren theo ve, ta drtdc: 

2 a , 2^6 2^3 c 


= + 


+ - 


V / (a + b) (a A c) y^(6 + a) (6 + c) a/( bA a) (c + 6) 

a b c a 3 b 3 c 

A -r A 7- 1 - 1 -h 7- 1 -r — 5 

a + 6 6 + a c + a a + c b + c c+b 

Dang thbe khong xay ra. Do do: 

2a 2 y/ 3 b 2 y/Sc 

— / = A — , = H- . = < 5 

y (a + 6) (a + c) y (6 + a ) Ac) y (c + °) ( c A 6) 

Vay bat dang thbc da ditdc chbng rninh.D 


Bai 125. Cho a, 6, c /a cac so thuc dUdng. CMng minh rang: 

111 27 

A f/f ; v.A -, > : 


a(a + 6) 6(6 + c) c(c + a) 2(a + 6 + c) 2 


Tct* giai: 


Ap dung bat dang AM-GM, ta co: 

1 1 

r + 777-ri# 


1 > 3?/ 

e : A a) V a. 


~T~ 


a(a + 6) 6(6 + c) c(c + a) y abc(a + 6) (6 + c) (c + a) 

af>c< (A±AtA 3 (2) 


(a + 6)(6 + c)(c + a) < 


2(a + 6 + c) 


(3) 


Tb (1), (2) va (3) suy ra: 


1 


1 


27 


a(a + 6) 6(6 + c) c(c + a) 2(a + 6 + c) 2 

Vay bat dang thbc da drfdc chbng minh. 

Dang thbc xay ra khi va chi khi a = 6 = c.D 


(1) 


Bai 126. Cho a, 6 la cac so thuc dUdng. Ch+ing minh rang: 

1_ 1_ 4 32 (a 2 + 6 2 ) 

a 2 6 2 a 2 + 6 2 — (a + 6) 4 

Ldi giai: 

Ta co: 
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11 4 (a 2 + h 2 ) 2 Aa 2 b 2 

a 2 + b 2 + a 2 + b 2 ~ a 2 b 2 (a 2 + b 2 ) + a 2 b 2 (a 2 + b 2 ) 

Ap dung bat dang thde Cauchy-Schwarz, ta co: 

(a 2 + 6 2 ) 2 4a 2 fc 2 ^ (a 2 + 6 2 + 2a6) 2 _ (a + 6) 4 

a 2 b 2 (a 2 + b 2 ) + a 2 b 2 (a 2 + b 2 ) ~ 2a 2 b 2 (a 2 + b 2 ) ~ 2a 2 b 2 {a 2 + b 2 ) 
Ta can chdng minh: 


(a + b) 4 ^ 32(a 2 + 6 2 ) 

2 a 2 b 2 (a 2 + b 2 )~ {a + b) 4 
That vay, bat dang thde tren tUdng dudng vdi: 

(o + b) 4 > 8ab(a 2 + 6 2 ) 

^ [(a 2 + 6 2 ) + 2a6] 2 > 8 ab(a 2 + b 2 ) 
(a - b) 4 > 0 

Bat dang thde cuoi ludn dung vdi moi a, b. 

Vay bat dang thde da ditdc chdng minh. 

Dang thilc xay ra khi va chi khi a = b.D 


Bai 127. Cho x , y, z la cac so thitc dvtdng thoa man x + y + z = 3. Tim gia tri nhd nhat cua 
biiu thitc: 

P = x 4 + 2y 4 + 3 z 4 

Ldi giai: 


Ap dung bat dang thde Cauchy-Schwarz, ta cd: 


(1) 


(x 4 + 2 y 4 + 3 z 4 ) ^1 + -y= + > {p? + + V^ 2 ) 

( x 2 + \/2y 2 + V3z 2 ) ^1 + ~^= + >(x + y + z) 2 = 9 (2) 

Td (1) va (2) suy ra: 

si 

P > 


1 1 

1 4—4-17= 

\[2 \[?> 


Vay gia tri nhd nhat cua P bang 


Dang thde xay ra khi va chi khi 


1 1 

1 4 -177= 4 —77= 

y 2 ^3. 

3^6 

W+W+M 

_ 3^3 

^6 4- v^3 + \[2 
3^2 

V^6 4- ^3 4- \[2 


Bai 128. Cho a, b, c la cac so thitc ditdng thoa man a + b + c— 3. Tim gia tri nhd nhat cua bieu 
thde: 

1 1_ 1_ 1_ 

a 2 + b 2 + c 2 ^ a 2 b 2 ^ c 2 


Ldi giai: 

Ap dung bat dang thde AM-GM, ta cd: 

1 1 11 1 1 

a 2 b 2 c 2 — ab be ca 

Do do: 
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> 1 3 ^ 

— a 2 + b 2 + c 2 9 ah 96c 9ca 

Lien tiep sd dung bat dang thde Cauchy-Schwarz, ta ditdc: 

1 9 2 

A ~ a 2 + b 2 + c 2 9(a6 + be + ca) 

>_ 1 °!_ 

a 2 + b 2 + c 2 + 9 (ab + bc + ca) 

= _ 10 2 _ 

(a + b + c) 2 + 7(a6 + be + ca) 

Theo bat dang thde AM-GM, ta co: 

7 

7(ab + bc + ca) < ~(a + b + c) 2 = 21 


Do do: 


A > 

Vay gia tri nho nhat cua A bang 

Dang thde xay ra khi va chi khi a = b — c — 


10 2 

3 2 + 21 

!.□ 


10 

y 


Bai 129. Cho a, b, c la cac so thuc dUdng thoa man a + b + c = 3. 
Tim gia tri nho nhat cua biiu thde: 

A — a 3 + b 3 + c 3 + a 2 + b 2 + c 2 + abc 


Ldi giai: 

Xet dang thde sau: 

Suy ra: 

Do do: 


a 3 + b 3 + c 3 — 3 abc = (a + b + c)(a 2 + b 2 + c 2 — ab — be — ca) 


abc = -(a 3 + b 3 + c 3 ) - (a 2 + b 2 + c 2 ) + ab + bc +c 
A = ^(a 3 + 6 3 + c 3 ) + ab + be + ca 

4 

> - (a 2 + 6 2 + c 2 ) +ab + bc + ca 
= ^(a + b + c) 2 + jj(a 2 + 6 2 + c 2 ) 




Ap dung bat dang thde Cauchy-Schwarz, ta co: 


n 2 + 6 2 + c 2> (« + » + c) 2 =3 


Til do suy ra: 

A > 7 

Vay gia tri nho nhat cua A bang 7. 

Dang tilde xay ra khi va chi khi a = b = c — !.□ 


Bai 130. Cho a, b, c la cac so thiXe dUdng thoa man a + b + c = 3. 

Tim gia tri nho nhat cua biiu thde: 

a 3 b 3 c 3 

= a 2 + 3 ab + b 2 + b 2 + 3 be + c 2 + c 2 + 3ca + a 2 

Ldi giai: 
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Bien doi va sit dung bat dang thitc AM-GM, ta co: 

a 3 _ ab(3a + b) 


ab(3a + b) _ 2 a — b 


c 2 + 3 ca 

Cong ba bat dang thitc tren theo ve, ta ditdc: 


Vay gia tri nho nhat cua A bang 


ra khi va chi khi c 


Bai 131. Cho a,b,c la cac so thiCc dUdng. CMng mink rang: 

2a? 2 b 3 2 c 3 , 

2 . , 2 + To i 2 + - 2 > ° + 0 + c 

a 2 + b 2 b 2 + c 2 c 2 + a 2 


Bien doi va sd dung bat dang thitc AM-GM, ta co: 

2 a 3 2 ab 2 

2 | j 2 — 2 ° 2 _i_ U2 — 20 — 

a 2 + b 2 a 2 + b 2 

Tudng tit: 

2b 3 

b 2 + c 2 
2c 3 

2 , 2 > 2c - 0 
c 2 + a 2 

Cong ba bat dang thitc tren theo ve, ta ditdc: 

2a 2 2b 3 2c 3 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 
Vay bat dang thitc da ditdc chitng minh. 

Dang thitc xay ra khi va chi khi a = b = c.D 



Lbi giai: 

Ap dung bat dang thitc AM-GM, ta c6: 


a 2 + be > 2aVbc 
b 2 + ca> 2by/ca 
c 2 + ab> 2 cy/ab 

Do do: _ 

1 1 1^1 1 1 Vab + Vbc + yfca 

a 2 + be b 2 + ca c 2 + ab ~ 2 aVbc 2by/ca 2 cVab %abc 

Ap dung bat dang thitc AM-GM, ta lai co: 

Vab + Vbc + V^a < a + b + c 

Tit do suy ra: 

1 + 1 + 1 < a + b + c 

a 2 + bc b 2 + ca c 2 + ab ~ abc 
Vay bat dang thitc da ditdc chitng minh. 

Dang thitc xay ra khi va chi khi a = b — c.D 
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Bai 133. Cho a,b,c la cac so thiCc dvtdng thoa man abc = 1. Chting minh rang: 

y/a | | Vc > i 

2 + by/a 2 + cy/b 2 + ayfc 

Ldi giai: 

Dat yfa — -, y/b — -, y/B — - 
V z ^ x 

Khi do ve trai cua bat dang thtfc can cluing minh trd thanh: 

r (^) 2 | M 2 | M 2 

(. xy ) 2 + 2 xyz 2 ( yz ) 2 + 2 x 2 yz ( zx ) 2 + 2 xy 2 z 

Ap dung bat dang thilc Cauchy-Schwarz, ta co: 

p= (zx) 2 | (xy) 2 | (yzf 

(xy) 2 + 2 xyz 2 (yz) 2 + 2 x 2 yz (zx) 2 + 2 xy 2 z 

> _ (xy + yz + zx) 2 __ j 

_ (xy) 2 + (yz) 2 + (zx) 2 + 2 xyz(x + y + z) 

Vay bat dang thdc da ditpc chilng minh. 

Dang thhc xay ra khi va chi khi a = b = c = !.□ 


Bai 134. Cho x , y, z la cac so thuc dUdng thoa man x,y,z e (0; 1) va xyz = (l — x)(l — y)(l — z). 
Ch/lng minh rang: 

y z x 8 

Ldi giai: 

1 — x 1 — y 1 — z v 

Dat a = -, b = -, c =-. Tit dieu kien ta co abc = 1 va a, b, c > 0. 

xyz 

Nhan xet: 

Trong 3 so a, b , c co tich bang 1 luon ton tai 2 so nam cung phia so vdi 1. Gia sii 2 so do la a va b. 
Khi do: 

(a — l)(b — 1) > 0 <S=^ a + b < 1 + ab = ^ ~ ° 

Ap dung bat dang thilc Cauchy-Schwarz, ta co: 

1 1 


(1 + a)2 ( i + l )>- (1+a6) ( 1 + «) ( 1 + a6) ( 1 + t ) 


Suy ra: 


(1 + ab)(a + 6) (IT ab)(a + b) 
1 _ c 

1 + ab c + 1 


x 2 + y 2 + z 2 = 


1 1 

t + 7 


1 


(1 Ta) 2 (1 + b) 2 (1 + c) 2 

c 1 


c T 1 (c T l) 2 

= for 

4(c 4 

Sh dung bat dang thitc Cauchy-Schwarz, ta co: 


(c-1) 2 3 3 

d- 1 -L _ > _ 

4(c + l) 2 4“4 
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d + ^A>,A+v 2 


x 2 y + y 2 z + z 2 x 

_ (x 2 + y 2 + z 2 ) 2 

^/ ( x 2 + y 2 + z 2 ){x 2 y 2 + y 2 z 2 + z 2 x 2 ) 
(; x 2 + y 2 + z 2 ) 2 

2 2 , 2 ^(x 2 + y 2 + z 2 ) 

\ [X +V 2 + Z 2 ) -g- 


= \/3(a: 2 + y 2 + z 2 ) > - (1) 

Mat khac, theo bat dang thtfc Cauchy-Schwarz ta cung co: 

(x 3 + y 3 + z 3 )(x + y + z) > (x 2 + y 2 + z 2 ) 2 (*) 

3 (x 2 + y 2 + z 2 )>(x + y + z) 2 (**) 

Til (*) va (**) ta co: 


3(x 3 + y 3 + z 3 ) 2 > ( x 2 +y 2 + z 2 ) 3 > l - 


Suy ra: 

Cong (1) va (2) theo ve ta dcfdc: 


x 3 + y 3 + z 3 >- 


( 2 ) 


X 2 + y 4 + y 2 + Z 4 + 2 : 2 + x 4 > 15 


Vay bat dang thtfc da difOc chtfng minh. 


Bai 135. 

a) Cho a,b,c la cac so th/ilc d/HOng. Chilng minh rang: 


(a + b)(a + c) > 2 y/abc(a + b + c) 
b) Cho a, b , c la cac so thuc khong dm. CMng minh rang: 

3 a 3 + 175 3 > 18a5 2 

Ldi giai: 

a) Theo bat dang thtfc AM-GM, ta co: 

(a + b)(a + c) — (a 2 + ac + ab ) + be 
= a(a + b + c) +bc 


> 2 y/abc(a + b + c) 

Vay bat dang thtfc da dnoc chtfng minh. 

Dang thtfc xay ra khi va chi khi a(a + b + c) = be. Cu the a = 1, b = 2, c — 3.D 
b) Theo bat dang thtfc AM-GM, ta co: 

3a 3 + 175 3 = 3a 3 + 8b 3 + 9 b 3 > 3^216^6 = 18ab 2 
Vay bat dang thtfc da difdc chilng minh. 

Dang thtfc xay ra khi va chi khi a = b = ().□ 


Bai 136. Cho cac so thuc dUdng a, b, c thoa man a, b, c > 1 va abc = 8. 
Tim gia tri nhd nhat cua bieu thtic: 

p_ 1 1 1 

l + o 1 + 5 1 + c 


Ldi giai: 
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Tru’dc het, ta ehdng minh: 


1 1 

“ + 5 


> 


= vdi moi a, b > 1 


1 + a 1 + 6 1 + \[ah 

That vay, bat dang thde tren tUdng drfdng vdi bat dang thde dung sau: 

1 1 1 1 (y/a — yfb) 2 (y/ab — 1) 

--== + ----— > 0 ^- -=L > 0 vdi moi a, b > 1 

l + o 1 + y/ab 1 + 6 1 + y/ ab (1 + a)(l + 6)(1 + y/ ah) 

Dang thilc xay ra khi va chi khi a = b. 

Ap dung ket qua tren, ta co: 

1 1 


1 


1 


: > 


1 + a 1 + 6 1+C 1+ yfabc 1 + y/ab 1 + y/ abc 4 

4 4 


Td do suy ra: 


P = + 

l + o 1 + 6 1 + c 


1 + y/a 4 b 4 c 4 1 + yfabc 

1 3 


1 + yfabc 


= 1 


Vay gia tri nhd nhat cua P bang 1. 

Dang thde xay ra khi va chi khi a = 6 = c = 2.D 


Bai 137. Cho a, 6, c la cac so thitc dvtcfng thoa man abc = 1. Tim gia tri Idn nhat cua bieu thitc: 
^ yff? + l + y/W+l + yf^+l 


2 + b + c 


Ldi giai: 

Ap dung bat dang thde Cauchy-Schwarz, ta co: 


yf a? + 1 + y/2a + \J2 (a 2 + 1 + 2 o) — y/2 (o + 1) 

Trfdng td: 

y/WTl + y/2b < y/2(b + 1) 
y/c 2 + 1 + y/2 c < y/2(c+l) 

Cong ba bat dang thde tren theo ve, ta dddc: 

y/a 2 + 1 + \/ 6 2 + 1 + y/c 2 +1 + \/2 ^y/a + \/6 + -\/c^ — V^2(3 + a + 6 + c) 
+T* Va 2 + 1 + \/ 6 2 + 1 +• V'C 2 + T ^ y/2(3 + o + 6 + c) — y/2 (ya + yfb + \/c^ 
Mat khac, thed bat dang thde AM-GM ta cd: 

y/a + yfb + y/c > 3yfabc = 3 

Do do: 

y/a 2 + 1 + \/6 2 + 1 + y/c 2 + 1 < \/2(a + 6 + c) 

\/a 2 + 1 + -\/6 2 + 1 + V^Tl 


a + 6 + c 

Vay gia tri ldn nhat cua F bang \/2. 

Dang thde xay ra khi va chi khi a = b = c = 1.0 


- < y/2 


Bai 138. Cho a, 6, c la do dai ba canh cua tarn giac. Chiing minh rang: 

a + 6 + c > i 

3a — 6 +e 36 — 0% a 3c — a + 6 — 

TcF* giai: 

Ki hieu: 

a 6 c 

-P =-1-1- 

3a — 6 + c 36 — c + a 3c — a + 6 

Ta cd: 
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_ , „ 4 a 4 b 4c 

Q = ±P= 77—1— + o, . ■ ■ + 7 


3 a — b + c 3 b — c + a 3c — a + b 
(3 a — b + c) + (a + b — c) (3b — c + a) + (b + c — a) (3 c — a + b) + (c + a — b) 
3 a — b + c 3b — c + a 3 c — a + b 


a + b — c + b + c — a + c + a — b 
3a — b + c 3b — c + a 3 c — a + b 
_ 3 | (a + b — c) 2 + (b + c — a) 2 


(c + a — b) 2 


(a + b — c) (3a — b + c) (b + c — a)(3b — c + a) (er# a — b)(3c — a + b) 

Ap dung bat dang thile Cauchy-Schwarz, ta co: 

(a + b + c ) 2 


Q > 3 + 
= 3 + 


(a + b — c) (3a — b + c) + (b + c — a)(3b — c + a) + (c + a — b)(3c — a + b) 
(a + b + c) 2 


Suy ra: 


a 2 + b 2 + c 2 + 2 (ab + bc + ca) 
P > 1 hay 7 


3a — b + c 3b — c + a 3c — a + b ~ 
Vay bat dang thile da dude cluing minh. 

Dang tlitfc xay ra khi va chi khi a = b = c <+ A ABC deu.D 


Bai 139. Cho a, b, c la cac so thile dildng thoa man a + b + c = 3. Chitng minh rang: 

a 2 b 2 c 2 3 
a + b 2 b + c 2 c+ a 2 ~ 2 


Ldi giai: 

Bien doi va sit dung bat dang thile AM-GM, ta co: 


Tuong trf : 


a + b 2 


ab 2 

> a — 

ab 2 

a + b 2 


2 bfa 

b 2 

>b — 

cfb 

b + c 2 

~Y~ 

c 2 

> Q _ 

riff. 

c + a 2 




bfa 


Cong ba bat dang thile tren theo ve, ta duoc: 

b 2 


+ 7TT - 2 >a + b + c- \ (by/a + cfb + afe) 

a + b 2 b + c 2 c + a 2 2 V / 

Bay gid ta can cluing minh by/a + cfb + ayfc < 3 la bai toan dupe giai quyet. 
That vay, theo bat dang thile Cauchy-Schwarz ta co: 

bfa + cfb + afe = fbfab + fcfbc + fafea 


< f (a + b + c)(ab + be + ca) 

D ° d6: /r ^ >3 

a + b 2 b + c 2 c + a 2 ~ 2 
Vay bat dang thile da drfdc chilng minh. 

Dang thile xay ra khi va chi khi a = b = c = !.□ 


Bai 140. Cho a, b , c,d la 4 so thile dildng thoa man a + b + c + d= 1. Chdng minh rang: 

1 1 1 1 < 1 

a 4 + b 4 + c 4 + abed b A + c 4 + d 4 + abed c 4 + d 4 + a 4 + abed d 4 + a 4 + b A + abed ~ abed 

Ldi giai: 
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Ap dung bat dang thile AM-GM, ta co: 

a 4 + b 4 + c 4 > a 2 b 2 + b 2 c 2 + c 2 a 2 
a 2 b 2 + b 2 c 2 + c 2 a 2 > abc(a + b + c) 

Do do: 


Chilng minh tUdng tit ta co: 


a 4 + b 4 + c 4 > abc{a + b c) 

<0 a 4 + b 4 + c 4 + abed > abc(a + b + c + d) 
1 d 

<^> - < - 

a 4 + b 4 + c 4 + abed ~ abed 


1 


b 4 + c 4 + d 4 + abed ' 

1 

c 4 + d 4 + a 4 + abed “ 

1 


< 


abed 

b 

abed 

c 

abed 


d 4 + a 4 + b 4 + abed 
Cong cac bat dang tlitfc tren theo ve, ta dude: 

1 1 1 1 

a 4 + b 4 + c 4 + abed b 4 + c 4 + d 4 + abed c 4 + d 4 + a 4 + abed + d 4 + a 4 + b 4 + abed " 
Vay bat dang tlitfc da dude chtfrig minh. 

Dang thlie xay ra khi va chi khi a = b = c = d= 


1 

a6cd 


8 Bai 141 den bai 160 

Bai 141. Cho a, 6, c /a cac so thitc dUdng thoa man a + b + c — 3. Chdng minh rang: 
a b c 

a 3 + b 2 + c + b 3 + c 2 + a + c 3 + a 2 + b ~ 


Ldi giai: 

Ap dung bat dang thile Cauchy-Schwarz, ta c6: 

n „ N 

- + 1+ C 


TUdng tit: 


“ 3 + ( > 2 + C (a 3 + 62+c) (i + 1+e 


a(- +l+a 

; V Q 

(a + b + c) 2 


1 + a + ca 
9 


b 3 + c 


. 1 + b + ab 

: 9 

. 1 + e be 


c 3 + a 2 + b ' 

Cdng ba bat dang thile tren theo ve, ta dude: 

a b c 

. wmn 


, 3 + a + b + c + ab + bc + ca 


a 3 + b 2 + c b 3 + c 2 + a c 3 + a 2 + b 
Mat khac, theo bat dang thile AM-GM ta co: 

ab + bc + ca < ^(a + b + c) 2 = 3 

Do do: 


a 3 + b 2 + c b 3 + c 2 + a c 3 + a 2 + b ' 
Vay bat dang thile da ditdc chilng minh. 

Dang thile xay ra khi va chi khi a = b = c = 1.0 
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Bai 142. Cho a, b, c la cac so thitc khdng dm thoa man a + b + c — 3. 
Tim gia tri I6n nhat cua biiu thitc: 

P = a\fb + byfc. + Cyfa — \fahc 

Ldi giai: 

Dat x — y/a, y = Vb, z — yfc. 

Dieu kien trd thanh x 2 + y 2 + z 2 = 3 va P — x 2 y + y 2 z + z 2 x — xyz. 

De thay P > 3 theo bat dang thilc AM-GM. 

Khong mat tfnh tong quat, gia si! y la so nam giita x vh z. 

Khi do ta co: 

z(y — x)(y — z) < 0 y 2 z + z 2 x — xyz < yz 2 

Do do: 


P < yx 2 + yz 2 = y(x 2 + z 2 ) 

Mat khac, theo bat dang thdc AM-GM ta co: 

\2(x 2 + y 2 + z 2 )] 3 _ 


2 y 2 (x 2 + z 2 )(x 2 + z 2 ) < 


Tit do suy ra: 


P < y(x 2 + z 2 )< 2 


Vay gia tri ldn nhat cua P bang 2. 

Dang thhc xay ra khi va chi khi 


x = y = z 
z = 0 
x 2 = 2 y 2 



va cac hoan vi.D 


Bai 143. Cho a, b, c la cac so thitc dvtdng thoa man abc = 1. Tim gia tri nhd nhat cua bieu thitc: 

1 i i 2 

“ (1 + a) 2 + (1 + b) 2 + (1 + c) 2 + (1 + a)(l + 6)(1 + c) 


Ldi giai: 

Trong ba so a, b, c co tich bang 1 luon ton tai hai so cung nam mot phia so vdi 1. 
Gia silt hai so do la a va b. 

Khi do ta co: 


(a — 1)(6 — 1) > 0 a + b < 1 + ab = 


1 + c 


Suy ra: 


(1 + a) (1 + 6) (1 + c) — (1 + a + b + ab){ 1 + c) 

<2(l + afr)(l + c) = 2 ( 1 + c ) 2 


Ap dung bat dang thhc Cauchy-Schwarz, ta co: 

1 1 1 


< 1 + “) 2 d + - (i +o6) ( x + «) (1+o6) ^0 


- + 7 


Do do: 


(1 + ah)(a + 6 ) (1 + ah)(cL + 6 ) 

1 c 

1 + ab c + 1 


_ c(c + 1) + 1 + c _ ^ 


c + 1 (c+1) 2 (c+1) 2 ( c + l) : 
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Vay gia tri nhd nhat cua P bang 1. 

Dang thitc xay ra khi va chi khi a = b = c = l.D 


Bai 144. Cho cac so thitc khong dm a,b,c thoa man min {a + b\ b + c; c + a} > 0 w 
a 2 + b 2 + c 2 = 2(ab + bc + ca ). Tim gia tri nhd nhat cua bieu thitc: 

I ab I be I ca 

= V a 2 + b 2 + V b 2 + c 2 + V c 2 + a 2 


Ldi giai: 

Ta co: 


, I 2 ab / 2 be / 2 ca 

= y ^2^2 + V + V d^+a 2 


^2ab(a 2 + b 2 ) y/2 bc(b 2 + c 2 ) y/2 ca(c 2 + a 2 ) 

a 2 + b 2 6 2 + c 2 c 2 + a 2 


Ap dung bat dang thitc AM-GM, ta co: 
Trfdng tit: 


a 2 +A 2 

> 

a 2 + b 2 

V26c(6 2 + c 2 ) 

> 

2 be 

b 2 + c 2 


b 2 + c 2 

yj2ca(c 2 + a 2 ) 

> 

2 ca 


c 2 + a 2 ~ c 2 + a 2 

Cong ba bat dang thtic tren theo ve, ta drfdc: 

/- 2 ab 2 be 2 ca 

v - ^Tfc 2 + PT^ 2 + /MAA 

Suy ra: 

Q = ^ + 3=(^±| + |±A + k±A 

a 2 + b 2 b 2 + c 2 c 2 + a 2 

Ap dung bat dang tlitfc Cauchy-Schwarz, ta c6: 


Q> 


2 (a 2 + b 2 + c 2 ) 

2 [ a 2 + b 2 + c 2 + 2(ab + bc + ca)] 
a 2 + b 2 + c 2 
2.4(a6 + be + ca) ^ 

2 (ab + bc+ ca) 

f > A 4 

“a/2 a/2 


Vay gia tri nhd nhat cua P bang —=. 

V 2 

Dang tilde xay ra khi va chi khi (a, b, c) — (x, x, 0) va cac hdan vi.Q 


Bai 145. Cho a,b,c la cac so thitc dutefng. Cluing minh rang: 


_ b 2 

~r H- \- 

b c 


c 2 [atW: [tf + J K 

a*\ — + V — + V- 


id* (jidi: 

Ap dung bat dang tilde AM-GM, ta c6: 
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— - a + b 

b 


Chiing minh tufting tit ta co: 


L a 2 -ab + b 2 

- b — ---b b 


> 2 Va 2 + b 2 — ab 
= Va 2 + b 2 - ab + Va 2 - ab + b 2 

= \/a 2 + 6 2 — ab + y^(a - 6) 2 + ^(a + 6) 2 

« 2 + *> 2 - + \(a + b) 

a 2 + b 2 a + b 
2 + 2 


a 2 ^ 3(a — 6) la 2 + b 2 

J ~ 2 + V 2 


6 2 ^ 3(6 - c) /b 2 + c 2 

7 “ 2 + V 2 


c 2 3(c — a) / c 2 + a 2 

“ - 2 + V 2 


Cong ba bat dang thifc tren theo ve, ta ditOc: 

a 2 b 2 c 2 + F [WTJ + ^ 

T + 7 + a ~ V + V + V 

Vay bat dang thifc da ditOc chitng minh. 

Dang thifc xay ra khi va chi khi a = b = c.D 


Bai 146. Cho a, b , c la cac so thuc khdng dm thoa man a + b + c — 3. 
Tim gia tri Idn nhat cua biiu thtic: 

P = ay/a + bVb + cyfc — \fabc 

Lbi giai: 

Dat x = y/a, y = Vb, z — yfc. 

Dieu kien da cho trd thanh x 2 + y 2 + z 2 — 3 va P — x 3 + y 3 + z 3 — xyz. 
De thay P > 0 theo bat dang thhc AM-GM. 

Khong mat tinh tong quat gia sxt x > y > z. 

Khi do ta co: 


z 2 < xy , x 2 + y 2 = 3 — z 2 < 3 

Suy ra: 

P = x 3 + y 3 + z(z 2 — xy) < x 3 + y 3 
Mat khac, theo bat dang thdc AM-GM ta co: 

\3(x 2 + y 2 )] 3 


Suy ra: 


(x 3 + y 3 ) 2 — ( x 2 + 2 xy + y 2 )(x 2 — xy + y 2 ) 2 < 
P = x 3 + y 3 < 3y/3 


Vay gia tri ldn nhat cua P bang 3\/3. 

Dang tlntc xay ra khi va chi khi (a, b , c) = (0, 0, 3) va cac hoan vi.D 
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Bai 147. Cho a, b, c la cac so thuc dUdng. CMng mink rang: 

(a + 6 + c) 2 r .— / . 

---> av 6c + b^/ca + cv ab 

Ldi giai: 

Ap dung bat dang thufc AM-GM, ta co: 

(a + b + c) 2 


> ab + bc + ca 


ab + ac bc+ ba ca + cb 
+ —x— + - 


2 2 2 
> aVbc + by/ca + cVab 

Vay bat dang thdc da dupe chdng minh. 

Dang tlnlc xay ra khi va chi khi a = b = c.D 


Bai 148. Cho a, b la cac so thuc thoa man a,b > 1. Tim gia tri nhd nhat cua bieu thvtc: 
„ a 2 b 2 

P = -1- 

b- 1 a — 1 


Ldi giai: 

Ap dung bat dang thufc AM-GM, ta co: 

a 2 

-—- + 4(6- 1) > 4a 
b 2 

-- + 4(a — 1) > 46 

Cong hai bat dang thufc tren theo ve, ta duoc: 

A + Jk >8 

6—la—1~ 

Vay gia tri ldn nhat cua P bang 8. 

Dang tlitfc xay ra khi va chi khi a = 6 = 2.D 


Bai 149. Cho a, 6, c la cac so thuc duefng thoa man yfa + Vb + yfc = 1. 
Tim gia tri ldn nhat cua bieu thUc: 

I ab I be / ca 

V a + 6 + 2c v b + c + 2a y c + a + 26 


Ldi giai: 

Cach 1. 

Dat x = y/a, y = Vb, z — yfc. 

Dieu kien da cho trd thanh x+y+z — lvh P = 

Ap dung bat dang thufc Cauchy-Schwarz, ta co: 
P = xy 


Vx 2 + y 2 + 2 z 2 VV 2 + ~ 2 + 2.r 2 V z<2 + x2 + % 2 

yz 


VlV)(* 2 +y 2 +^ 2 ) s 


k + k*- 
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' 3 (x y 2z\ 3 (V ^ 2x\ 3 (z x 2y 

2 \3 3 3 ) 2 \3 3 2,) 2 ^3 3 3 

1 / 2 xy 2 xy \ 1 / 2 yz 2yz \ 1 / 2 zx 2 zx 

"4\2; + x y + zj 4 \y + z x + y) 4 \x + y y + z 

x + y + z 1 


Vay gia tri ldn nhat cua P bang 

Dang thdc xay ra khi va chi khi x — y — z — - <+a — b — c — □ 

Cach 2. 

Ap dung bat dang thdc Cauchy-Schwarz, ta co: 

1 1 


Suy ra: 


_ ^ _ < 1 / 1 _1_ 

■\J 4 (a + b + 2c) y/a + yfb + 2-^/c 4 \-\/o + yfc yfb + yfc 


yfab 


yfab 


a + b + 2c 2 l + yfc yfb + y/c 


Chdng minh trfdng trf ta co: 


yfbc 


yfbc 


V b + &+ 2a 2 y yfb -\- fa yfc + yfa 

I ca < 1 / yfca yfca 

V c a + 26 2 \ y/c + \/6 \/a + \A 

Cong ba bat dang thdc tren theo ve, ta drfdc: 

P < 2 (V® + + Vc) = 2 

Vay gia tri ldn nhat cua P bang 

Dang tlihc xay ra khi va chi khi a = b = c — 


Bai 150. Cho a, b, c la cac so thitc dUdng thoa man a 4 + 6 4 + c 4 < 3. Chting minh rang: 

Vaf¥ + V++£ + V£T£ £ 2vS ^ 

1 1 1 
(a + b) 3 (b + c) 3 (c + a) 3 


Ldi giai: 

Ap dung bat dang thdc Cauchy-Schwarz, ta co: 

/a 2 + b 2 ^ y/b 2 + c 2 + + a 2 < (a 2 + 6 2 + c 2 ) < ^6^3 (a 4 + 6 4 + c 4 ) < 3y/2 (1) 


Mat khac, ta co: 


Td (*) va (**) suy ra: 


[(x 3 + y 3 + z 3 )(x + y + z)] > (x 2 + y 2 + z 2 ) 4 (*) 

x 2 + y 2 + z 2 > \{x + y + z) 2 (**) 


( X 3 + y 3 + Z r>-(x 2 + y 2 + Z r 


Ap dung ket qua tren va sd dung bat dang thde Cauchy-Schwarz, ta co: 
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1 1 1 

i + 77“—ft + 7 


i r i i i 

—«c 


(a + b) (b + c) (c + a) J 3|_(a + &) (6 + c) (c + a)' 


Suy ra: 

Nhan (1) va (2) ta drfdc: 


1 1 1 

2 (a 2 ~+¥) + 2 ( b 2 + c 2 ) + 2 (c 2 + a 2 ) 


4 (a 2 + b 2 + c 2 )_ 

9 

4>/3 (a 4 + & 4 + b 4 ) 


1 1 

[a + b) 3 (6 + c) 3 (c + a) 3 2 


1 S >f (2) 


a 2 +P + 7& 2 - c 2 - Vc 2 - a 2 < ;3V^2. = 2 ^ 2 ^ f) 
— v^3 


1 1 1 

I (a + ^54f ; \|c + a); 

Vay bat dang thde da drfdc chdng minh. 

Dang thde xay ra khi va chi khi a = b = c — 1.0 


Bai 151. Cho a,b,c la cac so thitc ducfng. Chiing minh rang: 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 > 3 (ab + be + ca ) 

a + b b — c #+ a — a + b + c 

Ldi giai: 

Cach 1. 

Ap dung bat dang thde Cauchy-Schwarz, ta co: 

a 2 + b 2 b 2 + c 2 c 2 + a 2 (a + b) 2 (b + c) 2 (c + a) 2 _ 

a + 6 6 + c c + a — 2(a + b) 2(6 + c) 2(c + a) ° C 

Mat khac, theo bat dang thde AM-GM ta co: 

, 3(a6 + 6c + ca) 

a + b + c> - ’ 


a + b + c 


( 2 ) 


3(a6 + be + ca) 
a + b + c 


Td (1) va (2) suy ra: 

a 2 + b 2 + b 2 + c 
a+b b + c c+a ~ 

Vay bat dang thde da drfdc chdng minh. 

Dang thde xay ra khi va chi khi a = b = c.D 

Cach 2. 

Bat dang thde da cho trfdng drfdng vdi: 

( a 2 + b 2 ab + bc + ca\ + / b 2 + c 2 ab + bc + ca 

a + b a + b + c J \ b — c a + b + c J \ c + a a + b + c 

<+ (a- b) 2 \ 1 +-J-1 + (b - cf |—^ + 1 


ab + bc+ ca 


2 (a + b) a + b + c_ 


Bat dang thde cuoi luon dung nen ta co: 

a 2 + b 2 b 2 + c 
a+b b+c 


2 (b + c) a + 6 + cJ 

+ (c — a) 2 I — -. H-—-1 > 0 

v ' |_2(c + a) a + 6 + cJ 

f a 2 > 3(a6 + be + ca) 
fa — a + b + c 
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Vay bat dang thde da dude chdng minh. 
Dang tlidc xay ra khi va chi khi a = b = c.D 


Bai 152. Cho a, b, c la cac so thitc thoa man 9 a 2 + 8 ab + 7b 2 < 6. 
Tim gia tri Idn nhat cua biiu thitc: 

P = 7a + 56 + 12 ab 


Ldi giai: 

Cach 1. 

Xet ham so: 

/(a; b) = 9a 2 + 7b 2 — Aab — 7a — 5b + 3 

Ta co: 

A a = —59(26 — l) 2 < 0 

Theo dinh If ve dau cua tam thde bac hai, ta co: 

f(a\b) > 0 

Suy ra: 

7a + 5b+ 12 ab — 9 < 9a 2 + 8 ab + 7b 2 — 6 7a + 56 + 12a6 < 9 

Vay gia tri ldn nhat cua P bang 9. 

Dang thde xay ra khi va chi khi a = 6 = 

Cach 2. 

Theo bat dang thde AM-GM, ta co: 

7a + 56 + 12a6 ^ 7 fa 2 + —^ + 5 T 12o6 


Vay gia tri ldn nhat cua P bang 9. 


— [(9a 2 + Sab + 76 2 ) + 3] — 2(a — 6) ^9 


Bai 153. Gia sit cac so thuc x,y,z > 1 thoa man —I-b - = 2. Chvtng minh rang: 

x y z 

y/x + y + Z > y/x — 1 + y/y — 1 + y/z — 1 


Ldi giai: 

Theo bat dang thde Cauchy-Schwarz, ta co: 




+ v ~ y T 


< (x + y + z) ( 3 


= x + y + z 

Suy ra: 

y/x + y + z > y/x-1 + y/y - 1 + y/z — 1 
Vay bat dang thde da drfOc chdng minh. 

3 

Dang thde xay ra khi va chi khi x = y = z = 
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Bai 154. Cho a,b,c la cac so thuc dvtdng. Chting mink rang: 

a b c I ab +be + ca 5 

b + c + c + a + a + b + y a 2 + b 2 + c 2 ~ 2 


Ldi giai: 

Theo bat dang thitc Cauchy-Schwarz, ta co: 

a + b + c _ a 2 + b 2 + c 2 

b — c e+a a + b ca + ab ab + bc bc + ca 

^ (a + b + c) 

— 2 (ab + bc + ca) 

a 2 + b 2 + c 2 
2 (ab + bc + ca) 


Dat 


u — 


/ 


ab + bc + ca 
a 2 + b 2 + c 2 


vdi 0 < u < 1 


1 5 

Ta chi can chitng minh 1 + —- + u> - la bai toan drtdc giai quyet. 

Tuy nhien, bat dang thitc tren trfdng ditdng vdi: 

1 3 

+ u > - (u — 1) 2 (2 u + 1) > 0 (luon dung vdi moi 0 < u < 1) 


Do do: 

a b c jab + bc + ca 5 

b + c + c + a + a + b + y a 2 + b 2 + c 2 ~ 2 
Vay bat dang thitc da drtdc chitng minh. 

Dang thitc xay ra khi va chi khi a = b — c.D 


Bai 155. Cho a, 6, c la cac so thuc dvtdng. Tim, gia tri Idn nhat cua bieu thitc: 

ab be ca 

c 2 + 2 ab a 2 + 2 be b 2 + 2 ca 


Ldi giai: 

Thuc hien phep bien doi bieu thitc P , ta dude : 

n 2 

Q = 3-2P = 


b 2 c 2 

- + - 


a 2 4- 2 be b 2 + 2 ca c 2 + 2a6 

Ap dung bat dang thitc Cauchy-Schwarz, ta cd: 

(a + b + c) 2 


Q> 


Tit dd suy ra: 


i 2 + b 2 + c 2 + 2 ab + 2bc + 2 ca 


= 1 


P < 1 

Vay gia tri ldn nhat cua P bang 1. 

Dang thitc xay ra khi va chi khi a = b — c.D 


Bai 156. Cho a,b,c la cac so thitc khong dm. Chitng minh rang: 

lab + ac I ab + bc lac + bc 

V a 2 + be + \ b 2 + ca+ \ c 2 + ba ~ 

Ldi giai: 

Ap dung bat dang thitc AM-GM, ta cd: 

a 2 + be + i ^ /a 2 + be ^ I a 2 + be > 2 a(b + c) 

ab + ac ~ V ac+ ab \ ac + ab ~ (a + b)(c + a) 

Trfdng tit: 
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ab + bc > 2b{c + a) 


b 2 + ca (b + c ) (a + b) 
ac + bc > 2 c(a + b) 

I c 2 + ba~ (c + a )(6 + c) 
Cong ve theo ve ba bat dang thrfc tren, ta drfdc: 


ab + c 


be _ 


ab + be 

a 2 + be ' V b 2 + ca ' V c 2 + ba 
a(b + c) 


a (6 + c) 


b(c + a) 


c(a + 6 ) 


_(a + 6)(c + a) (6 + c)(a + 6) (c + a)(6 + c)J 
6(c + a) , c(a + b ) ^ , lv . ^ „ . 

- 1 -> 1 la bai toan drfdc giai 


Ta chi can chrtng minh 7 -—- 7 -r T . - 77 - , 7 -r 7 - 777 - 7 

(a + b)(c+ a) (b + c)(a + b ) (c + a)(b + c ) 

quyet. 

Tuy nhien, bat dang thrfc tren lai trfdng drfdng vdi bat dang tlitfc dung sau: 

a(b + c ) 2 + b(c + a) 2 + c(a + b) 2 — (a + 6)(6 + c)(c + a) > 0 <+> 4a6c > 0 

Do do: 


ab + ac lab + bc [ac + bc 

V b 2 + ca + V c 2 + ba ~ 


1 a 2 + be 

Vay bat dang thrfc da drfdc chtfng minh. 

Dang tlitfc xay ra khi va chi khi (a, b , c) = (x, x, 0 ) va cac hoan vi.Q 


Bai 157. Cho a , 6, c la cac so thuc dvtcfng thoa man a + 2b — ab = 0. 
Tim qid tri nhd nhat cua bieu tMc: 

P = ^C + JL 

4 + 8 b 1 + a 


Ldi giai: 

Theo gia thiet, ta co: 

Theo bat dang thde AM-GM, ta co: 


1 2 

a + 2b = ab<=>- + - = l 
b a 


— H— > 2\ — =>- \/ab > 2\/2 
b a V ba 

Mat khac , lan lrfdt sit dung bat dang tlitfc Cauchy-Schwarz va AM-GM, ta co: 

a 2 b 2 5 a 

4 + 86 1 + a 4 ^ 


_a_ \/8b 2 

> Wb > ( 2 -\/ 8 a 6) 2 > 8 

“ 20 20 ~ 5 

Vay gia tri nho nhat cua P bang 

5 

Dang thhe xay ra khi va chi khi a = 4, b = 2.D 


Bai 158. Cho a, b, c la cac so thuc dUdng thoa man ab + bc + ca = 3. 
Tim gia tri Idn nhat cua bieu thUc: 

1 1 1 

“a 2 + 2 + 6 2 + 2 + c 2 + 2 


Loti giai: 

Thrfc hien phep bien doi bieu tlitfc P , ta drfdc: 

« = 3 - 2 F =^T 2 + 

Theo bat dang tlitfc Cauchy-Schwarz, ta co: 


b 2 

b 2 + 2 


c 2 

c 2 + 2 
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> (a + b + c) 2 _ (a + b + c) 2 

~ a 2 + b 2 + c 2 + 6 a 2 + 6 2 + c 2 + 2(ab + bc+ ca) 

Do do: 


3 - 2P > 1 <=> P < 1 

Vay gia tri ldn nhat cua P bang 1. 

Dang tilde xay ra khi va chi khi a = b = c = !.□ 


Bai 159. Vdi x,y,z la cac so thitc dticlng. Cluing minh rang: 

xy + yz + zx (x + y + z) 3 ^ 


Ldi giai: 

Theo bat dang thde Cauchy-Schwarz va AM-GM, ta co: 

(x + y + z) 3 _ 1 / 2 _ 2 _ ^ 2 \ / 1 ^ 1 _ 1 A _ 2 {xy + yz + zx){x + y + z) 
9 xyz 9 ^ ' \xy yz zx) 9xyz 


(x 2 + y 2 + z 2 ) 1 

9 J \xy + yz + zx 
(. x 2 +y 2 + z 2 ) 


2.3 yj (xyz) 2 .3tfxyz 
9xyz 


xy + yz-\- zx 

Theo bat dang thde AM-GM, ta lai co: 

x 2 + y 2 + 


+ 2 ( 1 ) 

z 2 xy-\-yx-\-zx „ 


xy + yz-\- zx 
8 (x + y + z) 3 
9 xyz 

Cong (1), (2) va (3) ve theo ve, ta drfdc: 

xy + yz + zx (x + y + z) 3 
x 2 + y 2 + z 2 xyz 

Vay bat dang thde da drfdc ehdng minh. 

Dang tilde xay ra khi va chi khi x = y = z.D 


xr + y* + 2 ' 
> 8(3^xp) 3 
9 xyz 


( 2 ) 

(3) 


Bai 160. Cho a, b, c la ba so dUdng thoa man a + b + c — 1. Tim gia tri nhd nhat cua bieu thitc: 

1 ^11 

a 2 + b 2 + c 2 ab be ca 


Ldi giai: 

Lien tiep sd dung bat dang thde Cauchy-Schwarz, ta co: 


- b 2 + c 2 ab + bc + ca 
1 4 

> + 7 


7 


ab + bc + ca 
Mat khac, bat dang thde AM-GM cho ta: 


a 2 + b 2 + c 2 2 (ab + bc + ca) (ab + bc + ca) 

>9 7 

~ (a + b + c) 2 ab + bc+ ca 

= 9+- 7 


3 (ab + bc + ca ) < (a + b + c) 2 ab + bc +ca < - 


P > 9 + 21 = 30 


Vay gia tri nho nhat cua P bang 30. 
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Dang thilc xay ra khi va chi khi a = b = c — 


9 Bai 161 den bai 180 


Bai 161. Cho x, y, z la ba so dildng thoa man yfxy + yfyz + yfzx — 1. 
Tim gia tri nhd nhat cua bieu thilc: 

„ x 2 y 2 z 2 

P =-1-1- 

x + y y + z z + x 


Ldi giai: 

Theo bat dang thilc Cauchy-Schwarz va AM-GM, ta co: 

p > (x + y + zf _ x + y + z 
~ 2 (x + y + z) 2 

> y/xy + y/yz + \fzx _ 1 
2 ~ 2 


Vay gia tri nho nhat cua P bang ; 


1 r 


Dang thilc xay ra khi va chi khi x = y = z = 


Bai 162. Cho x, y la hai so thitc dildng thoa man x + y = 1. Chilng minh rang: 

x y ^ 2 

— / H- , A —7= 

y/l=X* ~ y/3 


Ldi giai: 

Til gia thiet suy ra: 

x y x y 

^/3(l-x^ + y3(-l-y 2 )~ ^/3y(y + 2x) + y/3x(x + 2yj 
Mat khac, lan lrfdt sil dung bat dang thilc AM-GM va Cauchy-Schwarz, ta co: 

g | y > x \ y 

y/3y (y + 2x) y/3x (x + 2y) 2y + x 2x + y 

x 2 ( y 2 


x 2 + 2 xy y 2 + 2 xy 

> {x + y) 2 > 2 

{x + yf + 2xy ~ 3 



Vay bat dang thilc da drfdc chilng minh. 


Bai 163. Cho a, b, c la cac so thilc dildng thoa man a + b + c < 3. 

Tim gia tri Idn nhat cua bieu thitc: 

„ ab be ca 

p = - -|—~^ = ^ = -|— 

\/ab + 3c :^m^a y/ca t- 3b 


Ldi giai: 

Til gia thiet suy ra: 
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yfab- 


- (a -\- b -\ 
ab 


\Jbc + (a + b + c)a y/ca + (a + b + c)b 
be ca 


y/(b + c)(c + a ) -\/(c + a) (a + b) y/(a + b)(b + c) 

Mat khac, lan Inert sil dung bat dang thile AM-GM va Cauchy-Schwarz, ta dUOc: 


2 ab 


2 be 


- + 7 


(b + c) + (c + a) (c + a) + (a + 6 ) (a + b) + (b + c) 

2 ca 2 ca 


II 

( 2 ab 

2 ab > 

i + if— 

+ 

2bc\ + l_( 

4 * 

\b + c 

c + a ) 

1 4 \c + a 


a + b) ' A V 


a + b + c ^ 3 

“ 2 ~ 2 

3 

Vay gia tri ldn nhat cua P bang -. 

Dang thlie xay ra khi va chi khi a = b = c — 1.0 


Bai 164. Cho x , y , z la cac so three dUdng thoa man x 2 + y 2 + z 2 = 3. 
Tim gia tri nhd nhat cua bieu thvtc: 

P- 1 1 1 

xy +1 yz + 1 zx + 1 

Ldi giai: 

Viet lai bieu thile da cho dudi dang: 

P — 3 — ( — ^ - 1 - + T ~—— 1 

V1 + xy 1 + yz 1 + zx ) 

Lan luot sil dung bat dang thile AM-GM va Cauchy-Schwarz, ta co: 

P > 3 - ^ (y/xy + y/yz + yfzx) 

> 3 - ^y/3 (xy + yz + zx) 

>3 - ^y/3 ( x 2 + y 2 + z 2 ) = ^ 

3 

Vay gia tri nhd nhat cua P bang -. 

Dang thile xay ra khi va chi khi x — y — z — !.□ 


Bai 165. Cho x , y, z la cac so thitc dvtdng thoa man x 3 + y 3 + z 3 . 
Tim gia tri ldn nhat cua bieu thtic: 

P—x+y+z 

Ldi giai: 

Theo bat dang thile AM-GM, ta co: 


x 3 + 1 + 1 > 3\^ = 3x 


TUdng tU: 

y 3 + 1 + 1 > 3y 
z 3 + 1 + 1 >3z 

Cong ba bat dang thile tren theo ve, ta dUOc: 

3(x + y + z) <x 3 + y 3 + z 3 + 6 = 9 
t+x + y + z < 3 

Vay gia tri ldn nhat cua P bang 3. 

Dang thile xay ra khi va chi khi x — y — z — !.□ 
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Bai 166. Cho x , y, z la cac so thitc ditdng thoa man x + 2y + 4z — 12. 

Tim gia tri Idn nhat cua hiiu thitc: 

p _ 2 xy 8yz 4zx 

x + 2 y 2y + 4z 4z + x 

Lcti giai: 

Tit bat dang thitc Cauchy-Schwarz, ta suy ra: 

p 2 xy 8 yz 4 zx 

x + 2 y 2y + 4z 4 z + x 

< 1 / 2 xy + 2 xy + 8yz_ + 8yz^ + 4zx 4zx \ 
~ 4 \ x 2 y 2 y 4 z 4 z x ) 

= ^ [2(x + 2y + 4z)\ = 6 
Vay gia tri ldn nhat cua P bang 6. 

Dang thitc xay ra khi va chi khi (x; y\ z) — (2; 3; !).□ 


Bai 167. Cho cac so thitc x, y, z thoa man x 2 + y 2 + z 2 — 5 va x — y + z = 3. 
cue 
P = 


Tim gia tri nhd nhat va gia tri Idn nhat cua bieu thitc: 

x + y — 2 


Ldi giai: 

Tit dieu kien ta co: 


De thay 2 ; 7 ^ 0. Ta co: 


= * + y 


z + 2 


(x + yf + (a; - yf 


O (x + yf = 10 - 2z 2 - (3 - zf 
O (x + t /) 2 = 1 + 62 - 3z 2 


P(z + 2) + 2 = x + y 
•O [P (z + 2 ) + 2 ] — l-b~ 6z — 3 z 2 
O ( P 2 + 3 )z 2 + (4 P 2 + 4P - 6) z + 4P 2 + 8P + 3 = 0 
Phitdng trinh co nghiem an z khi va chi khi 

A ' 2 > 0 O (2 P 2 + 2P - 3 ) 2 - (P 2 + 3) (4P 2 + 8 P + 3) > 0 

«- 36 <p <0 
23 “ “ 

- Vdi P = 0 khi va chi khi x = 2,y = 0, z = 1. 

.... „ 36 _ 20 66 7 

23 31 y 31 31 3g 

Vay gia tri Idn nhat cua P la 0, gia tri nhd nhat cua P la — — 


Bai 168. Cho a, b , c la cac so thitc ditdng thoa man a + b + c< Chitng minh rang: 

, 1 1 1 27 

a + b + c+ — + — + — > — 
a 2 b 2 c 2 2 


Ldi giai: 

Theo bat dang thitc AM-GM, ta co: 
Titdng tit: 




4 

a 

4 

b 
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4 + 4, 4 

c c 

Cong ba bat dang thilc tren theo ve, ta drtdc: 

1 1 1 4 4 4 

^ + 65 + ?- a + 6 + c“ 12 

111/, 4 4 4\ 

O-P — a + b + c -\—^ + ^ P ( a + b + c H-1- - 4— ) — 12 

a 2 b 2 c 2 \ a b c) 

Mat khac, theo bat dang thilc Cauchy-Schwarz ta co: 

4 4 4 6 2 36 


Suy ra: 


a b c a + b + c a+ b + c 


P > a + b + c+- 


36 


- - 12 


a + b + c 

Den day, sil dung tiep bat dang thilc AM-GM ta dtfdc: 

„ r , 9 1 135 

P — 0 + 5 + C+ - - - r + 


> 2 y (a + b + c) 

Vay bat dang thilc da drfdc chilng minh. 


4(a + 5 + c)J 4(a + 5 + c) 
21 27 


9 _ _ 

4(a + b T< c) J 2 2 


Bai 169. Cho cac so thilc during a, 5, c co tick bang 1. Chilng minh rang: 

(a 2 + b 2 + c 2 ) 3 > 9(a 3 + b 3 + c 3 ) 


Ldi giai: 

Chung ta can chilng minh tinh dong bac cua bat dang thilc sau: 

(a 2 H- b 2 + c 2 ) 3 > 9 abc(a 3 + b 3 + c 3 ) 

Theo bat dang thilc AM-GM, ta co: 

9abc(a 3 + b 3 + c 3 ) = 27 (ab)(ac) ~ + f + ^ < (ab + «c+ ^ + f + ^ 

3a \ 3a 

[ , , (a + b + c) (a 2 + b 2 + c 2 — ab — be — ca) 

= \ab + bc + ca+ - --- 

! 3a 

De ket thilc chilng minh, ta can chi ra rang: 

, , (a + b + c)(a 2 + b 2 + c 2 — ab — be — ca) 

ab + bc + ca+ - ----- 1 

3a 

Tuy nhien, bat dang thilc tren lai trfdng drfdng vdi: 

(a 2 + b 2 + c 2 — ab — be — ca) ^1 — ° C ^j > 0 

Danh gia tren thi luon dung do ta co the gia si! a = max{a, b , c} 

Vay bat dang thilc da drtdc chilng minh. 

Dang thilc xay ra khi va chi khi a = b = c — !.□ 


< (a 2 + b 2 + c 2 ) 3 


Bai 170. Cho a,b, c la cac so thilc ditefng. Tim gia tri Idn nhat cua bieu thilc sau: 

p Vab p Vbc | y/ca 


c + 2\fab a + 2-\/bc b + 2y/ca 

Ldi giai: 

Cach 1. 

Bieu thilc da cho drtdc viet lai thanh: 
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p \fah p Vbc. + y/ca 


1 1 1 

, -#'«' 


c + 2\fab a+ 2 Vbc b + 2yfca _J:—|_ 2 0 1 n ——b 2 

V'ca ^ aAc 

Dat 

Suy ra 

xyz = 1 va P = - - b -- b -- 

2 -\- x 2 + 7 / 2 + 2 ; 

Ta se chhng minh rang P = --b •--b -- < 1 

2 + x 2 + y 2 + z 

That vay , bat dang thilc tren tufting ditdng vdi: 

(x + 2 ) (7/ + 2 ) + (7/ + 2)(z + 2 ) + (z + 2 ) (x + 2 ) < (x + 2 )(y + 2 )(z + 2 ) 

<+> XT/ + yz + zx + 4(x + y + z) + 12 < xyz + 2(xy + yz + zx) + 4(x + y + z) + 8 
^ xy + yz + zx > 3 

Bat dang thufc cuoi hien nhien dung theo AM-GM ta co: 

xy + yz + zx > 3^/ {xyz) 2 — 3 

Vay gia tri ldn nhat cua P bang 1. 

Dang thtfc xay ra khi va chi khi a = b = c.D 

Cach 2. 

Ta bien doi bieu thufc P nhrf sau: _ 

2 Vab 2 Vbc 2^/ca 


2 P = 


= 3- 


c+2Vab a + 2Vbc b + 2^/cd 

(Hufdng 1) 

Theo bat dang thtrc AM-GM, ta co: 

2 Vab <a + b ; 2 Vbc < b + c; 2^/ca < c + a 

Do do: 

( cab 

-T + -;- + 7 - 

c+a+b a+b+c 6 +d#a 

(Hufdng 2) 

Theo bat dang thufc Cauchy-Schwarz, ta co: 

{y/a + Vb+ y/cf 


+ 2 Vab a + 2Vbc b + 2^/cd) 


2P < 3- 


Tuf do suy ra: 


1 + b + c + 2 Vab + 2Vbc + 2 y/ca 
P < 1 


Vay gia tri ldn nhat cua P bang 1. 

Dang thufc xay ra khi va chi khi a = b = c.D 


Bai 171. Cho cac so thitc dUdng a, b , c thoa man a + b + c= 3 abc. 
Tim gia tri nhd nhat cua bieu thtic: 


P = 


1 1 1 


Ldi giai: 


Ta co: 

a + b + c = 

Theo bat dang thhc AM-GM, ta co: 


= 3a6c <^>4- + -^ + — = 3 
ab be ca 

4 + 1 + 1 > - 
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Trtdng td, ta cung co: 

Do do: 

Td bat dang thde AM-GM, ta co: 


1 3 1 3 

— +T + 1 > -; — + 1 + 1 > - 

b 6 be 6 c 

P + 6>3("- + ^ + -) 

\a b c 


Suy ra: 

Do do: 


+ 7 + - >3 — + - + 


111 

-+7+->3 
a b c 


Vay gia tri nho nhat cua P bang 3. 

Dang tlitfc xay ra khi va eh! khi a = b = c — !.□ 


Bai 172. Cho cac so thiCc a, b thoa man a 2 + b 2 < a + b. Tim gia tri Idn nhat cua bieu thUc sau: 

P = a + 2b 


Lcti giai: 


Ta co: 

Bieu tilde P dtfdc bien doi thanh: 


a 2 + b 2 < a + b & (a - ^) 2 + (b - ^) 2 < ^ 


Theo bat dang thde Cauchy-Schwarz, ta c6: 


Td d6 suy ra: 


[(a - 1) + 2(6 -i)] < (l 2 + 2 2 ) [(a - 1)’ + (6 - i)^ < 

. 3 + VW 


Vay gia tri ldn nhat cua P bang 


3 + VlO 


^ 2 17- . i 7 11 • / (5 + VW 5 + 2a/I 0^ r 

Dang thrfc xay ra khi va chi khi (a; b) = I ———; — I .L 


Bai 173. Cho cac so thitc ditdng a, b , c. Chting minh rang: 

ab + bc + ca + l 3 3 /(a + b)(b + c)(c + a) > ^ 

(a + b + c+ if + 8 V abc ~ 

Ldi giai: 

Ta se chdng minh bat dang thde sau: 

ab + ba + ca + 1 > 2 abc 

(.a + b + cf ~ (a + b)(b + c)(c + a) 

(Hrfdng 1) 

That vay, bat dang thde tren trtdng ditdrig vdi: 

a 2 + b 2 + c 2 — ab — be — ca) (a + b + c + abc ) + 2 abc(ab + bc + ca) + (ab + be + ca)(a + b + c) 
> 4abc(a + b + c) + 3 abc 
Td bat dang thde AM-GM, ta suy ra: 

(a 2 + b 2 + c 2 — ab — be — ca)(a + b + c + abc) >0 (1) 
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(ab + bc + ca)(a + b + c) ^ 3 \J (abc) .3Vabc ^ ^ ^ 

- > - = oabc (2) 


, . , . 2 (ab + be + ca)(a + b + c) A (ab + be + ca) .abc(a + b + c) 

2 abc(ab + bc + ca) + — --->4 \j K ’ v ’ 




+ b + c)abc(a + b + c) 


= 4a6c(a + b + c) (3) 
2 abc 


Cong (1), (2) va (3) ve theo ve ta drfdc: 

ab + ba + ca + 1 > 

(a + b + cf ~ (a + b)(b + c)(c + a) 

(Hrfdng 2) 

Sh dung bat dang thtfc Cauchy-Schwarz, ta co: 


(ab + be + ca + 1) H-1-1- 1^ > (a + b + c + l) 2 

(a& + 6c + ca + 1) + - H-1- 1^ > (b + c + a + l) 2 


Cong hai bat dang thtfc nay lai theo ve, ta thu drfdc: 
Trf do suy ra: 


(ab + be + ca + 1) > 2(a + 6 + c + 1} 2 

abc 


ab + bc + ca + 1 . 


2 abc 


(a + b + c+1) 2 (a + b)(b + c)(c + a) 
Nhrf vay, ta chi con phai eh ting minh: 

2 abc 


- + 




+ 6) (6 + c)(c + a) . 


(a + 6)(6 + c)(c + a) 8\ 

Bat dang thtfc nay lai dung theo AM-GM: 

2 abc 3 3 I(a + b)(b + c)(c+ a) 


abc 


(a + b)(b +c)(c +a) 8 
2 abc 


abc 

1 3 /(a + 6)(6 + c)(c + a) 1 3/ (a + b)(b + c)(c + a) 


(a + b)(b +c)(c +a) 8 


abc 


abc 

1 3 l(a + b)(b + c)(c + a) 

8 V a&c 


> 4 \l 


abc I" (a + b) (b + c) (c + a) 


256 [ 

Vay bat dang thtfc da drfdc chtfng minh. 

Dang thtfc xay ra khi va chi khi a = b = c — 1.0 


Bai 174. Cho cac so thitc dvtdng a, 6 , c thoa man (1 — a) (1 — b) (1 — c) = 8 abc. 
Chting minh rang: 

a + b + c > 1 

Ldi giai: 

Gia sd a > b > c.Vi 8 abc > 0 nen ta xet 2 trifdng hdp sau: 

Trrfdng hdp 1: a > l. b > 1, c < 1. Khi do bat dang thtfc da cho hien nhien dung. 
Trifdng hdp 2: a < 1, b < 1, c < 1. 

Ta c6: 

(1 — a)(l — b)(l — c) — 8 abc — - = 8 

abc 

Dat: 
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1 — a 1 — 6 1 — c 

a 6 c 

Til dieu kien ta co xyz = 8 va bat dang thilc can chiing minh trd thanh: 

——- H-H- >l<&x + y + z>6 

x + 1 y +1 z + 1 

Bat dang thilc tren luon dung theo AM-GM: 

x + y + z > 3 ^/xyz = 6 
Vay bat dang thilc da dude chiing minh. 

Dang thilc xay ra khi va chi khi a = b = c — 


Bai 175. Cho cac so thvtc ducing a, b, c thoa man a 2 + 2 b 2 + 3c 2 = 3 abc. Chiing minh rang: 

8 6 4 

P = 3a + 2b c H-1- — H— 

abc 

Ldi giai: 

Si! dung bat dang thilc AM-GM, ta co: 

p=a+ l +2 ( a *t) + l{ b + A+- 

b 3 

>a+- + 2- 4+ -- 4 #4 
2a + 6 


Mat khac: 

3 abc = (a 2 + c 2 ) + 2(b 2 + c 2 ) > 2ac + 46c 

<s=^ 3a6 > 2(a + 26) 

3 2 1 

^2-a + 6 

Ma theo bat dang thilc Cauchy-Schwarz, ta co: 

2 1 > 9 

a 6 — 2a + 6 

Til do suy ra: 

2a + 6 > 6 

Do do: 


Vay gia tri nho nhat cua P bang 21. 

Dang thilc xay ra khi va chi khi a = b = c — 2.0 


Bai 176. Cho cac so thitc a, 6, c Idn hdn 1 va thoa man dieu kien a + b + c = abc. 

Tim gia tri nho nhat cua bieu thtic sau: 

^ a —2 6 — 2 c — 2 

p = - 1 -- 

6 2 c 2 a 2 

Ldi giai: 

Til gia thiet, ta co: 

, , 111, 

a + 6 + c = abc — + -—I-= 1 

ab be ca 

Ta bien doi bieu thilc P thanh: 

p = (a - 1) + (6 - 1) _ 1 + (6- 1) + (c- 1) 1 ] (c —l) + (a —1) _ 1 

Theo bat dang thilc AM-GM, ta co: 
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p > 2(g-l) + 2(6-1) + 2(c — 1) _ + 1 + I s ] 

ab be ca \a b c) 


1 1 1> 

—I - t H— 
a b c) 

1 1 1 

: ~ + r H- 

a b c 


n , 1 1 1 \ 

— 2 — + — H-) 

ab be ca J 


n , 1 1 1 

3 ( -r + 7- H- 

ab be ca 


--V3-2 


Vay gia tri nho nhat cua P bang \/3 — 2. 

Dang thde xay ra khi va chi khi a = b = c = -\/3.Q 


Bai 177. Cho x , y , 2 ; /a so t/idc thude doan [1; 4] va x > y,x > z. 
Tim gia tri nhd nhat cua bieu thde sau: 


V 


2x + 3 y y + z z + x 


Lcti giai: 

Dat a — b — c—- \kt — y/bc. Ta co - < a < 1, abc = lval<6<2 
x y z 4 

Khi do: 

1 1 1 
3a + 2 6 + 1 c+1 

Theo bat dang thde AM-GM, ta co: 

1 + 1 6 + e + 2 1+ 1 — be > 1 + 1 — be 2 2 

6 + 1 c+1 (6 + 1) (c+1) 6c + 6 + c + 1 6c + 2\/6c+l \/6c+l t + 1 

Do do: 

1 2_1 2 _ t 2 2 

3a + 2 t + 1 3 i + 1 2i^ + 3 t + 1 

Xet ham /(£) tren doan [1; 2], ta thay /'(£) = 2 g^ 2 — (T^+j ’ V * 

V3t(£ + 1) - (2t 2 + 3) < t ^-(t + 1) - (2t 2 + 3) < ^^(t + 1) - (2t 2 + 3) = < 0 

Do do f(t) nghich bien tren doan [1; 2], 

Vi vay P > /(2) = ^ 

Vay gia tri nho nhat cua P bang 

Dang thde xay ra khi va chi khi (x; y ; z) — (4; 1; 2).D 


Bai 178. Tim gia tri Idn nhat va gia tri nhd nhat cua xyz biet: 

8 — x 4 8 -y A 8 — z 4 

16 + x 4 16 + |/ 4 16 + z 4 — 

Ldi giai: 

Bieu thde da cho drfOc bien doi thanh: 

8 — x 4 8 -y 4 8-z 4 ^ q _ 1 1 1 + 1 

16 + x 4 + 16 + y 4 + 16 + z 4 “ ^ 16 + x 4 + 16 + y 4 + 16 + z 4 “ 8 

Td do suy ra: 
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‘ >1_‘_L_ 

16 + x 4 8 16 + y 4 16 + z 4 

1 1 1 1 
“ 16 ~~ 16 + y 4 + 16 ~~ 16 + z 4 


16(16 + y 4 ) + 16(16 + z 4 ) 


Theo bat dang thde AM-GM, t; 

y 4 

-t co: 

. _L 


(1) 

16(16 + y 4 ) 

16(16 + z 4 

) 8y/ (16 + y 4 )(16 + z 4 ) 

Trfdng trf ta co: 

^ 4 

x 4 

^ z 2 x 2 

(2) 

16(16 + z 4 ) 

16(16 + x 4 ' 

) “ 8y/(l6 + Z 4 )(l6 + X 4 ) 

x 4 

+ V 4 

^ x 2 y 2 

(3) 

16(16 + x 4 ) 

16(16 + y 4 

) _ 8^(16 + x 4 ) (16 + y 4 ) 


Nhan (1), (2) va (3) ve theo ve ta drfdc: 

_1_ > _ (xyz) 4 _ 

(16 + x 4 )(16 + y 4 )( 16 + z 4 ) ~ 8 3 (16 + x 4 )(16 + y 4 )( 16 + z 4 ) 

( xyz ) 4 < 8 3 
-4^2 < xyz < 4^2 

- Vdi xyz — — 4\/2 khi va chi khi x = y = z — — \/8 - Vdi xyz — 4\/2 khi va chi khi x — y — 
Vay gia tri ldn nhat cua xyz bang 4\/2; gia tri nho nhat cua xyz bang —4v / 2.D 


^8 


Bai 179. Cho cac so thuc diCdng a, b, c. Ch/ting minh rang: 

a 2 b 2 c 2 

2a 2 + be 26 2 + ca 2c 2 + ab ~ 

Ldi giai: 

Bat dang thde da cho trtdng ditdng vdi: 

be ca ab> 

2 a 2 + bc Jr 2b 2 + ca^ 2c 2 + ab ~ 

Theo bat dang thtre Cauchy-Schwarz, ta co: 

be ca ab (be) 2 ( ca ) 2 (ab) 2 

2 a 2 + bc + 2 b 2 + ca + 2c 2 + ab 2a 2 bc + (be) 2 + 2 ab 2 c + (ca) 2 + 2 abc 2 + (ab) 2 
> (ab + bc+ cay ^ 

~ (ab) 2 + (be) 2 + (ca) 2 + 2 abc(a + b + c) 

Vay bat dang thilc da drfdc chrfng minh. 

Dang tilde xay ra khi va chi khi a = b = c.D 



Ldi giai: 

Sd dung bat dang thde Cauchy-Schwarz, ta co: 

a b c _ a 2 b 2 c 2 

b 2 + be + c 2 + c 2 + ca +a 2 + a 2 + ab + b 2 ab 2 + abc + c 2 a be 2 + abc + a 2 b ca 2 + abc + b 2 c 

(a + b + c) 2 

~ ab(a + b) + bc(b + c) + ca(c + a) + 3 abc 

De y rang: 


ab(a + b) + bc(b + c) + ca(c -y a) + 3 abc = (a+ b + c)(ab + be + ca) 
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Do do: 

a h c 

h 2 + he + c 2 c 2 + ca + a 2 a 2 + ah + h 2 ~ 
Vay bat dang thde da drfdc chdng minh. 

Dang thitc xay ra khi va chi khi a = b — c.D 


a + b + c 
ab + bc + ca 


10 Bai 181 den bai 200 


Bai 181. Cho cac so thuc dUdng a. b, c. Chdng minh rang: 

a b r. 

+ TWT~i -— + - 


a + b + c 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 a 2 + b 2 + c 2 


Ldi giai: 

Theo bat dang thde Cauchy-Schwarz, ta co: 

a b c a 2 b 2 c 2 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 a 3 + a 2 b + ab 2 6 3 + 6 2 c + 6c 2 c 3 + c 2 a + ca 2 


(a + b + c) 


' a 3 + 6 3 + c 3 + a6(a + 6) + 6c(6 + c) + ca(c + a) 


De y rang: 


Do do: 


a 3 + b 3 + c 3 + ab(a + b) + bc(b + c) + ca(c + a) — (a + b + c) (a 2 + b 2 + c 2 ) 
a b c a+b+c 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 a? + b 2 + c 2 
Vay bat dang thde da drfdc chdng minh. 

Dang thde xay ra khi va eh! khi a = b = c.D 


Bai 182. Cho x, y, z la cac so thde thoa man x 2 + y 2 + z 2 = 1- xy. 

16 


Tim gia tri Idn nhat cua bieu thde sau: 


P = xy + yz + zx 


Ldi giai: 

Sd dung bat dang thde AM-GM, ta drfdc: 

12^5-17 - 12^5-17 , 12^5-17 

32 * 2 + 32 £ 16 (1) 

49-UVl l ue-2 

32 y 2 ~ 4 y 1 ’ 


Td (1), (2) va (3) suy ra: 


x + y + z 2 + —xy > 


9 3^5-2 


Do do: 


16 


xy + yz + zx < 


Vay gia tri ldn nhat cua P bang 


4(3a/5 + 2) 


3^-2 ' 


(zy + yz + zx) 
_ 4(3a/5 + 2) 
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Dang thdc xay ra khi va chi khi 


X (15 + 2 ^) 


41 V 15 
2 [82 


' D 


_ 

Bai 183. Cho a, b , c la cac so thitc dvtdng thoa man a 2 + b 2 + c 2 = 3. 
Tim gia tri Idn nhat cua bieu thitc sau: 

p Vab Vbc y/ca 
4 — Vab 4 — \fbc 4 — y/ca 


Ldi giai: 

Dat a — x 2 , b = y 2 , c — z 2 . 

Dieu kien da cho diftjc viet lai x 4 + y 4 + z 4 = 3 va P = 
Ta co: 


xy yz zx 

4 — xy 4 — yz 4 — zx 


Q = 


P + 3 


2 2 2 
4 — xy 4 — yz 4 — zx 


2 =1 _ 2 -xy = 1 _ 4 - (xy) 2 

4 -xy 4 -xy 9 - (xy - if 

4 - (xy) 2 4 (xy) 2 

<1 - <1 - b —— 

~ 9 _ 9 9 


Chilng minh tirdng til, ta ditdc: 


Do do: 


5 (xyf 

9 + 9 


——— < - 
4 — yz 9 

4 - zx ~ 9 


9 

M! 

9 


q < _ + x 2 y 2 + y 2 z 2 + z 2 x 2 

3 9 

Tuy nhien, theo bat dang thdc Cauchy-Schwarz ta lai co: 

(x 2 y 2 + y 2 z 2 + z 2 x 2 ) 2 < (x 4 + y* + z 4 ) 2 = 9 
^x 2 y 2 + y 2 z 2 + z 2 x 2 < 3 

Vi vay: 

Q<^ + ^ = 2hayP<l 

Vay gia tri ldn nhat cua P la 1. 

Dang tlnlc xay ra khi va chi khi a = b = c = !.□ 


Bai 184. Cho a,b,c la cac so thitc chtdng thoa man a + b + c = 1. ChUng minh rang: 

a 2 + b 2 + 2 b 2 + c 2 + 2 c 2 + a 2 + 2 > ^ 

a + b — ab b + c — bc c + a — ca ~ 

Ldi giai: 

Ta co: 

a + b — ab = (a + b) (a + b + c) — ab = a 2 + b 2 + ab + bc + ca 

Do do: 
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a 2 + b 2 + 2 


b 2 + c 2 + 2 


a 2 + b 2 + ab +be + ca b 2 + c 2 + ab + be + ca c 2 + a 2 + ab + bc + ca 
(a 2 + 1) + (b 2 + 1) | {b 2 + 1) + (c 2 + 1) | (c 2 + 1) + (a 2 + 1) 


a 2 + b 2 + ab +be + ca b 2 + c 2 + ab + be + ca c 2 + a 2 + ab +be + 
a 2 +1 a 2 +1 \ 


= £ 

eye 


a 2 — b 2 — ab — be — ca c 2 — a 2 — ab — be -4- c 

_ 4 (a 2 + 1) _ 

a 2 + a 2 + b 2 + c 2 + 2 (a& + be + ca) 

4 (a 2 + 1) , 4 (b 2 + 1) , 4 (c 2 + 1) 

> + . \2 4 


a 2 + (a + b + c) b 2 + (a + b + c ) c 2 + (a + b + c) 

4(a 2 + l) 4 (6 2 +1) 4(c 2 + l) 

- a 2 + 1 !) 2 + 1 e 2 + l 

Dang thrfc xay ra khi a = b — c — -. 

Bai 185. Cho a,b,c la cac so thitc dUdng thoa man a 2 + b 2 + c 2 = 3 . Chvtng minh rang: 
a b c , ^ „ 

7 4-1- -a — b — c > 6 

b c a 


Ldi giai: 

if dung bat d: 

Ta can chilng minh: 


Sii dung bat dang thtre Cauchy-Schwarz, ta co: y + - + - > ^ = — - y -b 2 

b c a ab + bc + ca ab+ bc+ ca 


+a+b+c >4 


ab + bc+ ca 

Dat t = a + b-^e> 0, bat dang thde trd thanh: 

6 

t 2 - 3 

Trtdng ditdng (t — 3) 2 (t + 2) >0 (luon dung) 
Dang thrfc xay ra khi a = b — c = 1 


+ t > 4 


Bai 186. Cho a,b,c la cac so thitc ditdnq thoa man: —b - H— = 1. Tim GTNN cua 

a b c 
b + c c + a a + b 


Lbi giai: 

Cdch 1. 

_ 111 

Dat x = y — z — - 
a b c 
Khi do gia thiet drfdc viet lai la 


x + y + z — 1 
va 

p = x 2 (y + z) + y 2 (x + z) + z 2 (x + y ) 
yz xz xy 

Si! dung bat dang thhc AM-GM ta c6 

1/ 42 

xy < -^{x + y) 
yz < h(y + z) 2 
xz < \{x + zf 

Dd do ta co 
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P = - 


P > -+ +- 

y + z z + x x + y 

Mat khac, sil dung bat dang thiic Cauchy-Schwarz ta c6 

y 2 z 2 > (x + y + z) 2 x + y + z 1 
y + z ' z + x x + y~2(x + y + z) 2 2 

Dang thiic xay ra khi va chi khi x = y = z — ~^a = b = c — 3. 

Cach 2. 

Ill 

Dat x = y — -,z = -,x + y + z = 1 
a b c 

Khi do: 

P = x 2 (- + ~^\ + y 2 (- + -^1 + z 2 (- + - 

\y zj \z x) \x y 

Sil dung bat dang thiic Cauchy-Schwarz ta co 

y 


/y + z 


/z7+^ + ~ 


Jz + x 


Jz + x + - 


y 


'x + y + y ) + z + z + x ' x + y 

z 2 1, 1 

H- >-(x + y + z) 2 = - 

y + z z + x x + y 2 V 2 


Mat khac, sil dung bat dang thiic Cauchy-Schwarz: 

x 2 f- + -\ = ^--(y + z) (- + - 

\y z ) v + z \y z 

Do do: 

y 


4x 2 

" y + z 


P> 4 -+ ^—+- =2 

\y + z z + x x + y J 

thiic xay ra khi va chi khi x = y = z = -, hay a = b — c = 3. 


Bai 187. Cho a, b, c la cac so thuc thoa man: a + b + c = 0 . Tim gia tri nhd nhat cua: 
P = i^$ + ^ + V3 + 4 & +'%S0& 


Ldi giai: 

Cach 1. 

Ta co: 

3 + 4“ = 1 + 1 + 1 +4“ > 4^D => V3T4^ > 2-^4“ 

Do do: 

P > 2.3v / v / 4“.4 6 ^ = 6 \/4 a+b+c = 6 
Dang thilc xay ra khi va chi khi a = b = c — 0. 

Cach 2. 

P = -\/3~+4“ + y/3 + 4 b + x/3 + 4^ 

Minkovski / \ 2 

> J(V3 + V3 + VS) + (2 a + 2 b + 2 c ) 2 

AM-GM / ... 

> y 27 + 9( V2 a+6+c ) 2 = 6 
Dang thlie xay ra khi va chi khi a = b = c = 0. 

Cach 3. 

Ta se chilng minh bat dang thile sau: \/4 x + 3 > ^ In 2^j x + 2 vdi x <G R. 
Tif do suy ra dieu phai chilng minh. 
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Bai 188. Cho a,b,c la cac so thuc dUdng thoa man a + b + c — 1. ChUng minh rang: 

1 + 1 + 1 < 27 

1 — ab 1 — be 1 — ca ~ 8 


Ldi giai: 

Ta co 


a + b + c — p = l,ab + bc + ca = q, abc — r =>• q < r < 
3 — 2 (ab + bc + ca) + abc(a + b + c ) 27 


(*) 


1 — (ab + be + ca) + abc(a + b + c) — a 2 b 2 c 2 8 
3 — 2 q + r + 19r _ \\q _ 27 r 2 > 0 


1 — g + r — r : 

Ta luon co: 

(a + b — c)(b + c — a)(c + a — b) < abc (1 — 2c)(1 — 2b) (1 — 2a) < abc 4g < 1 + 9r (2) 
Tif (1); (2) => 11(1 + 9r) < 4(3 + 19r — 27r 2 ) (1 — 27 r) + 4r(l — 27r) > 0 (luon dung do (*)) 

Vay bat dang thilc da cho dung! _ 


Bai 189. Chting minh rang neuO < y < x < 1 thi: 

Xy/y-yVx < - 


Cach 1. 

Vi 0 < x < 1 nen yfx > x 2 
Ta co: 

Vy/x + ^ > yx 2 + | > 2^.x 2 y = Xy/y 

Do do: Xy/y - yyfx < - 

Dang thilc xay ra khi va chi khi {x\ y) = (1; -) 

Cach 2. 

Ta co: 

- jy) '“T’" ( v ^ + ^~v / » V < | < i 


Dang thilc xay ra khi 


Vy = Vx-Vv 


x — 1 

1 

y = t 


Bai 190. Cho a, 6, c /a cac so thuc ditOng. CMng minh rang: 

1+ *y + ( 1+ »y + ( 1+ *v> «°w a 

b J V c / V a / ao + oc + ca 




Cach. 1. 

Theo bat dang thilc AM-GM, ta co 


a b c 

T H-I - > 

b c a 


3 
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■++++¥) 

l!+4 (p44) +4 (i + ; + ; 


' I , 1 c 2 

7 + 


> 2 - + -+- 


a b c\ (a b 

, - -r- ) + 4 ( + - 

b c a \b c 


b . 
- - + - 


^ 9(a + b + c) 

— ab + be + ca 

Dang thirc xay ra khi va chi khi a = b = c. 
Cach 2. 

Ta co 

2 a 


VT = 1 + 


> - 


3 + 2 


b 

- + - + ■ 


- 3 v 

Mat khac, ap dung bat dang thiic Cauchy-Schwarz ta co 
b 


)) 


nen ta can chilng minh 


-4-h - J (ab + bc + ca ) > (a + b + c) 2 

(a + 6 + c) 2 ^ a b c 

r’ - 7 - ^ T H-1- 

ab + bc + ca b c a 


3 + 2 


a b c\Y 

t H-r ) ) 

b c aJJ 


> 27 - + - - 
b c 


Dat t — -—\ -h - (t > 3), thi bat dang thtic trd thanh: 

b c a 

(3 + 2t) 2 > 27 1 
& (t — 3)(4t — 3) > 0 
(luon dung do t > 3) 

Dang thtfc xay ra khi va chi khi a = b = c. 


Bai 191. Cho a,b,c la cac so thiCc dvCdng. Tim gia tri nhd nhat cua bieu thiic: 

p a + b b+ c c + a 

a + b + c b+ c + 4a a + c+ 16 b 


Ldi giai: 


Dat 


Khi do ta co 


x — a + b + c 
y b — c + 4a 
z — c + a+ 16 b 
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y-x 

3 


15 

21x — by — z 
" 15 

va 

„ — 6x + 5 y + z 20x — by 16x — z 

P = ---H-- +- 

15x 15y 15z 

—4y4x z 16x 

= -1- — H-1-1- 

5 3x 3 y lbx lbz 

Mat khac, theo bat dang thdc AM-GM ta co 

y Ax 4 

— H-> - 

3x 3 y 3 

z lbx > 8 
lbx + lbz ~ 15 


nen ta suy ra 

Dang tilde xay ra khi va chi khi: 


—4 4 8 16 

P > -1-1- 

5 3 15 15 


y 4x 
3x 3 y 


5 

a= -c 


z lbx 

_ l 15-r ~ 15c 

Bai 192. Cho a,b,c la cac so thitc chldng thoa man a + b + c = 1. Chting minh rang: 


b= r 


ab be 

1-c 2 + 1~- 


1-b 2 - 


- < 


Ldi giai: 

Ta co 

o o n n o AM-GM 

1 — c 2 = (a + b + c) 2 — c 2 — a 2 + b 2 + 2 (ab + be + ca ) > 2 (ab + be) + 2 (ab + ac) 

Mat khac, ap dung bat dang tilde Cauchy-Schwarz ta co 

1 i / i 1 

2 (ab + be) + 2(ab + ac) ~ 4 \2(a5 + be) 2(ab + 

Do do 


ab 


ab 


' 2(ab + be) + 2(ab + ac) 8 \ab + be ab + ac 


ab 


ab 


Tricing tif ta cung co 


Cong lai thi ta co 


be 


1 

- 8 


1 — 5 2 ' 


be 

be 

be + ac 

be + ab 

ac 

ac 

ac + ab 

ac + be 


:-V 
■ 8 ^ 


ab + bc ab + be 


Dang thde xay ra khi va chi khi a = b = c — 

Bai 193. Cho a,b,c la cac so thitc dicing thoa man ab + bc + ca = 3. Chilng minh rang: 
“ 2 ■ 


yw+8 


MT 8 


/a 3 + 8 " 
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Ldi giai: 

Theo bat dang thdc AM-GM thi ta co 
Titdng tit thi ta cung co 


P+8 = y/{b + 2)(b 2 -2b + 4) <-{b 2 -b + 6) 


Do do 


s/-0 -r 8 < - (c 2 — e + 6) 
/f/ ; h+ 8 < ^ {a 2 — a — 6) 


b 2 


> 


2 a 2 


2 b 2 


2 c 2 


VW+~8 \/c 3 + 8 \/a 3 + 8 b 2 - b + 6 c 2 -c + 6 a 2 -a + 6 

Mat khac, ap dung bat dang thdc Cauchy-Schwarz ta co 

b 2 , c 2 (a + b + c ) 2 


- + - 


; + - 


b 2 — b + 6 c 2 — c — 6 a 2 — a + 6 a 2 + b 2 + c 2 — (a + b + c) + 18 
Do do, ta can chdng minh 

2(q + fr + c) 2 

a 2 + b 2 + c 2 — (a + b + c) + 18 — 

2(a + b + c) 2 + (q + b + c) 2 — (q + b + c) + 12 
■+* (q + b + c) 2 + (q + b +b) — 12 > 0 
Ma dieu tren thi luon dung bdi vi 

a + b + c > yj3(ab + bc + ca ) = 3 
Dang thhc xay ra khi va chi khi a=b=c=l. 


Bai 194. Cho a,b,c la cac so thitc d/iJclng . ChTf/rig minh rang: 

1 1 1 > x 2 + 201Ch/ 2 y 2 + 201 Oz 2 z 2 + 2010x 2 

x + y + z ~ x 3 + 2010 y 3 y 3 + 2010z 3 z 3 + 2010x 3 


Loti giai: 

Theo bat dang thdc Holder thi ta co 

(x 3 + 2010 t/ 3 ) 2 (1 + 2010) > (x 2 + 2010 y 2 f 
{x 2 + 2010t/ 2 )(1 + 2010) > (x + 2010y) 2 

Do do ta co 

2011 2 (x 3 + 2010 y 3 ) 2 {x 2 + 2010 y 2 ) > ( x 2 + 2010 y 2 f{x + 2010 y) 2 
x 2 + 2010 y 2 2011 

x 3 + 2010 y 3 ~ x + 2010 y 
Turing tit thi ta cung co 

y 2 + 2010z 2 


(1) 


2011 

y 3 + 2010z 3 ~ y + 2010^ 
z 2 + 2010x 2 ^ 2011 

z 3 + 2010x 3 “ * + 2010x 

Cong (1), (2), (3) ve theo ve ta co 

^ x 2 + 2010 y 2 ^ 2011 


( 2 ) 

( 3 ) 


< 


+ - 


2011 


+ - 


2011 


“ x 3 + 2010 y 3 x + 2010 y y + 2010z 'k + 2010a; 

Mac khac, sd dung bat dang thde Cauchy-Schwarz ta co 

1 1 2011 2 

2010 .- + - > - 

x y 2010a; + y 

1 1 2011 2 

201 % ++ 2010+7 

2010.+ 1 > ^ 
z x 2010 z + x 


( 4 ) 
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Cong lai ta co 

1 1 1 2011 2011 2011 
x y z ~ 2010x + y 2010 y + z 2010 2 + x K J 

Tit (4), (5) ta co 

1 1 1 - a; 2 + 2010 y 2 y 2 + 2010z 2 z 2 + 2010x 2 

x + y + z ~ x 3 + 2010 y 3 y 3 + 2010z 3 z 3 + 2010x 3 
Dang thilc xay ra khi va chi khi x — y — z. 


Bai 195. Cho a,b,c, d la cac so thyCc dUOng thoa man a+b+c+d— 4. Chting minh rang: 

a b c d > 

1 + b 2 c 1 + c 2 d 1 + d 2 a 1 + a 2 b ~ 
c T 1 d -\-1 


2 a + 1 , ^ + 1 _ 

’ b 2 + 1 c 2 + 1 Z d 2 + 1 


a 2 + 1 : 


Ldi giai: 

Cach 1. 

Ap dung bat dang thilc AM-GM ta co 

a ab 2 c ab 2 c 1 

T+¥c =a ~ i + ¥c ~ a ~ 2 b^Tc = a ~2 b ' 
Tifdng tit ta co 


fa ■ ac > a — \b(a + ac) = a — \(ab + abc) 


Cong lai ta co 

E cl 

1 + b 2 c 

eye 

Mat khac, theo bat dang thde AM-GM thi ta co 


TTfd- b ~ 1 f c + bcd) 

-J-^yc-licd + cda) 
c 1 

-- yr- > d- ~(da + dab ) 

1 + d?a 4 


> (a + b + c + d) — ^(ab + bc + cd + da) — ~^(abc + bed + eda + adb) 


Do do ta co 


ab + bc + cd + da = (a -fie) (b + d ) < -(a + b + c + d) 2 — 4 
abc + bed + eda + adb 
= ab(c + d) + cd(a + b) 

< |(a + b) 2 (c + d) + |(c + d) 2 (a + b) 

= |(a + b)(c + d)(a + b + c + d) 

< — (a + b + c + d) 3 = 4 


- + i 


1 i 


- + 


1 + b 2 c 1 + c 2 d 1 + d 2 a 
Dang thtfc xay ra khi va eh! khi a = b = c — d = 1. 

Cach 1. 

Ap dung bat dang thhc AM-GM ta co 

a +1 . . (a + l)b 2 

WZi = {a + 1 ) ~ L WZi- a + 1 


_^_>4—t-4—t. 4 — 2 

1 + a 2 b~ 4 4 


(ab + b)b 1 

-26- 0 + 1 --( 06 -f.*) 


Tifdng tif ta c6 


+ i -\(bc+c) 
|±i>c + i -\(cd+d) 
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>d+ 1 - -{ad+ 4 

Cong lai ta co 

y, ^^ > (a + 6 + c + o?) + 4 - ^(a + b + c + d) - ^{ab + be + cd + da) 

eye 

= ^ (a + b + c + d) + 4 — ^{ab + bc + cd + da) 

Theo bat dang thile AM-GM ta lai co 

ab + bc+ cd + da = (a -r c)(b + d) < ~(a + b + c + d) 2 = 4 


ya+l 1 1 

^b 2 +1 - 2 + 2 


Dang thlie xay ra khi va chi khi a = b = c — d = 1. 


Bai 196. Cho a,b,c, d la cac so thuCc dUdng thoa man <f— — -\ — — = 2. Chting minh rang: 

V a Vb V c 
1 1 1 
— / : + — , + — . : < 1 

Va + 36 Vb + 3c Vc + 3a 


Ldi giai: 

Theo bat dang thile AM-GM ta c 


-3 b = a + b + b + b> 4yfdV 


.1/1 1 2 \ 1/1 3' 


Va~Sb ~ ~ 4 V&J ~ 8\V^ Vb Vb) 

Titdng tit ta co 

i i / j_ _3_\ 

Vb + 3c — 8 \Vb Vc) 

1 1 / i 3 \ 

Vc + 3a _ 8 Vv/c V* 1 ) 

Cong lai ta co 

V 1 / 1 ( 1 3\_1 (l 1 1 

^V^+M~8^\v^ + Vi) “8 Vv^ + v^ + y 


Dang thile xay ra khi va chi khi <1 l l <^>a = b = c=~. 

I —H—t* H— 7 = = 2 4 

W 8 Vo v c 

Bai 197. Cho a,b,c, d la cac so thile diking. Cluing minh rang: 

a 3 b 3 c 3 ^ a + b + c 


Ldi giai: 
Cach 1. 


2 + ab + b 2 b 2 + be+ c 2 c 2 + ac +a 2 3 


->2 a-b ( 1 ) 


(1) 3a 3 > (2a — b) (a 2 + ab + b 2 ) 

(a — b) 2 {a + b) > 0 (luon dung) 


TitOng tit ta co 


http: //boxmath.vn/ 






Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


3 b 3 


Cong lai ta co 


b 2 + be + c 2 
3 c 3 

c 2 + ac + a 2 


b 3 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 3 
Dang there xay ra khi va chi khi a = b = c 

Cach 2. 

Ap dung bat dang tilde Cauchy-Schwarz ta co 


1 , . a b c 

> - ( 2 a — b + 2b — c + 2c — a) — --- 


vt = Y. 


(a 2 + fc 2 + c 2 ) 2 


a(a 2 + ab + b 2 ) (a(a 2 + a& + & 2 )) 


Ta co hang dang tilde 


(a(a 2 + ab + b 2 )) = (a + b + c) (a 2 + b 2 + c 2 ) 

eye 

va theo bat dang tilde Cauchy-Schwarz thi ta co 

a 2 + b 2 + c 2 > ^ (a + b + c) 2 

Do do ta co 

VT > a 2 + b 2 + c 2 > a+ b + c 


Dang there xay ra khi va chi khi a = b = c. 
Cach 3. 

Ta co 


a + b + c 


a 2 + ab+ b 2 a 2 + ab+ b 2 
b 3 


= a — b 


^ a 2 + ab + b 2 ^ a 2 + ab + b 2 

eye eye 

^ a 3 x - b 3 

** ^ a 2 + ab + b 2 = ^ a 2 + ab + b 2 


= (a — b) + (b — c) + (c — a) = 0 


Ter do suy ra 


2 VT = 


l 2 + ab + b 2 


a 3 + b 3 > -(a+ b) ( a 2 + ab + b 2 ) 

(a + b)(a— b) 2 > 0 (luon dung) 

2 „ T >i^ (a + 6 ) = ?h±i±£) 


^ VT> 

Dang there xay ra khi va chi khi a = b = c. 


a + b T c 


Bai 198. Cho a,b,c, d la cac so thitc dttctng. Ch/ttng mink rang: 

a 2 Ir c 2 1 , C.T— ,_ 

-- + t -(- V -{yah + Vbc+ \/ca) > a + b + c 

a + b b + c c + a 2 y v ’ 

Ldi giai: 

Bat dang there da cho teTOng deTOng vdi: 
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\(Vab + y/ca) > (a - °— ^ + (h - 7 ^—) + (c --— 

2 v V a + bj V b + c) V c.+■ a 


•O’ ^(Vab + Vbc + y/ca) > ^ ~~f ) 


Mat khac, theo bat dang thiic AM-GM thi 
ab 


ab 


\fab 


Turing tit ta cung co 


Cong lai thi ta co 


a + b 2 y/ab 2 

be < \fab 
b + c ~ 2 

ca y/ac 
c + a ~ 2 

^-(Vab + Vbc + y/ca) > ^ 


a + b 


Dang thiic xay ra khi va chi khi a = b = c. 


Bai 199. Cho x, y, z la cac so thitc dxidng thoa man xy + yz + zx = 3 xyz. Chting minh rang: 


xy 2 + 2x 2 zx 2 + 2 z 2 yz 2 4- 2 y 2 


> 1 


Ldi giai: 


- > 1 


x y 2 

Khi do dieu kien ditdc viet lai la 

\a, b, c> 0 
|^a + 6 + c = 3 

va bat dang thiic can cluing minh trd thanh 

a 2 b 2 

a + 2b 2 + b + 2c 2 + c + 2a 2 : 

Theo bat dang thiic AM-GM ta co 

a 2 2 ab 2 2 ab 2 2 3/ — —- 2 

--777 = a -——— > a - -= = a — - ■ V ab ■ ab ■ 1 > a — -(2 ab + 1) 

a + 2b 2 a + b 2 + b 2 ~ 3v^d 3 9 y J 

Turing tit ta cung co 

c 2 2 

^ + rh? + 7Tw- ia+i+c) -l iab+bc+ca) -l 


Cong lai ta co 

Ma theo ta lai co 
Suy ra 


ab + bc + ca< ~(a + b + c) 2 = 3 

a 2 b 2 c 2 ^ Q 4 2 2 _ 

a + 2b 2 + b + 2c 2 + c + 2a 2 ~ ~93~3~ 

1 


Dang thiic xay ra khi va chi khi a = b = c—l^x — y — z — -. 
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11 Bai 201 den bai 220 


Bai 201. Cfto 

x, y, z la cac so thuc dUdng thoa man x 2 + y 2 + z 2 = 3. Tir 
P = xy + yz + zx +- 

X + 7 / + Z 

a <?«a tri Idn nhat cua: 

Tct* giai: 

Ta co 


. n 10 

2 P + 3 

— (x 2 + y 2 + z 2 + 2 (xy + yz + zx)) 4-—-= (x + y + 

Z ) + , , 


x + 7/ + z 

X + y + z 

Dat t = x + y + 

z thi ta co 



ftS^^ + .* = 3 ^ (£(v3;3| 

> a /^ 2 + y 2 + z 2 = \/3 



2 P + 3 — f(t) — t 2 + — (l £ (a/3; 3]) 

Ta co 

/'(*) = 2(t t 7 5) >° Vt e (V3; 3] 

Suy ra ham so f(t) dong bien Vt e (a/3; 3] 

m < m =y 

f x 2 + y 2 + z 2 = 3 

14 14 

Hay P > y. Vay Max -P=y<^><x + ?/ + , 2 : = 3 ox = y = z = l. 

I x,y,z > 0 
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6 <G [0; 1]. Ch/iing minh rang: 


Ldi giai: 

Bang phep quy dong ta co bat dang thtfc can chtfng minh tufting difting vdi 
6 ^ 6(1 + o + 6 ) — 3(o + 6)(1 + a + 6 ) + 2a6(l + o + 6 ) 

<S=t a(l — a)(3 — 2b) + 6(1 — 6 )(3 — 2a) > 0(luon dung do a, 6 e [0; 1] ) 
Dang thilc xay ra khi va chi khi a = 6 = 1. 
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ab 


(a + b ) 2 — (a 2 + b 2 ) (a + 6) 2 — 4 a + b — 2 


o + 6 + 2 2 (a + 6 + 2 ) 2 (o + 6 + 2 ) 


(1) 


a + 6 < y / 2 (a 2 + 6 2 ) = 2^2 
z + 6 — 2 2-\/2 — 2 


- = a/2-1 (2) 


2 - 2 
Td (1) va (2) ta c 6 dieu phai chdng minh. 

f a = 6 r - 

•+> a = 6 = V 2 

o 2 + 6 2 = 4 


Bai 205. Cho a, 6 , c,d,eE [0; 1] . Chting minh rang: 

2-a + 2-6 + 2^ 

Theo bat dang thdc AM-GM, ta co 


(o - l ) 2 > 0 o (2 - a) < 1 -—- > a (do a e [ 0 ; 1 ]) 


Titdng tit ta cung co 


2-6 ' 
1 


Suy ra 


- + ——7 + —- >0 + 6 + c ( 1 ) 


2 — a 2 — 6 2 — c“ 

Ma ta lai co o, 6 , c e [0; 1] o 2 + 6 2 + c 2 < 3 nen ket hpp vdi bat dang thdc AM-GM thi ta co 
3(a + 6 + c) > (a 2 + 6 2 + c 2 )(a + 6 + c) > 3v^a 2 6 2 c 2 • 3\ / a6c = 3a6c 
<+> a + 6 + c > 3a6c (2) 

Td (1) va (2) ta suy ra 

2 ^ + 2 ^ + 2 ^- 3 “ MdpCm) 

Dang tlidc xay ra khi va chi khi a = b = c = 1 . 


Bai 206. Cho a, b, c la cac so thitc dUdng thoa man ab + a + 6 = 3. Chdng minh rang: 

3 a 3b ab 9 l9 3 

T-- + -- +-7 < O 2 + 6 2 + - 

6+1 o + l o + 6 2 


Ldi giai: 

Td gia thiet ta suy ra 


a 6 = 3 — (a + 6 ) 

3 — (o + 6 ) = ab < 


(a + 6) 2 


z + 6 > 2 


Ta co bat dang thde can chdng minh trfdng drfOng vdi 

3<t a + % ~ 2ai, > + % + t) + 3 ~ (« + b) < (g + b) 2 _ 2ab + 3 

ab + 0 + 6 + I o + 6 2 

Q 3(a + ^-6(3—(« + 6 )) + 3(a + 6) + 3-(a + 6 ) 3 

4 a + 6 2 

Dat t = a + 6(2 < t < 3) thi ta can chdng minh 
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3t 2 + 91 — 18 3 -t o „ 9 

—_— + _< (2 + 2t __ 

^ 3 1 3 + 9 1 2 - 18 1 +12-4 1< 4 1 3 + 8 1 2 - 18 1 
<+> (t — 2) (t 2 + t + 6) >0 (luon dung do t > 2 ) 
Vay bat dang thilc da cho dung. 

? , , f o + 6 = 2 

Dang thilc xay ra khi va chi khi < <+> a = b = 1. 


^ 2a/3-3 ru , N 
a <--- 


be (b + cf 
i + b + c — — < 

3a 12 a 


12 a 2 + 12a(b + c) — (b + c) 2 < 0 


a 2\/3 — 3 
b + c ~ 6 

2a/3-3 


(6 + c)(dpcm) 


Dang thlie xay ra khi va chi khi 


(2V3-3)6 


Bai 208. Cho a >b > 0. Chting minh rang: 


2 a + — < 2 b + 


icl* giai: 

Bat dang thile can chilng minh trfdng drfdng vdi 
(l + 4“) b <(l + 4 b ) a ^ 
ln(l + 4 X ) 

Xet ham f(x) — -- vdi x > 0. Ta co: 


ln(l + 4°) ln(l + 4 b ) 


4*.ln4»-(l + 4*)ln(l+4") 

1 ( ' x 2 (l + 4*) 

Suy ra f(x) nghich bien tren khoang (0; +oo) 

Do f(x) nghich bien tren (0; +oo) va a > b > 0 nen /(a) < f(b) va ta co dieu phai chilng minh. 


Bai 209. Cho x , y la cac so thuc duefng thoa man x + y > 4. Tim GTNN cua 
3x 2 + 4 y 3 + 2 
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A 3 1 2 

A= -x 4 - h + y 


Mat khac, theo bat dang thdc AM-GM ta co 


x 1 x 1 

+ -> 2 .\-.- = l 
4 x V 4 x 


1 , i , y > 3 3/A.2/ y _ 3 

i/ 2 4 4 “ V^ 2 4 4 2 

3 - 9 

i - + + 2 _ 2 

, ( x — 2 

5 thitc xay ra khi va chi khi < x + y = 4 <^> < 

2 _ y l.V -2 

4 


Bai 210. Tim GTNN, GTLN cua ham so 

2 yfx - 

y/1 — x + 4 


/l^+2 


2/bf* yid*; 

Ta co 


Suy ra 

Mat khac, ta co 


y -2 


-3Vl^x 


Suy ra 


y/x + y/l-x + 2 
Vay Max y = 2 x = 1 




y/x + Vl - X + 2 
Vay Min y = 1 x = 0 


Bai 211. Cho a,b,c la cac so thitc dvtdng thoa man a 2 + b 2 + c 2 = 3. Tim gia tri nhd nhat cua: 
a 2 + b 2 + c 2 

1 + ab + bc 1 +bc + ca 1 + ca + ab 


Ldi giai: 

Sit dung bat dang thde Cauchy Schwarz ta co 

a 2 b 2 c 2 > (a + b + c) 2 (a + b + c) 2 ^ 

1 + ab + be 1 + be + ca 1 +ca + ab ~ 3 + 2 (ab + bc + ca) a 2 + b 2 + c 2 + 2(ab + bc + ca) 

( a 2 b 2 c 2 \ 

Vay Min - - - -— + -- 7 -h -- T =l<^»a = l) = c= l 

\ 1 + ab + be 1 + be+ ca l + ca + abj 


Bai 212. Cho a,b,c la cac so thiCc khong am. Chting minh rang: 

(ab + be + ca) ( -—+ 1 + -—- ) > 4 

\(a — b) 2 (b — c) 2 (c — a) 


Ldi giai: 

Khong mat tfnh tong quat gia s it a > b > c, khi do ta co 

ab + bc + ca> ab , — -— > —, - -— 

(o — c ) 2 b 2 (c — a) 2 
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VT ~ ab + + ¥ 
ab a b 
~ (a — b) 2 b a 

- a ± + ( a - 6 ) 2 +2 


(a — b) 2 ' ab 

Mat khac, ap dung bat dang thiic AM-GM ta co 

ab (a — b) 2 ^ 
(a — b) 2 + ab ~ 

VT >2 + 2 = 4 


Suy ra 


Dang thiic xay ra khi va chi khi 


c = 0 

(a — b) 2 = ab 


3 + a/5. 


Bai 213. Cho x, y, z la cac so thuc ducfng thoa man xyz — 1. Chting mink rang: 

1 1 11 


x 2 + 2y 2 + 3 y 2 + 2z 2 + 3 z 2 + 2x 2 + 3 “ 2 

Ldi giai: 

Ap dung bat dang thtfc AM-GM ta co 

x 2 + y 2 > 2 xy 
y 2 + l>2y 


Suy ra 

Trfdng tit ta cung co 


1 


x 2 + 2y 2 + 3 2 xy + 2y + 2 

1 1 


VT < - 


y 2 + 2z 2 + 3 - 2 yz + 2z + 2 

1 1 

z 2 + 2x 2 + 3 ~ 2xz + 2x + 2 

111 


2\xy + y+l yz + z + 1 zx + x + 1 


Mat khac, do xyz = 1 nen ta co 


xy + y + 1 yz + z + 1 zx + x + l 

= 1 + y + x v 

xy + y+ 1 xy + y + 1 xy + y + 1 
_ xy + y+1 
xy + y+1 
= 1 


Suy ra VT < - 
; ~2 

Dang thiic xay ra khi va chi khi x = y = z — 1. 


Bai 214. Cho x,y /a cac so thiic dildng. Tim gia tri nhd nhat cua: 


4 y 3 


y 3 + (x+y) 3 


giai: 
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Do x > 0 nen ta c6 


+5- \+H 


Dat l — (t > 0) thi ta co 


I l + 8t 3 y 1 + (i + 1)3 
Mat khac, theo bat dang thdc AM-GM ta co 

1 + 8t 3 = (1 + 2t)(4t 2 - 2t + 1) < ^(4t 2 + 2) 2 = (2 1 2 + l) 2 


Ta se chilng minh 


That vay, ta co 


Th (1) va (2) ta suy ra 


1 + 8 1 3 ~ 2 t 2 + 1 


(1) 


^l + (- + l) 3 


‘It 2 


(2) (2 1 2 + l) 2 > t 4 + t(t + l) 3 

<S=t (t — 1) 2 (2 1 2 + t + 1) > 0(luon dung) 


p > —i—i— — — — i 
- 2p- + 1 2e- + i 


Vay Min P = 1, Dang tlitfc xay ra khi va chi khi 


1 + 2t = At 2 - 2t + 1 


<&t = lo-x = y 


Bai 215. Cho cac so thuc dvCdng a, b, c thoa man: a + b + c= 3va lam cho bieu thiic T luon 
xac dinh. Tim GTLN cua: 


T = \J a 2 + a — 1 + y/b 2 + 6 — 1 + yj c 2 + c — 1 


Bieu thirc T co nghla khi va chi khi 


y/a 2 + a — 1 


a, b, c> 


y/5 — 1 


TrfOng tit ra co 

Suy ra 

Vay Max T — 3 <+> £ = y = z = 1. 




— I) 2 5(a — l) 2 ^ 3a — 1 

4 4 “ 2 


#^+'l-T< 

\/c 2 + c - 1 < 


2 

3c- 1 


T K 3(a + b + c) - 3 = 3 



Ldi giai: 
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Tit gia thiet ab + be + ca = 5 va theo bat dang thde AM-GM thi ta co 
2y / 6(a 2 + 5) + 2yf§{b 2 + 5) + 2 Vc 2 + 5 
= 2\/6(a + 6) (a + c) + 2\J 6(6 + a) (b -+- c) + 2-\/(c + a) (c + 6) 

= 2\J (3a + 36) (2a + 2c) + 2-^/ (36 + 3a)(26 + 2c) + 2-y/ (c + a)(c + 6) 
^ 3a + 36 -f- 2a + 2c + 36 + 3a + 26-1- 2c +c+a+c+6 
= 3(3a + 36 + 2c) 

Do do 

p 3a + 36 + 2c ^ 2 

~~ \/6(a 2 + 5) + >/6(6 2 + 5) + v/^+5 “ 3 
Suy ra Min P = 1. 

Dang thitc xay ra khi va chi khi a = 6 = 1, c = 2. 


Bai 217. Cho cac so thitc dUdng x, y thoa man: 2x + 3y = 5. Tim GTNN cua bieu thitc 

||j 

2 y 


p _ V( 1 + x2 )( 1 + y 2 ) - 1 V( 1 + x3 )( 1 + y 3 ) - 1 

3x 2 


Xdf* giai: 

Theo bat dang thde Cauchy Schwarz thi ta co 

_ ^(1 + x 2 )(l + y 2 ) - 1 \/(l + x 3 )(l + y 3 ) - 1 


2y _ 

> 1 + zy — 1 1 + \Jx 3 y 3 — 1 

— 2y 3x 2 

_ yylh 

2 + 3|pv 

= ® s/Vs/ z/y^ \ 

3 \6 6y/x 6\/xJ 
Mat khac, sd dung bat dang thde AM-GM ta co 

Suy ra 


3x 2 


X y^/y yJH > 3 3 x yjy ■ ij\Jy _ y 
6 6y/x fty/x — y 6 6 y/x 6 yfx 2 


Vay GTNN cua P = 



P > ;c - y _ 2x + 3 ^ = 3 
- 3 + 2 6 6 


Bai 218. Cho cac so thitc ditdng a, b, c thoa man: abc = 1. Tim GTLN cua bieu thitc 
ab be ca 

P = -■#-1- 

a — 6 — a 6 6 — c — be #+ a — a 6 

giai: 

_ I 1 1 

Dat x = y = ^ * = -3 
o' 3 ¥ ¥ 

Ta co dieu kien da cho dddc viet lai thanh 

xyz — 1 
x, y , z > 0 
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P = - 


1 1 1 

x 3 + y 3 + 1 y 3 + z 3 + 1 x 3 + z 3 + 1 
Ta lai co x 3 + y 3 > xy(x + y) (x — y) 2 (x + y) > O(luon dung) 

Do do ta co 

1 < 1 * 
x 3 + y 3 + 1 — xy{x + y) + xyz x + y + z 


Trfdng tit ta co 


Suy ra 


1 


< 


y 3 + z 3 + 1 X + 7/ + Z 

_ 1 _<_ i _ 

x 3 + z 3 + 1 x + y + z 

P:_ y 2 


z + y + z x + y + 2; z + y + z 

Vay Max P = 1, Dang thdc xay ra khi va chi khi x — y — z — l^a = b — c — 1. 


Bai 219. Cho cac so thuc dvtdng a, b, c thoa man: ab + be + ca = 3. Chting mink rang: 

11 11 

1 + a 2 (b + c) 1 + b 2 (a + c) 1 + c 2 (a + b) ~ abc 


Ldi giai: 

Ap dung bat dang there AM-GM ta co 

abc = \Jab - be - ac < 

Suy ra 


ab + bc + ca 


1 + a 2 (b + c) 1 + b 2 (a + c) 1 + c 2 (a + b) 

1 1 1 
abc + a 2 (b + c) abc + b 2 (a + c ) abc + c 2 (a + b ) 

1 ( l + 1 + 1 
ab + be + ca \a b c 
1 ab + bc + ca 

abc 


ab + bc + ca 
1 

abc 

f ab = be = ca 

a = b = c = 1 

ab + be + ca = 3 


Bai 220. Cho cac so thile dUdng a, b, c thoa man: a + b + c < 2. Chdng minh rang: 

1 1 11 

a 2 + bc b 2 + ac c 2 + ab ~ abc 


Ldi giai: 

Ap dung bat dang tilde AM-GM ta co 
VT< 


1 1 

= + + : 


2 a ■ Vbc 2 by/ac. 2 eVab 


2 abc 

Sd dung AM-GM ta co 

Vab + Vbc + V®c < -(a + b) + - (b + c) + - (a + c) = a + b + &■< 2 

Do do 

VT < ~ = -j— (dpcm) 

2 abc abc K 
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, ? ? j, — b — c 2 

Dang thu’c xay ra khi va chi khi < <+■ a = b = c— -. 

I a + 6 + c = 2 3 


12 Bai 221 den bai 240 


Bai 221. Cho cac so thiCc dUdng a, b, c thoa man: a + b + c — -. Tim GTNN cua: 

1 1 1 4 

P = M + , , fe 


Lcfi giai: 


Sil dung bat dang thdc AM-GM ta co 
P= 1 + 


\/b + 3 b 


a + 3 b +1 + 1 b + 3c +1 + 1 Q 1 


- + 7 


- + - 


0 + 36 + 2 b + 3c + 2 c + 3o + 2 
Mat khac, sd dung bat dang thtfc Cauchy Schwarz ta co 

1 1 1 > 9 - 9 I 

o + 36 + 2 6 + 3c + 2 c + 3o + 2 4(o + 6 + c) + 6 3 + 6 

Suy ra P > 3 

f a + 6 + c = - 1 

4 a = b — c— -. 
a = b = c 4 


Bai 222. Cho a,b,c la cac so thtic dUdng thoa man abc = 1. Chdng minh rang: 

2 2 2 
(o + 1)2 + 62 + 1 + (6 + 1)2 + c 2 + 1 + (o + l) 2 + 6 2 + 1 - 


2/bf* giai: 

Ap dung bat dang thhc AM-GM, ta co: 

(a + l) 2 + 6 2 + 1 = a 2 + 6 2 + 2 a + 2 + 2(a6 + a + 1) 

Suy ra: 


Trfdng tit: 


_ 2 _ < 1 

(a + l) 2 + 6 2 + 1 ab + a + 1 


(6 + l) 2 + c 2 + l 6c + 6 + l 
2 1 


(c+l) 2 + a 2 + l ca + c+1 
Cong theo ve ba bat dang thu’c tren, ta ditOc: 

2 2 2 1 1 1 

(a + l) 2 + 6 2 + 1 (6 + l) 2 + c 2 + 1 (a + l) 2 + 6 2 + 1 — a6 + a + 1 6c + 6 + 1 co + c + 1 

Tit dieu kien abc = 1, ta co: 

1111a ab 

a6 + a + l 6c+ 6 + 1 ca + c+1 a6 + a + l abc + ab + a a 2 6c + abc + ab 

1 a ab 

ab + a + 1 ab + a + 1 ab + a + 1 
= 1 


http: //boxmath.vn/ 


123 





Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


(a + l) 2 + b 2 + 1 + (b + l) 2 + c 2 + 1 + (a + l) 2 + b 2 + 1 
Vay bat dang thile da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c = !.□ 


Bai 223. Cho a , 5, c la cac so thuc dvtctng. Tim, gia tri nhd nhat cua bieu thiic: 

,, 3a 4 b 5c 

P = 7 - 1 - 1 - ~ 

b + c c+ a a + b 


Ldi giai: 


Cong hai ve cua bieu thile P vdi 12, ta ditdc: 

P + 12= (a + b + c) + ^ + 

\b + c c + a a + b J 


Ap dung bat dang thile Cauchy-Schwarz, ta co: 

+ ^ + > (V3 + 2 + V5) 2 

b + c c + a a + b 

Do do: 

A (a/3 + 2 + y/E) 


P + 12 > (a + b + c) 

a + b + c 

Vay gia tri nho nhat cua P bang (y/3 + 2 + y/5) 2 — 12. 

b + c c + a a + b 


a + b + c 

P > {V3 + 2 + a/5) 2 - 12 


Dang tlitfc xay ra khi va chi khi: 


V5 


Vs ' 


Bai 224. Cho a, b, c la cac so thiCc dutdng thoa man a + b + c = 3. 
Tim gia tri Idn nhat cua bieu thttc: 

P- 111 

a 2 — a + 3 + 5 2 — 5 + 3 +c 2 — c + 3 

Ldi giai: 


Dau tien ta cluing minh: 


That vay: 


1 

a 2 — a + 3 


+^,Vae(0;3) (*) 


(*)<(=t 9 < (4 — a)(a 2 — a + 3) (a — 3)(a — l) 2 < 0 
Bieu thile tren luon dung Va e (0; 3) 

TrfOng tit, ta co: 

1 ^4 -b 

b 2 -b + 3 “ 9 

1 ^ 4-c 

c 2 - c + 3 “ 9 

Cong theo ve ba bat dang thde tren, ta drfOc: 

1 1 1 12-q-6-c _ 

a 2 — a + 3 + 5 2 — 5 + 3 + c 2 — c + 3 — 9 

Vay gia tri ldn nhat cua P bang 1. 

Dang thile xay ra khi va chi khi a = b — c — !.□ 


Bai 225. Cho a, 5, c la cac so thuc ditdng thoa man Vab + \fbc + yfca = 1. 
Chtinq minh rang: 

a 2 | b 2 | c 2 > 1 

a+b b+c c+a~2 

Ldi giai: 

Ap dung bat dang thile Cauchy-Schwarz, ta co: 
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a 2 b 2 c 2 > (a + b+ c) 2 _ a + b+ c 

a + b b + c c + a~2(a + b + c) 2 

Theo bat dang thitc AM-GM, ta co: 

o + 6 b + c c + a * ,5—— r — ,— / n \ 

a + 6 + c= —-1---1- — > Vab + Vbc+\/ca = 1 (2) 

Tit (1) va (2), suy ra: 

o 2 b 2 c 2 1 
a + 6 6 + c c + a — 2 

Vay bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a — b — c—1. □ 


Bai 226. Cho a, 6, c la cac so thitc ducfng thoa man ab + bc + ca = 1. Chitng minh rang: 


Ldi giai: 

Ap dung bat dang thitc AM-GM, ta co: 

/l ~ 3^3.960.(1 + Gab) < 4 + 96c + 6a6 

i 9-^abc ~ 9\fabc 

Trtdng tit: _ 

fl 7 > 4 + 9co + 66c 

/ - + 6c < - —= - 

I b 9\fabc 



Cong theo ve ba bat dang thitc tren, ta ditdc: 


Tit dieu kien ab + be + ca = 1 va bat dang thitc AM-GM, ta co: 

1 = ab + be + ca > 3\/a 2 b 2 c 2 <+ ^ (2) 

V abc abc 


Tit (1) va (2), suy ra: 

Vay bat dang thitc da ditdc chitng minh. 


—h 66 + \ — + 6c + \ —h 6a < —— 
a V 6 \ c abc 




Dau bang xay ra khi va chi khi a = 6 = c = -^-.0 


Bai 227. Cho a,b,c e [0,1] mo + 6 + c^O. Chitng minh rang: 

111 5 

- 1 - 1 -< - 

a6+l 6c +1 ca+1 a + 6 + c 

Ldi giai: 

Khong mat tinh tong quat ta gia sitl>a>6>c>0. 

Ta co: , w 

c + a + 6 < o + 6 + c < 1+ 6 + c+(1 - 6)(1 - c)+ 6c _ 2 


ab + 1 be + 1 ca + 1 be + 1 


be + 1 


a + 6 6 + c c + a_/a + 6 \ /6 + c \ / c + a . 

a6 + 1 6c + 1 ca + 1 \a6+l y"*"\6c+l /"\ca + l 


(1 — a )(l — 6) (1 — 6)(1 — c) (1 — c )(l — a) 


ab + 1 


be + 1 


ca + 1 


+ 3 


<3 (2) 
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Cong (1) va (2) theo ve ta dufOc: 

a+b+c+a+b+c+a+b+c 1 + 1 + 1 < 5 

ab + 1 bc+1 ca + 1 — ab+1 bc + 1 ca +1 ~ a + b + c 

Vay bat dang thufc da dufOc chufng minh. 

Dau bang xay ra khi va chi khi a = b = 1, c = 0 va cac hoan vi.D 


Bai 228. Cho a, 6, c la cac so thitc dutctng thoa man a + b + c— 1. Chvtng minh rang: 

1 1 1 2 2 2 

1 — a 1 — b 1 — c“l+a 1 + b 1 + c 


Lbi giai: 


Tufting tut: 


Cong theo ve ba bat dang thufc tren,ta dufOc: 

( 1 1 1 \ f 1 1 1 

2 - 1 - 1 - >4 - 1 - 1 - 

\l — al — bl — c) ~ I 1 + a 1 + b 1 + c 


+ y x + y ’ 

1 1 

ta co: 

4 


4 

1 — a 1 — b 

~ 2 — a 

-b 

1 +c 

1 

1 

_ > 

4 


in + 

1 — c — 

1 + a 


1 

J_> 

4 


1 — c 

1 — a 

1 + 6 



111 

Vay bat dang thufc da dufOc chufng minh. 

Dau bang xay ra khi va chi khi a = b = c = 


2 2 2 
l + o 1 + 6 1 + c 


TufOng tU: 


Bai 229. Cho a, b, c la cac so thitc ducfng thoa man a + b + c— 1. Chxtng minh rang: 

a 2 + 3 ab + b 2 + 3 be + c 2 + 3ca < ^ 
a — b 6+e c + a 

Liti giai: 

Suf dung bat dang thufc quen thuoc 4 xy < (x + y) 2 , ta co: 

a 2 + 3 ab 2 ab 1 . . 

-nr = a + —T < a + - o + 6) 

a+b a+b 2 

b 2 + 3bc 1 

c + a 2 

Cong theo ve ba bat dang thufc tren, ta dufOc: 

a 2 + 3 ab b 2 + 3 be c 2 + 3ca . , . 

-— + —-+- < 2 a + b + c = 2 

a + b b — c c + a 
Vay bat dang thufc da dufOc chufng minh. 

Dau bang xay ra khi va chi khi a = b = c = -. □ 


Bai 230. Cho a, b, c la cac so thitc ditefng. Chitng minh rang: 

' r 


a 3 + (b + c) 3 V b 3 + (c + a) 3 V c 3 + (a + b) 3 


Lbi giai: 
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Vdi moi so thitc x ditdng, ta co: 

4(1 + x 3 ) = 4(1 + x)(l - x + x 2 ) < (2 + x 2 ) 2 
Ap dung bat dang thitc tren va bat dang thitc Cauchy-Schwarz: 


1 + 


b + c 


2 4 ' 


b + c 


^ 4 r a 3 + ( 6 + c) 


< m- 

: 2 + 6 2 + c 2 


2 (6 2 + c 2 ) 


Tudng tit: 


a 3 + (6 + c) 3 a? + b 2 + c 2 
b 2 


b 3 


6 3 + (c + a) 3 a? + b 2 + c 2 


c 3 ^ c 2 
I c 3 + (a + b) 3 ~ a 2 + b 2 + c 2 
Cong theo ve ba bat dang thitc tren, ta ditdc: 


b 3 


c 3 


I a 3 + (b + c) 3 y b 3 + (c + a) 3 y c 3 + (a + b) 3 
Vay bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b — c. □ 


Bai 231. Cho a, b, c la cac so thiCc ditdng thoa man a + b + c = -. Chitng minh rang: 

\J a + 36 + \Jb + 3c + y/c + 3 a + 3 


Ldi giai: 

Ap dung bat dang thitc AM-GM, ta co: 


(a + 36) + 1 + 1 + 3\/a + 3 b <+* \/a + 3 b + 


ci + 36 + 2 


Tnong tit: 


\/b + 3c < 


6 + 3c + 2 


, c + 3a + 2 


Cong theo ve ba bat dang thitc tren, ta ditdc: 

^+ 35 + Vb+Tc + yr+T a < = 3 

Vay bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b — c — \+\ 


Bai 232. Cho a, 6, c la cac so thitc ditdng thoa man a + 6 + c = 3. 
Tim gia tri nhd nhat cua biiu thitc: 

p a 3 b 3 c 3 

a + bc 6 + ca c + ab 


Ldi giai: 

Ap dung bat dang thitc AM-GM, ta c6: 

a 3 a + bc 1 ^ 3a 
a + be + 4 + 2 “ 2 
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b 3 b + ca 1 > 3b 

b + ca + 4 + 2 “ 2 

c 3 c + a& 1 3c 

-1-h - > — 

c + ab 4 2 “ 2 

Cong theo ve ba bat dang thde tren, ta dupe: 

n 3 b 3 r 3 ^ 1 

-, + T-1-, > -(a + b + c) - -(ab + be + ca) - 

a + be b + ca c + ab 4 4 


Ta lai co: 

Do do: 


ab + bc + ca < -(a + b + c) 2 = 3 


n a 3 6 3 c 3 3 

P = -1-1-> - 

a + bc b + ca c + ab 2 
3 

Vay gia tri nho nhat cua P bang 

Dang tlidc xay ra khi va chi khi a = 6 = c = 1. □ 


3 

2 


Bai 233. Cho tarn giac ABC co ba canh a, b , c thoa man 
Ch/itng mink rang: 

Sabc < 


1 1 1 
a 2 + 1 + b 2 + 1 + c 2 + 1 


Xdf* giai: 

Td dieu kien da cho ta bien doi titdng ditcing: 


a 2 + 1 


Ap dung bat dang thde Cauchy-Schwarz, ta co: 

a 2 b 2 c 2 

a 2 + 1 b 2 + 1 c 2 + 1 

Do do: 

(a + b + c) 2 
a 2 + b 2 + c 2 + 3 - 


+ b 2 + 1 + c 2 + 1 : 

^ (a + b + c) 2 

~ a 2 + b 2 + c 2 + 3 

3 

ab + bc + ca < - 


Ap dung hai bat dang thde quen thuoc: 

• (a + b — c)(b + c — a)(c + a — b) < abc 

• 3 abc(a + b + c) < (ab + bc + ca) 2 
Ta co: 

Sabc = -y/(a + b + c)(a + b - c)(b + c - a)(c + a - b) 

< ^\/a6c(a + b + c) 

^ 1 / (ab + bc + ca) 2 

~ 4 V 3 

< — 

“ 8 

Vay bat dang thde da ditOc chdng minh. 

. v , y/2 

Dau bang xay ra khi va chi khi a = b — c = □ 


Bai 234. Cho a, b, c la ba canh cua tam giac. Chting minh rang: 

a + c a + b 2 a 

- 1 -- +- < 2 

3 a + b 3 a + c 2 a + b + c 

Ldi giai: 

Do a, b , c la ba canh cua tam giac nen: a + b > c, b + c> a,c + a> b 
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, a + b a + c . . 

Ta dat: x = —-—, y = —-—, z = a {x, y, z > 0) 

Suy ra: x + y>z,y-\-z>x,z + x>y 


Ta co: 

Mat khac: 
Tildng tit: 


a + c + a + b + 2 a x + y 

3 a + b 3a + c 2a + b + c y + z z + x 

2 z 


x + y > z <s=t 2z(x + y) > z(x + y + z)<+ 


x + y + z 


x + y + z y + z 

2 y y 

x+y+z z+x 

Cong ba bat dang thilc tren theo ve, ta dildc: 

x y z 

- 1 - 1 -< 2 

y + z z + x x + y 

Do do: 

a + c a + b 2a 

- 1 - 1 -< 2 

3 a + b 3 a + c 2a + b + C 

Vay bat dang thilc da ditOc cluing rninh.D 


z 

x + y 


z 

x + y 


Bai 235. Cho a,b,c la cac so thuc diCdng. Tim gia tri Idn nhat cua bieu thtic: 
p \fab p Vbc p 


fe+ 3 \fab a + 3 Vbc b + 3 y/ca 


Ldi giai: 

Dat x = y/a, y = Vb, z = y/c. Khi do: 


yz 


x 2 + 3 yz y 2 + 3 zx 

1 


2 + 3 xy 


3\x 2 + 3 yz y 2 + 3zx z 2 + 3xy 


Ap dung bat dang thilc Cauchy-Schwarz va bat dang thilc 3 (xy + yz + zx) < (x + y + z) 2 , ta co: 

+ V 2 + z 2 > (x + y + z) 2 > 3 

x 2 + 3 yz y 2 + 3 zx z 2 + 3 xy ~ (x + y + z) 2 + xy + yz + zx ~ 4 

Suy ra: P < | 

3 

Vay gia tri ldn nhat cua P bang 

Dang thilc xay ra khi va chi khi a = b — c. □ 


Bai 236. Cho a, b, c la cac so thitc thoa man a + b + c = 6. Chting minh rang: 

8“ + 8 b + 8 C > 4“ +1 + 4 b+1 + 4 C+1 

Ldi giai: 

Dat x — 2 a ,y = 2 b ,z = 2 C . Ta co 

xyz = 2 a+b+c = 64, (x, y,z> 0) 

Bat dang thilc can chilng minh tildng dildng vdi: 

xHy 3 + z*>4(x%$y 2 + z 2 ) 

Ap dung bat dang thilc AM-GM, ta co: 

x 3 + y 3 + y 3 > 3 xy 2 
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Trfdng tit: 


x 3 + z 3 + z 3 > 3 xz 2 

> 2x 3 + 2z 3 + 2z 3 > 3x(y 2 + z 2 ) O 5x 3 + 2y 3 + 2 z 3 > 3x(x 2 + y 2 + z 2 ) 
5 y 3 + 2 z 3 + 2x 3 > 3y(x 2 + y 2 + z 2 ) 


5z 3 + 2x 3 + 2y 3 > 3 z(x 2 + y 2 + z 2 ) 
Cong ba bat dang thiic theo ve, ta drfdc: 

3(x 3 + y 3 + z 3 ) > (x + y + z){x 2 + y 2 + z 2 ) 
Theo bat dang thtrc AM-GM, ta lai co: 

x + y + z > 3^/xyz — 12 

Suy ra: 

x 3 + y 3 + z 3 > 4(x 2 + y 2 + z 2 ) 

Vay bat dang tliilc da ditOc chilng minh. 

Dau bang xay ra khi va chi khi a = b — c — 2. □ 


Bai 237. Cho a, 6, c la cac so thuc dUOng thoa man ab + bc + ca = 1. CMng minh rang: 
a b 3c / 


Ldi giai: 

A B C 

Dat a = tan—,b = tan —, c = tan— vdi A, B, C e (0, n) 

Tif dieu kien ta co: 

A B B C C A 

tan—tan— + tan—tan— + tan—tan— = 1 
2 2 2 2 2 2 

B C 
^ tan— + tan— 

- = - A - A — 

A B C 

tan— 1 — tan—tan— 

2 2 2 

(it A\ (B C 

^ tan { 2~2 ) =tan \2 + 2 
•O' A + B + C = 7r 

Bat dang thilc can chilng minh titOng drfOng vdi: 

11 C 

-sinA + -sinB + 3sin— < vTO 

That vay, ap dung bat dang thhc Cauchy-Schwarz ta co: 

1 „ 1 C A+B A-B C 

-smA + -smB + 3 sm— = sm - cos -b 3 sm— 

2 2 2 2 2 2 

C A ~ B ■ p • C 

= cos—cos —-— -4*3sm— 

<r C , • C 
< cos-— + 3sm— 


\ \/l0 yjcos + sin = V^O 


Vay bat dang thilc da drfOc chimg minh. 

A-B , 

I cos ^r~ = 1 — 

Dau bang xay ra khi va chi khi < C . C o a = b = —3 + \/l0, c = 3 □ 
1 cos- sm— 

~ = 3 
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Bai 238. Cho a, b, c la cac so thuc dUdng. ChUng mink rang: 

a + b b + c c + a 13(a + b)(b + c)(c + a)(a + b + c) 

c + a + b ~ \J (ab + bc + ca ) 2 

Ldi giai: 

Ap dung bat dang thUc AM-GM, ta co: 

a + b b + c c + a ^ I (a + b)(b + c)(c +a) . . 
~ a ~T ~ Y {ab + bc + ca) 2 [ } 

SU dung bat dang thUc (x + y + z) 2 > 3 (xy + yz + zx ), ta lai co: 

(ab + bc + ca ) 2 > 3 abc(a + b + c) <+ —j- > ^ c ) (2) 

v ' _ ’ abc~ (ab + bc + ca) 2 v ’ 

TU (1) va (2) suy ra: 

a + b b + c c + a / 3 (a + 6) (6 + c) (c + a) (a + b + c) 

c + a + b ~ (ab — be— ca) 2 

Vay bat dang thUc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 239. Cho a, b la hai so thuc dUdnq. Chtinq minh ranq: 

(l + a 2 i,)(l+6 2 ) 

(a 2 — a + 1)(1 + b 3 ) - 

Ldi giai: 

Trude tien ta chUng minh bat dang thUc sau: 

(1 + x)(l + y)( 1 + z) > (1 & ^P) 3 (*) 

That vay, ap dung bat dang thUc AM-GM ta co: 

(1 + x)(l + y)(l + z) — 1 + x + y + z + xy + yz + zx + xyz 

> 1 + 3^/xyz + 3 {/x 2 y 2 z 2 + xyz = (1 + f/xyz) 3 
Do do bat dang thUc (*) da dupe chUng minh. 

Dau bang trong (*) xay ra khi va chi khi x — y — z. 

Ap dung bat dang thUc (*), ta co: 

(1 + a 3 )(l + a 3 )(l + b 3 ) > (1 + a 2 bf 
(1 + 1)(1 + 1)(1 + a 3 ) > (1 + a) 3 
(l + l)(l + b 3 )(l + b 3 ) > (1 + b 2 ) 3 
Nhan ba bat dang thUc tren theo ve, ta dupe: 

8(1 + „ 3 ) 3 (1 + 6 3 ) 3 > (1 + a) 3 (l + a 2 fe) 3 (l + i 2 ) 3 « < 2 

Vay bat dang thUc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b = 1. □ 


Bai 240. Cho a, b, c la cac so thitc ditdng thoa man a + b + c< 
Tim gia tri nhd nhat cua bieu thtic: 

111 

P = a + b + c + - + - + - 
a b c 

Ldi giai: 

Ap dung bat dang Cauhy-Schwarz va bat dang thUc AM-GM ta co: 
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„ , 111 

P — ct + b + C.+- h 7 H — 

a b c 
9 

> a + b + c H --- 

a + b + c 

i , 9 

— a + b + c + 


3 27 2 15 

> 2.- H-= — 

“ 2 4 3 2 

15 

Vay gia tri nho nhat cua P bang —. 

Dang thilc xay ra khi va chi khi a — b — c — Q| 


27 


4(a + b + c) J 4 (a + b — c) 


13 Bai 241 den bai 260 

Bai 241. Cho a, b la hai so thitc thoa man (a + b ) 3 + 4 ab > 2. 

Tim gia tri Idn nhat cua bieu thtic: 

P = 3(a 4 + b 4 + a 2 b 2 ) - 2(a 2 + b 2 ) + 1 

Ldi giai: 

Th dieu kien va bat dang tlitfc quen thuoc (a + b) 2 > 4ab, ta co: 

(a + b) 3 + 4 ab > 2l „ 

, ' 2 . “ > => (« + &) 3 + (a + 5) 2 > 2 <^> a + 5 > 1 

(a + bp > 4ab J 


Suy ra: 

Ta co: 


a ^ + y> ( a + i, ) 2 >l 


P = 3(a 4 + b 4 + a 2 b 2 ) - 2(a 2 + 5 2 ) + 1 
= 3 [(a 2 + 6 2 ) 2 — a 2 b 2 ] — 2(a 2 + 5 2 ) + 1 
(a 2 + 5 2 ) 2 ] 


^ 3 |^(a + b ) — 
P>^(a 2 + b 2 ) 2 -2(a 2 + b 2 ) + l 


- — 2(a 2 + 5 2 ) + 1 


= ^(a 2 + 5 2 ) 2 * ^s/'2a 2 + V2b 2 )' - 2. (v^a 2 + V^ 2 ) 

=-(a 2 + 6 2 ) 2 + (^\/2a 2 + \/25 2 -+- 


v 1 1 1 9 

^ T — — — 

“ 4 4 2 16 

9 

Vay gia tri nho nhat cua P bang —. 

16 


Bai 242. Cho a. b, c la cac so thitc ditdng thoa man -^r + + -4 = 1. Tim gia tri Idn nhat cua 

a 2 b 2 c 2 

bieu thvtc: 

1 1 1 

p = -1-1- 

VW + 2ab + W' + 2 be \/5c 2 + 2ca + 2a 2 


Ldi giai: 
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Tit dieu kien, ap dung bat dang thdc Cauchy-Schwarz ta dude: 


Taco: 
Do do: 


l +1 b + l-f (^ + ^ + ^) 

5a 2 + 2 ab + 2 b 2 = (2a + b) 2 + (a — b) 2 > (2a + b) 2 

1 ^ 1 


\/5 a 2 + 2 ab + 26 2 2a + b 

Ap dung bat dang thdc Cauchy-Schwarz, ta lai co: 

1 1 (2 1\ 


Suy ra: 
Tnong tit: 


2a + b 9 
1 


- + - 


< 1 (2 ^ 1 

V5a 2 + 2 ab + 2b 2 ~9\a + b 


1 < 1 (2 ^ 1 

V5 b 2 + 2be + 2c 2 ~9\b + c 
1 < \( 2 _±\ 

\/5c 2 + 2ca + 2a 2 ~ 9 \c a 
Cong ba bat dang tren theo ve, ta ditdc: 

„ i /i i i\ vs 

p < - I —I-b - < — 

-3 {a^b^cj ~ 3 

Vs 

Vay gia tri ldn nhat cua P bang —. 

Dang tiitfc xay ra khi va chi khi a = b = c — VS. □ 


Bai 243. Cho a, b, c la cac so thiCc dUdng thoa man a + b + c = 3. ChUng minh rang: 

3(a 2 + b 2 + c 2 ) + 4a6c > 13 


Ldi giai: 

Cach 1. 

Bat dang thdc can chdng minh trfdng drfdng vdi: 

3 [(a + b + c) 2 — 2 (ab + bc + ca)] + 4a6c > 13 
<S=b 3 [9 — 2 (ab + bc+ ca)] + 4a6c > 13 
<bb 3 (ab + bc+ ca) — 2abc < 7 
Khong mat tfnh tong quat ta gia sd a < b < c a < 1 
Ta c6: 

3(a6 + be + ca) — 2 abc = 3 a(b + c) + bc( 3 — 2a) 

(b + cl 2 

< 3a(b A c) + -—-^—(3 — 2a) 

= 3a(3 - a) + ^ 3 ~ a ^ (3 - 2a) 
1 .. 3 2 27 

= W + T 

1 3 27 

Xet ham s6 f(a) = —a 3 + -a 2 + — vdi 0 < a < 1 
w 2 4 4 “ 

3 3 3 

Ta co: f'(a) = — -a 2 + -a = -a(l — a) > 0 Va e (0; 1] 

=>- ham so /(a) luon dong bien tren (0; 1] 

=► /(a) < /(l) = 7 

Do do: 

3 (ab + bc + ca) — 2abc < 7 
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Vay bat dang tlitfc da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 

Cdch 2. 

Ta c 6: 

(a + b — c)(b‘+c — a)(c + a — b) = (3 — 2a) (3 — 2b) (3 — 2c) 

= 27 — 18(a + b -f c) + 12 (ab + bc + ca) — 8 abc 


= 12 (ab + bc + ca) — 27 — 8 abc 

Tit bat dang thtrc abc > (a + b — c)(b + c — a)(c + a — b), ta co: 

4 

abc > 12(ab + bc + ca) — 27 — 8abc <=s> abc > ~(ab + bc + ca) — 3 

D ° d6: 16 

3(a 2 + b 2 + c 2 ) + 4abc > 3(a 2 + b 2 + c 2 ) + — (ab + bc + ca) — 12 

= ^ (a 2 + b 2 + c 2 ) + jj (a 2 + b 2 + c 2 + 2 ab + 2 be + 2 ca) — 12 

> -(a + b + c) 2 + -(a + b + c) 2 — 12 = 13 
Vay bat dang tlitfc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 

Cdch 3. 

Khong mat tinh tong quat ta gia sd c(l — a)(l — b) > 0 abc > c(a + b) — c 
Khi do: 

3(a 2 + b 2 + c 2 ) + Aabc >3 ^(a + b) 2 + c 2 j + 4c(a + b) — 4c 

- 3 ^ (3 - c) 2 + c 2 j + 4c(3 - c) - 4c 

_ (c — l) 2 + 26 
2 

> 13 

Vay bat dang tlitfc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = c = !.□ 


Bai 244. Cho a, b, c la cac so thuc khong dm thoa man a + b + c > 0. 
Tim gia tri nhd nhat cua bieu thtic: 

_ a 3 + b 3 + 16 c 3 
(a + b + c) 3 


Ldi giai: 

a b c 

Dat x =- - -, y = - - -, z = - - -(x, y,z > 0) 

ct + 6 + c a + b + c o + 6 + c 

Khi do: 

f x+y+z =1 
|P = x 3 + y 3 + 16 z 3 

Ap dung bat dang thilc Cauchy-Schwarz, ta co: 


(x 2 + y 2 + 4z 2 ) ^1 + 1 + |^ > (x + y + z) 2 => x 2 + y 2 + 4z 2 


4 

> - 
- 9 


(x + y + z)(x 3 + y 3 + 16 z 3 ) > (x 2 + y 2 + 4 z 2 ) 2 => x 3 + y 3 + 16 z 3 > - 


Vay gia tri nho nhat cua P bang 


16 
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Dang thde xay ra khi va chi khi x — y — Az ^ a = b — Ac. □ 


Bai 245. Cho a, b, c la cac so thuc dUdng thoa man a 2 + b 2 + c 2 = 3. Chting mink rang: 
ab 2 + be 2 + ca 2 <2 + abc 

Lcti giai: 

Khong mat tfnh tong quat gia sii b nam gida a va c. Ta co: (b — a) (b — c) <0 
Do do: 

ab 2 + be 2 + ca 2 — abc = b(a 2 + c 2 ) + a(b — a)(b — c) 

< b(a 2 + c 2 ) 


2 \b 2 . 


a 2 + c 2 a 2 + c 2 


Suy ra: 


o^+c 2 3 

2 2 


ab 2 + be? + ca 2 < 2 + abc 
Vay bat dang thde da drfOc chdng minh. 

Dau bang xay ra khi va chi khi a = 6 = c = 1. □ 


Bai 246. Cho a, 5, c la cac sd thuc dvtctng thoa man ab-\-bc + ca = 2 abc. CMng minh rang: 

1 1 1^1 

a(2a — l) 2 + b(2b- l) 2 + c(2c - l) 2 “ 2 

Ldi giai: 

I 1 1 

Dat x — -,y = T , z — - 
abc 

Tit dieu kien ta co: x + y + z = 2 

Bat dang thde can chdng minh trfdng drfdng vdi: 

x 3 y 3 z 3 ^ 1 x 3 i' 3 ? 3 1 

(2 + f^y) 2 + (2 ~^zf - 2 ^ Jy + z) 2 
That vay, ap dung bat dang thde AM-GM ta co: 


(■y + z ) 2 

y 3 

(z + x) 2 


(z + xf 
3 

- 4 X 


(x + y) 2 > 2 


(x + y) 2 

Cong ba bat dang thde tren theo ve, ta drfdc: 

y ? 


c z + x 3 

- H-> -y 

8 “ A y 

'^>-r 


a „ x + y z 3. . 

(»+^ + + + - j (ir+!,+2 ) 


2 “ 4 

~ feTIr + (TTW + ¥TW 2 ~ + v + z) = S 

Vay bat dang thde da drfOc chdng minh. 

1 ' 2 3 

Dau bang xay ra khi va chi khi x — y — z — - a — b — c — Q 
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Bai 247. Cho a, b, c la cac so thitc dUdng thoa man ab + bc + ca = 1. 
Tim gia tri nhd nhat cua bieu thitc: 

P = 2a 2 + 2 b 2 + c 2 


Ldi giai: 

Ap dung bat dang thdc AM-GM, ta co: 

\/X 7 -l 2 V17-1 vTf- 1 . 

— 4 —“ + ~T “ b ^ —2^ ab 
9-vTa 2 , 1 Vrf- 1 , 

~^ b "r ~—^ bc 

1 9 9 — vTr 9 V17 — 1 

Cong ba bat dang thdc tren theo ve, ta dude: 

2 a 2 + 2 b 2 + c 2 > —~(ab + bc + ca) — —- 


Vay gia tri nho nhat cua P bkn< 


Vvf-i 


Dang thilc xay ra khi va chi khi a = b = ——, c = _ . □ 

V17 2v17 


Bai 248. Cho a, b, c la cac so thitc diidng thoa man a 3 + b 3 + c 3 = 1. 
Tim gia tri Idn nhat cua bieu thitc: 

P = a + 2b + 5c 


Ldi giai: 

Ap dung bat dang thdc AM-GM, ta co: 

1 


b 3 + 


1 + 2V2 + 5V5 1 + 2V2 + 5V5 ^/(l + 2 V 2 + 5\/5) 2 

2V2 ^ 2V2 > q 2a 

1 + 2V2 + 5V5 l + 2\/2 + 5\/5~ (1 + 2\/2 + 5V5) 2 

3 b\/h 5-\/5 ^ q 5a 

1 + 2a/2 + 5a/5 1 + 2\/2 + 5-\/5 — ^/(l + 2\f2 + 5a/5) 2 

Cong ba bat dang thdc tren theo ve, ta drfdc: 

a 3 + b 3 + c 3 + 2 > 3 (a + 2b + 5c) 

y (1 + 2\f2 + b\fb) 2 

a + 2b + 5c < ^/(1 + 2 v / 2 + 5 a / 5) 2 
Vay gia tri ldn nhat cua P bang ^/(l + 2\f2 + b\fb) 2 . 

y/2 


Dau bang xay ra khi va chi khi a = 


\Zl + 2^2 + 5v / 5’ 6 \ / 1 + 2 a /2 + 5 v / 5 ,U ^1 + 2 ^ + 5 ^ " 


V5 


Bai 249. Cho a,b,c la cac so thitc ditdng thoa man abc = 1. Chdng minh rang: 

1 , 1 , 1 

a 2 + b 2 + 1 + 6 2 + c 2 + 1 + c 2 + a 2 + 1 - 1 


Ldi giai: 

Dat x 3 = a 2 , y 3 = b 2 , z 3 = c 2 (x, y,z > 0). 

Ta c6 x 3 y 3 z 3 = a 2 b 2 c 2 = 1 => xyz — 1 

Bat dang thdc can chdng minh trfdng drfdng vdi: 
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x 3 + y 3 + 1 y 3 + z 3 + 1 z 3 + x 3 + 1 
That vay, ap dung bat dang thtfc AM-GM ta co: 

x 3 + y 3 + 1 — (x + y) (x 2 + y 2 — xy) + xyz 
> {x + y)xy + xyz 
= xy{x + y + z) 

Suy ra: 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 
1 


1 


< 


1 


Tudng tit: 


x 3 + y 3 + 1 xy{x + y + z ) 

1 1 


y 3 + z 3 + 1 yz(x + y + z) 

--- < --- 

z 3 + x 3 + 1 zx(x + y + z) 

Cong ba bat dang thtfc tren theo ve, ta ditOc: 

1 1 11 


x 3 T y 3 T 1 y 3 + z 3 + 1 z 3 + x 3 + 1 xy(x + y + z) yz(x + y + z) zx(x + y + z) 

1 fill 

— -(- 1 - 1 - 

x + y + z \xy yz zx 

1 x+y+z 
x + y + z' xyz 


Vay bat dang thtfc da dupe chtfng minh. 

Dau bang xay ra khi va chi khi x = y = z = l^a = b — c — l. □ 


Bai 250. Cho a, b la hai so thvtc dicing thoa man a + b = 2. Tim gia tri nhd nhat cua bieu thtic: 

a b 

= 1 + b 2 + 1 + a 2 


Ldi giai: 

Ta co: 


ab 2 

I Tb 

ab 2 ba 2 


l + b 2 

l + ( 

ab 2 

ba 2 

2b 

2 a 

ab 


4 ^ 

b) 2 = l 


Vay gia tri nho nhat cua P bang 1. 

Dang thtfc xay ra khi va chi khi a = b = 1. □ 


Bai 251. Cho a,b,c& (0,1]. CMng minh rang: 

_i_>i +(1 - a)(1 _ w _ c) 


Ldi giai: 

Khong mat tinh tong quat ta gia sh 1 > a > 6 > c > 0 = 
Ap dung bat dang AM-GM, ta co: 


a + b + c 3 
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(1 — b) + (1 — c) + (1 + b -t- c) > 3^/(1 — 6)(1 — c)(l + b + c ) 
+> 1 > (1 - b)(l - c)(l + b + c) 


a + h + c 1 + b + c 


a + b + c 


>(l-a)(l-b)(l-c} 


a + b + c 


> (1 - a)(l - 6)(1 - c) + 


a + b + c 


Vay bat dang thiic da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b — c — 1. □ 


> 3 + (! - «)(! -&)(!- c) 


Bai 252. Cho a, b, c la cac so thuc thoa man abc = 1. CMng minh rang: 

1 1 1 

- 1 - 1 -< 1 

o+6+l 6+c+l c+o+1 


Ldi giai: 

Dat x 3 = a, y 3 = b, z 3 — c (x, y,z > 0). 

Ta co x 3 y 3 z 3 — abc — 1 =>■ xyz — 1 

Bat dang thtfc can chilng minh titdng ditdng vdi: 

1 1 1 1 

x 3 + y 3 + 1 y 3 + z 3 + 1 z 3 + x 3 + 1 — 
That vay, ap dung bat dang thiic AM-GM ta co: 

x 3 + y 3 + 1 — (x + y) ( x 2 + y 2 — xy) + xyz 
> {x + y)xy + xyz 
= xy{x + y + z) 

1 


Suy ra: 
Trfdng tit: 


1 


< 


x 3 + y 3 + 1 xy(x + y + z ) 

1 1 


2 / 3 + z 3 + 1 yz(x + y + z) 

- - - < - - - 

z 3 + x 3 + 1 za:(a: + y + z) 

Cong ba bat dang thiic tren theo ve, ta drfdc: 

1 1 11 1 


1 


x 3 + y 3 + 1 y 3 + z 3 + 1 z 3 + x 3 + 1 xy(x + y + z) + ?/ + z) zx(x + y + z) 

1 1 1 

,- 1 - 1 - 

x + y + z \xy yz zx 

1 x + y + z 


x + y + z xyz 


Vay bat dang thufc da drfpc chihig minh. 

Dau bang xay ra khi va chi khi x — y = z = l^a = b — c — 1. □ 
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Bai 253. Cho a, 5, c la cac so thiCc dvtdng. Tim gia tri nhd nhat cua bieu thdc: 

P = 4(a 3 + b 3 ) + v/4 (b 3 + c 3 ) + + a 3 ) + 2 ^ ^ ^ 

Ldi giai: 

Ap dung bat dang thdc AM-GM, ta co: 

4(x 3 + y 3 ) — x 3 + y 3 + 3(x + y)(x 2 + y 2 - xy) 

>x 3 + y 3 + 3(x + y)xy 

= (x + 7 /) 3 

Suy ra: 

P > (a + b) (b + c) + (c + a) + 2 + ^ + 

„ / , a b c\ 

= 2 V* + 6 + e +pi + ? + sO 

AM-GM 
> 12 

Vay gia tri nho nhat cua P bang 12. 

Dang tlihc xay ra khi va chi khi a = b = c = 1 . □ 


Bai 254. Cho a, 5, c la cac so thUc dUdng thoa man a+ b + c< -. 
Tim gia tri nho nhat cua bieu thdc: 

P=(a + b)^l + T- + jc‘ + T 


Ldi giai: 

Ap dung bat dang thdc quen thuoc y/a\ + a\ + y/b\ + b\ > yj (aq + bi) 2 + (a 2 + b 2 ) 2 , ta co: 

>^(a + J + c)>+(l + l + l 

Theo bat dang thdc Cauchy-Schwarz, ta lai co: 

111 9 

- h 7 H > -:- 

a b c a + b + c 

Do do: 

' 81 

(a + b + c ) 2 


P > \ {a + b + c ) 2 + 


, , 81 1 1215 

( “ + i, + c) + 16(a + 6 + cH + 16(a + 6 + c)2 


AM-GM /g 135 3^/17 

^ q + T = T 


Vay gia tri nho nhat cua P bang —^. 
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Bai 255. Cho a , b , c la cac so thitc ductng thoa man a + b + c= 1. 
Tim gia tri I6n nhat cua bieu thitc: 

P — y/a 2 + abc -r y/b 2 — abc + y/ c 2 + abc + ! 


P = y/a 2 (a + b + c) + abc + y/b 2 (a + b + c) + abc + yf c 2 (a + b + c) + abc + 9 abc 
= yj o(ci + 6 )(o + c) + y/b(b + c) (6 + o) + yj c(c + o) (c + b) + 9 abc 
Ap dung bat dang thitc AM-GM: 

E y/a(a + b)(a + c ) < E ^ [0 + 6 ) f (if + c)] = J E + !) 

eye eye Z Z eye 

Ta lai co: 

-y/a(a + 1) + yfabc = -y/a{a + 1 + 2 y/bc) < -y/a(a + b + c + 1) 


P < -(a + 6 + c+l) (y/a + y/b + -\/c) + 6 yfabc 
< -(a + b + c+ l)y/S(a + b + c) + 6 \l T ^ 


Vay gia tri ldn nhat cua P bang —— 


Bai 256. Cho a, b, c la cac so thitc ductng thoa man - + 7 + — = 1. 

abc 

Tim gia tri nhd nhat cua bieu thitc: 

P = a 2 + 6 2 + c 2 


Ap dung bat dang thitc Cauchy-Schwarz, ta co: 

(a + 2b + 3c) (—f -—b — ) ^ (1 + 4-1- 9 ) 2 =/- a + 2 b + 3c ^ 196 
\a b c ) 

(a 2 + b 2 + c 2 )(l + 4 + 9) > (a + 2b + 3c ) 2 =► a 2 + b 2 + c 2 > 2744 
Vay gia tri nho nhat cua P bang 2744. 


Dang thlie xay ra khi va chi khi 


l + 8 2T = i f«= i4 

a a i b C c «U = 28.D 


Bai 257. Cho a, b la hai so thuc dvtctng. ChUng minh rang: 

< i + a ) M ) ( i+ ^ 286 


Ldi giai: 

Ap dung bat dang thile Cauchy-Schwarz, ta co: 


> (1 + y/b) 2 


(1 + y/b) 2 (^1 + -j=j >(l + 3 ) 4 
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Nhan hai bat dang thttc tren theo ve, ta drfdc: 

(1+a) ( 1 + ^) ( 1 + 7 i ) 2 - 256 

Vay bat dang thhc da drfdc chrfng minh. 

Dau bang xay ra khi va chi khi a = 3, b = 9. □ 


Bai 258. Cho a, b la hai so thttc khac 0. 

Tim 

gia 

a 2 

tri nho nhat cua bieu thitc: 

o « 4 

b 4 

b 2 a b 

P = ¥ + 

¥ ~ 

' b 2 

a 2 + b + a 


Ldi giai: 


Dat t=y + -=>t 2 = ^- + ^- + 2>4=>|t|>2 
ha b 2 a 2 

Khi do: 

P = (t 2 - 2 ) 2 - 2 - (t 2 - 2) + t = t 4 - 5t 2 + t + 6 
=£■ P + 2 = t 4 — 5t 2 + t + 8 = (t + 2) (t 3 — 2 t 2 — t + 3) 

• Neu t > 2 thi: 

t 3 - 2t 2 - t + 3 = (t - 2)(t 2 - 1) + 1 > 1 
=> P + 2 = (t + 2)(t 3 - 2t 2 - t + 3) > (2 + 2 ).1 
=> P > 2 ( 1 ) 

• Neu t < — 2 thi: 

t 3 - 2t 2 - t + 3 = (t + 2) [(t - 2 ) 2 + 3] - 11 < -11 < 0 
=► P + 2 = (t + 2 )(t 3 - 2 t 2 - t + 3) > 0 
=>- P > -2 (2) 

Trf (1) va (2) ta co: P > — 2 

Vay gia tri nho nhat cua P bang —2. 

Dang thrfc xay khi va chi khi t = — 2 a = —b.D 

Bai 259. Cho a,b,c la cac so thiCc dUdng thoa man abc = 1. ChUng minh rang: 

a b c < 

a + b 3 + c 3 b + c 3 + a 3 c + a 3 + 6 3 — 

Ap dung bat dang Cauchy-Schwarz, ta co: 

(a 2 +b 2 + c 2 ) 2 < (a+ b 3 + c 3 )(a 3 + b + c) 
a ^ a 4 + ab + ac 
a + b 3 + c 3 “ (a 2 + 6 2 + c 2 ) 2 
^ a a 4 + 6 4 + c 4 + 2 (a£> + be + ca) 

^ a + 6 3 + c 3 - (a 2 + 6 2 + c 2 ) 2 

Ta can chrfng minh: 

a 4 + 6 4 + c 4 + 2 (a 6 + be + ca) 

(a 2 + 6 2 + c 2 ) 2 - 

a 2 6 2 + 6 2 c 2 + c 2 a 2 > a& + be + ca 

That vay, ap dung bat dang thrfc Cauchy-Schwarz va bat dang thrfc AM-GM ta co: 

3(a 2 6 2 + b 2 c 2 + c 2 a 2 ) > ( ab + bc + ca) 2 
a 2 b 2 + b 2 c 2 + c 2 a 2 > 3\/a 4 b 4 c 4 = 3 
Nhan theo ve hai bat dang thrfc tren, ta drfdc: 

(' a 2 b 2 + b 2 c 2 + c 2 a 2 ) 2 > (ab + bc + ca) 2 
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a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + bc + ca 
Vay bat dang thtfc da drfdc chifng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 


Bai 260. Cho a, b, c la cac so thitc dUdng thoa man a 2 + b 2 + c 2 — 1. Chting minh rang: 

a b 2 c 3a/3 

b 2 + c 2 + c 2 +a 2 + a 2 + b 2 ~ “T~ 


Ldi giai: 

Ap dung bat dang thdc AM-GM, ta co: 

_i_ „2N2 


Suy ra: 
Trfdng trt: 


a 2 (b 2 + c 2 ) 2 = -.2a 2 (l — a 2 )(l — a 2 ) 

< 1 ^ 2 a 2 + 1 — a 2 + l — a 2 ^ 3 

4 

“ 27 

/, 2 2w 2 ^ a ^ 3 a/3 2 

a(t? + c 


3a/3 


b 2 


c 2 + a 2 - 2 

c 3 a/3 2 
a 2 + b 2 ~ 2 C 

Cong theo ve ba bat dang thtfc tren, ta difdc: 

a b 2 c 3v / 3 / 9 ,9 3-\/3 

Vay bat dang tiitfc da drfdc dicing minh. 

/g 

Dau bang xay ra khi va chi khi a = b — c — □ 


14 Bai 261 den bai 280 


Bai 261. Cho a, b , c la cac so thvtc dvtdng thoa man abc + a + c = b. 

Tim qid tri Idn nhat cua bieu thtic: 

2 2 3 

P= a 2 + 1 ~~ b 2 + 1 + c 2 + 1 

Ldi giai: 

Ta co: 

, , , a + c 

abc + a-\-c = b<=^b= - 

1 — ac 

Dat a = tanA, b = tanB , c = tanC. Khi do: 

„ tanA + tanC , . _ „ , 

tanB = ---— = tan(A + C)<=>B = A + C 

1 - tanAtanC 

Do do: 
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2 _ 2 3 

1 + tan 2 A 1 + tan 2 B 1 + tan 2 C 

= 2cos 2 A — 2cos 2 B + 3cos 2 C 
= cos2A — cos2B + 3 cos 2 C 
= 2sinCsin(A + B) — 3sin 2 C + 3 


1 1 2 1 

= — y/3sinC — —f=sin(A + B)[, :+ -sin 2 (A + B) + 3 


1 10 

< 3+ = 

“ 3 3 

Vay gia tri ldn nhat cua P bang —. 

sin(A — B) = 1 

Dang thitc xay ra khi va chi khi ^ sin C = - sin (/I — B) 
B = A + C 


_V2 
a 2 
b=y /2 . □ 

V2 


Bai 262. Cho a, b, c la cac so thitc ditdng thoa man c = 8 ab. Tim gia tri Idn nhat cua bieu thitc: 
_ 1 c c 

P = - 1 - 1 - 

4 a + 26 + 3 46c + 3c + 2 2 ac + 3c + 4 


Ldi giai: 

2 

Dat x 2 = 2a, y 2 = 26, z 2 = - (x, y, z > 0) 
c 

o o o 8 Ct6 

=+ x z y z z z = -= 1 =+ xyz = 1 

c 

Ta co: 

p _ \ ; A 1 


2x 2 + 3 + y 2 22/ 2 + 3 + ^ 2 2^ 2 + 3 + x 2 

1 1 1 
(x 2 + y 2 ) + (x 2 + 1 ) + 2 + (?/ 2 + z 2 ) + (y 2 + 1 ) + 2 + (z 2 + x 2 ) + (z 2 + 1 ) + 2 

1 


1 1 

r + - 


2\xy + x+l yz + y+1 zx + z + 1 
\ ( \ x xy 


2\xy + x + l xyz-\-xy-\-x x 2 yz + xyz + xy 

- - ( 1 + x + X V \ = 1 

2\xy + x+l xy + x+1 xy + x + lj 2 
1 


Vay gia tri ldn nhat cua P bang -. 


Bai 263. Cho a, 6 , c la cac so thitc ditdng thoa man a 2 + 6 2 + c 2 = 3. 
Tim gia tri Idn nhat cua bieu thitc: 

P — y/a + 36 *+ 4 -t&tfj/b + 3c +-4 + y/c + 3 a + 4 

id* gidi: 

Ap dung bat dang thitc AM-GM, ta co: 

(a — 36 — 4) — 8 — 8 > 12 — 36 4 


+?* yfa + 36 + 4 


Titdng tit: 


a + 36 + 20 
12 
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v'ft + 3c + 4 < 
\Jc + 3a + 4 < 

Cong theo ve ba bat dang thde tren, ta drfpc: 


b + 3c + 20 


12 

c + 3o + 20 


Ta lai co: 
Do do: 


^y /b -\- 3 —-P ~4 -\- — _[_ 3 —ip ~4 < T b + c) + 60 

2 + b + c < y / 3(a 2 + 5 2 + c 2 ) = 3 


\Ja + 36 V 4 + + 3c + 4 + -yA + 3o + 4 < 6 

Vay gia tri ldn nhat cua P bang 6 . 

Dang tlitfc xay ra khi va chi khi a — b — c — 1. □ 


Bai 264. Cho a, b , c la cac so thuc (hiring. CMng minh rang: 



Ldi giai: 

Bo dl: Vdi hai day so a > b > c > 0; x > y > z > 0. Ta co: ax + by + cz > bx + cy + az (*). 
That vay: 


ax + by + cz > bx + cy + az 
<S=> x{a — b) + y(b — c) + z(c — a) >0 
x(a — b) — y(a — b) + y(a — c) — z(a — c) > 0 
O (x — y)(a — b) + (y — z)(a — c) >0 
Bat dang thde cuoi luon dung. Vay (*) da drfpc chdng minh. 

Khong mat tinh tong quat ta gia sd a > b > c 
=> a 2 >b 2 > c 2 ; 

Ap dung bo de tren ta co: 

a 2 

Vay bat dang thde da drfpc chdng minh. 

Dau bang xay ra khi va chi khi a = b — c. □ 



Bai 265. Cho a, b, c la cac so thuc during thoa man a + b + c< abc. Chiing minh rang: 

1 1 11 

a 2 + 2 be b 2 + 2 ca c 2 + 2 ab ~ 3 


Ldi giai: 

Ap dung bat dang thde AM-GM, ta co: 


a 2 + 2 be = a 2 + bc + bc> 3v / a 2 6 2 c 2 

1 1 


Trfdng tit: 



Cong theo ve ba bat dang thde tren, ta drfpc: 
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2 + 2be b 2 + 2 ca c 2 + 2 ab ~ a 2 b 2 c 2 


abc > a + b + c> 3yfabc 


a 2 + 26c 6 2 + 2 ca c 2 + 2 ab 3 

Vay bat dang thile da drfdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c = y/3. □ 

Bai 266. Cho a, 6, c la cac so thiCc dUdng. Tim gia tri nhd nhat cua bieu thtic: 

p 4 a b + 3c 2c 

a + 6 + 2c 2a + 6 + c a + 6 + 3c 


D&t \ y — 2 cl + b + 


a = -2x + y + 2 
v b = 5x — y — 3z 


4(-2x + y 


- y - 3z + 3(-x + z) 2 (-x + z 


Ay 4z 2x 2x 


^ -11 = 8a/2 - 11 

\ x x y z 

Vay gia tri nho nhat cua P bang 8y/2 — 11. 

Dang thlie xay ra khi va chi khi -— =-— =-—. □ 

2 — 2y/2 -4 + 5^2 l-y/2 

Bai 267. Cho a, b , c la cac so thitc dvtcfng thoa man ab + bc + ca = abc. Chitng minh rang: 
V a + be + y/b + ca + \Jc + ab > y/abc + yfa + y/b + yfc 


Ldi giai: 

^ I 1 1 

Dat x — -,y — T ,z — - 
abc 

Til dieu kien ta co: x + y + z = 1 
Bat dang thile can chilng minh: 

y/x + yz + <yfy + zx + y/z + xy > 1 + y/xy + 
That vay, ap dung bat dang thile Cauchy-Schwarz ta co: 

y/x + yz = y/x{x + y + z) + yz 
= y/(x + y){x + z) 

>x + y/yz 

Trfdng tit: 

sjy — zx > y 4t y/zx 
y/z + xy > z + y/xy 

Cong theo ve ba bat dang thile tren, ta drfdc: 

y/x + yz b^/y + zx + y/z + xy > x + y + z + yjxy b%/yz + y/z: 

Vay bat dang thile da drfdc chilng minh. 

Dau bang xay ra khi va chi khi x — y — z— ~^a = b — c — 3. □ 


■V + y/yz + \fz: 
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Bai 268. Cho a, b la hai so thiCc dddng thoa man a 2 + 2 b 2 = 1. ChUng minh rang: 
b 2 a 2 + b 2 


Ldi giai: 

Ap dung bat dang thUc AM-GM, ta co: 

a 4 

a 2 .b 2 .b 2 - 


i 2 + b 2 + b 2 \ 3 


M 


=> — > 3 3 a 4 => — > 3a/3 a 2 (1) 

166 4 166 4 166 4 


2 b 2 (a 2 + b 2 )(a 2 + b 2 ) ~ (2b 2 + a 2 + b 2 + a 2 + b 2 \ 3 


Cong (1) va (2) theo ve, ta dupe: 


V +vr - 10861 * ...I?- 8v/0 " 6 ' 101 


(S)‘ 


Vay bat dang thUc da dUdc dicing minh. 

y/g 

Dau bang xay ra khi va chi khi a = b = . □ 


p + ^5>3V3(a 2 + 2^)=3V3 


Bai 269. Cho a, b , c la cac so thuc dvtdng. CMng minh rang: 

1 6 3 

a + b + C + (a 2 + b 2 + c 2 ) 2 ~ a 3 + b 3 + c 3 

Ldi giai: 

Ap dung bat dang thcfc Cauchy-Schwarz, ta co: 

(a 3 + b 3 + c 3 )(a + b + c) > (a 2 + b 2 + c 2 ) 2 
3(a 2 + b 2 + c 2 ) > (a + b + c ) 2 
Nhan theo ve ba bat dang thcfc tren, ta dupe: 

3(a 3 + b 3 + c 3 ) > (a + b + c)(a 2 + b 2 + c 2 ) 
a 3 + & 3 + c 3 > a 2 + 6 2 + c 2 
a + b + c 3 

Cung tef hai bat dang thcfc tren cho ta: 

3(a 3 + 6 3 + c 3 ) 2 > (a 2 + 6 2 + c 2 ) 3 
^ (a 3 + 6 3 + c 3 ) 2 ^ 1 

^ (a 2 + b 2 + c 2 ) 4 “ 3(a 2 + b 2 + c 2 ) 

6 (a 3 + fo 3 + c 3 ) 2 y^ 

( a 2 + 6 2 + c 2)2 - y / a 2 + 6 2 + c 2 1 ' 

Ap dung bat dang thUc AM-GM, ta co: 

“AtAd + ^ ^ >,3 ( 3 ) 

^ 3 Va 2 + b 2 + c 2 Va 2 + b 2 + c 2 _ 

Cong (1), (2) va (3) theo ve ta dupe: 

a 3 + b 3 + c 3 6 (a 3 + b 3 + c 3 ) 
a + b + c ( a 2 + b 2 + c 2 ) 2 — 

1 6 3 

^ a + b + C + (a 2 + b 2 + c 2 ) 2 — a 3 + 6 3 + c 3 
Vay bat dang thcfc da dupe dicing minh. 
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Dau bang xay ra khi va chi khi a = b — c = 1. □ 


Bai 270. Cho a, b la hai so thiCc khac 0 thoa man (a + b)ab = a 2 + b 2 — ab. 
Tim gia tri Idn nhat cua biiu thtic: 

P=- + - 

a 3 b 3 

Ldi giai: 

Bien doi trfdng drfdng dieu kien: 

(a + b)ab = a 2 + b 2 — ab 
(a + b)ab = (a + b) 2 — 3ab 
3 

ab 

Td bat dang thilc quen thudc 4 xy < (x + y) 2 . Ta c 6 : 


1 1 

' “ + T ~ 

a b 


1 1 

“ + 7 

a b 


11/11 

~ + T> ( - + 7 

a b \a b 
1 1 
a b 


3 /1 1 

‘I \a + b 


1/1 1 

4 \a + b 

<t»0<- + y<4 
a b 


p= I* 

a 3 b 3 


(a + b)(a 2 + b 2 — ab) 
a 3 b 3 

(a + b)(a + b)ab 
a 3 b 3 


f 1 1 

~ ~ + b 


Vay gia tri ldn nhat cua P bang 16. 


Bai 271. Cho a, 6 , c la cac so thuc duang. CMng minh rang: 


a+ b b + c c + a , / (a + b 4 - c) (ab + bc+ ca) 

— + — + —^c~ — h — 2 


Ldi giai: 

Ap dung bat dang thilc AM-GM, ta c 6 : 

I (a + b + c)(ab + be + ca) 

2 V — 

Ta can chilng minh: 


abc 


, a + b + c ab + bc + ca b + c 

' - 1 - 1 - = - 1 

a be a 


a a 
- + t + 2 
c b 


Bat dang thilc cudi ludn dung. 

Vay bat dang thilc da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b — c. □ 


■; a a „ a + b b + c c+ a 

-4-h 7- + 2 <-1-1--— 

c b cab 

b c 

^ 2 < - + - 
c b 
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Bai 272. Cho a, b, c la cac so thvtc dvtdng thoa man a + b + c — 1. Chvtng minh rang: 

1 1 1 > 1 

ab + 2c 2 + 2 c + be + 2a 2 + 2 a + ca + 2 b 2 + 2 b ~ ab + bc+ ca 

Lbi giai: 

Ap dung bat dang thUc AM-GM, ta c6: 

(ab + be + ca) 2 = a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 abc(a + b + c) 

= a 2 b 2 + ( b 2 c 2 + c 2 a 2 ) + 2 abc 
> a 2 b 2 + 2a6c 2 + 2 abc 


= ab(ab + 2 c 2 + 2c) 


Suy ra: 

1 

ab + 2c 2 + 2c — 

Tudng tit: 

1 

be + 2a 2 + 2a — 

1 

ca + 2b 2 + 26 “ 

Cong theo ve ba bat dang thbc tren, ta ditOc: 

1 1 

ab + 2c 2 + 2 c + be + 2a 2 + 2a 
Vay bat dang thbc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b ~ c — □ 


ab 

(ab + bc + ca) 2 
be 

(ab + bc+ ca) 2 
ca 

(ab + bc + ca) 2 

1 1 

ca + 2 b 2 + 2 b ~ ab + bc + ca 


Bai 273. Cho a , b , c la cac so thitc dvtdng. Chvtng minh rang: 

a b cl 

- 1 - 1 -< - 

4a + 46 + c 46 + 4c + a 4c + 4a + 6 3 

Ldi giai: 

Bat dang tlitfc can chUng minh: 

a (4a + 46 + 4c) 6 (4a + 46 + 4c) c (4a + 46 + 4c) < (4a + 46 + 4c) 

^ 4a + 46 + c 46 + 4c + a 4c + 4a + 6 — 3 

3ca 3a6 36c (4a + 46 + 4c) 

^ a +4a + 46 + c+ ”^46 + 4c + a+ C +4c + 4a + 6 — 3 

ca ab be ^ a + 6 + c 

•vt” - -)- - -)- - - 

4 a — 46 — c 46 + 4c + a 4c + 4a + 6 — 9 

That vay, ap dung bat dang thUc Cauchy-Schwarz ta co: 

ca _ ca 1 f ca ca ca \ 

4 a + 46 + c (a + a + 6) + (a + a + 6) + (6 + 6 + c) 9 y 2a + 6 2a + 6 26 + cy 

a6 a6 ^ 1 / a6 a6 a6 \ 

46 + 4c + a (6 + 6 + c) + (6 + 6 + c) + (c + c + a) — 9 \ 26 + c 26 + c 2c + a y 

be be < 1 / be be be \ 

4c + 4a + 6 (c + c + a) + (c + c + a) + (a + a + 6) 9 y2c + a 2c + a 2a + 6 J 

Cong theo ve ba bat dang thUc tren, ta dupe: 

ca ab be < 1 / 2ca 6c 2a6 ca 26c ab \ 

4a + 46 + c 46 + 4c + a 4c + 4a + 6 ~ 9 \2a + 6 2a + 6 26 + c 26 + c 2c + a 2 c +a) 

a + b + c 

~ 9 

Vay bat dang thUc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = 6 = c. □ 
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Bai 274. Cho a , 6, c la cac so thitc diidng thoa man 2 Vab + \Cac = 1. 
Tim gia tri nhd nhat cua bieu thde: 

„ 3 be 4 ca 5 ab 

P=— + — + — 
a b c 


Ldi giai: 

Ap dung bat dang thde AM-GM, ta co: 

be ca 

- + — > 2c 
a b 

2 be 2 ab 

— +- >4 b 

a c 

3 ca 3 ab 

—— H-> 6a 

b c 

Cong theo ve ba bat dang thde tren, ta dupe: 

3 be 4 ca 5 ab 

-1— 7 —I- >6a + 4b + 2c 

a b c 

Tiep tuc sU dung bat dang thde AM-GM: 

6a + 4b + 2c = 4(a + b) + 2(a + c) > 8 Vab + 4 y/ac = 4 
3 be 4 ca 5 ab 

=> — + ^ +- >4 

a b c 

Vay gia tri nho nhat cua P bang 4 . 

Dang thde xay ra khi va chi khi a = b = c— -. 


Bai 275. Cho a , b , c la cac so thitc khong dm thoa man a + b + c = \/5. Chitng minh rang: 
|(a 2 — b 2 )(b 2 — c 2 )(c 2 — a 2 )| < VE 


Ldi giai: 

Khong mat tinh tong quat ta gia sd a = min {a,b,c} 

Ta co: b + c = — a < \fE 

Dat: P = | (a 2 — b 2 )(b 2 — c 2 )(c 2 — a 2 )| 

Ap dung bat dang thde AM-GM, ta co: 

P 2 = (b 2 — a 2 ) 2 (c 2 — a 2 ) 2 (b 2 — c 2 ) 2 

< b 4 c\b-c) 2 (b + c) 2 

< 56 4 c 4 (6 — c ) 2 

< ^ \bc + be + be + be + (b 2 + c 2 — 2be) 


=s[M] <J1 

^P <V 5 

Vay bat dang thde da dupe chdng minh. 

Dau bang xay ra khi va chi khi a = 0, b = —, c — — va cac hoan vi. □ 


Bai 276. Cho a, b, c la cac so thitc dvtdng thoa man a + b + c = 3. Chvtng minh rang: 

1 1 1 1 

a 2 + b + C+ b 2 + c + a + c 2 + a + b ~ 


Ldi giai: 

Ap dung bat dang thde Cauchy-Schwarz, ta co: 

(a 2 + b + c)(l + b + c) > (a + b + c ) 2 
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1 1+h+c 

a 2 + b+ c ~ (a + b + c ) 2 

Tifdng td: 

1 < 1 + c + a 

b 2 + c + a ~ (a + b+ c ) 2 
1 1 + 0+6 
c 2 + a + b ~ (a + b + c ) 2 
Cong theo ve ba bat dang thdc tren, ta difOc: 

1 1 1 < 3 + 2 (a + b + c) 

a 2 + b + c + b 2 + c + a + c 2 + a + b~ (a + b + c ) 2 
Vay bat dang thdc da dupe chdng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 


Bai 277. Chvtng minh rang vdi moi so thitc x ta co: 


12 

? 

Ldi giai: 

Ap dung bat dang thilc AM-GM, ta co: 


— + — >3 X + 4 X + 5 X 


'12 N 

\ x 

A5 n 

\ x 


H 

— 

> 2.3 

y y 

Uy 

1 ~ 

15 N 

\ x 

?20 N 



+ 


> 2.5 


1 1 


1 ~ 

20^ 


(12' 



) 

— 

> 2.4 a 


5/ 

/ - 


Cong theo ve ba bat dang thilc tren ta difpc: 

It) + (t) + 

Vay bat dang thilc da difpc chimg minh. 

Dau bang xay ra khi va chi khi x = 0. □ 


>3 X + 4 X + 5 X 


Bai 278. Cho a, b, c la cac so thitc duong. Chdng minh rang: 

a b c\ 2 3 fa + b b + c c + a 

y-\ - 1 ) > „ (- 1 - 1 - 7 - 

b c a) 2 \ c a b 

Ldi giai: 

^ a b c 

Dat x — y — z — — => xyz = 1 
b c a 

Bat dang thitc can chdng minh: 

3 

(x + y + z) 2 > -{xy + yz + zx + x + y + z) 
That vay, ap dung bat dang thitc AM-GM ta co: 

x + y + z > 3^/xyz — 3 
(x + y + z) 2 > 3(x + y + z) (1) 

Ta cung co: 

(x + y + z) 2 > 3(xy + yz + zx) ( 2 ) 

Cong (1) va (2) theo ve, ta difpc: 

2(x + y + z) 2 > 3(xy + yz + zx + x + y + z) 

3 

<+> (x + y + z) 2 > -(xy + yz + zx + x + y + z) 
Vay bat dang thifc da difpc chdng minh. 

Dau bang xay ra khi va chi khi x = y — z = l^a = b~c. □ 


http: //boxmath.vn/ 


150 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bai 279. Cho a,b,c> 0 thoa a + b + c — 1. Tim gia tri nhd nhat cua bieu thtic sau: 

P= _I_+ J_ 

a 2 + b 2 + c 2 abc 

Ldi giai: 

Cach 1. 

Sd dung bat dang thde AM-GM, va chu y a + b + c — 1, ta co: 


ab + be + ca > 3 \J ( abc) 2 (a + b + c) 3 > 9 abc 
Sd dung bat dang thde Cauchy-Schwarz, ket hop vdi danh gia tren ta co: 


1 1 1 \ 7 

a 2 + b 2 + c 2 9 abc 9 abc) 9 abc 


' a 2 + b 2 + c 2 + 2.9 abc 9 abc (a + b + c) 2 n (a + b + cf 

9 ‘ 27 


Khi a = b — c — - thi P = 30. 

3 . 1 
Vay gia tri nho nhat cua P la 30 khi a = b — c — -. 

Cach 2. 

Vdi gia thiet a + b + c = 1, bieu thde P dupe viet lai nhu sau: 


a 2 + b 2 + c 2 


a + b + c 
abc 


1 1 1 

+ -r + r- + — 


a 2 + b 2 + c 2 ab be 


Sd dung bat dang thde Cauchy-Schwarz va danh gia quen thuoc ab + bc + ca < ( a ^ c ) ^ c ^. 


a 2 + b 2 + c 2 ab + bc + ca 

1 + 1 + 1 \ + 7 

a 2 + b 2 + c 2 ab + bc+ ca ab + bc+ ca J ab + bc+ ca 


' (a + b + c) 2 ab + bc + c 
9 7 


(a + b + c) (a + b + c) 


Vay gia tri nho nhat cua P la 30 khi a = b — c — -. 


Bai 280. Cho a, b, c khdng dm va a + b + c— 3, hay chting minh rang: 

a 2 + b 2 + c 2 + abc > 4 


Ldi giai: 

Khong mat tinh tong quat, gia sd: a > b > c > 0. Td do ta co c < 1 
De y rang ta co phan tich sau vdi gia thiet a + b + c = 3: 


a 2 + b 2 + c 2 + abc = 9 — 2 (ab + bc + ca) + abc = 9 + ab(c — 2) — 2c(3 — c) 
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Ta lai c 6 : ab < (—y~) = (—y—) va c < 1 dan den c — 2 < 0 
Nhrt vay ta de dang suy ra drtdc: 

3 - c 2 

a 2 + b 2 + c 2 + abc > 9 + (c — 2)(——) — 2c(3 — c) 

Viec con lai cua ta la cluing minh : 

9 + (c — 2 )(—) 2 — 2c(3 — c) > 4 

Ma: (c — l) 2 (c + 2) > 0 (bat dang thilc nay luon dung) 

Nhrt vay, bai toan drtdc chilng minh xong. 

Dang thilc xay ra khi va chi khi a = b — c — 1. 


15 Bai 281 den bai 300 


Bai 281. Cho a,b,c> 0 thoa a + b + c — 1. Tim gia tri Idn nhat cua bieu thtic sau: 

P = a 2 b + b 2 c + c 2 a 


Ldi giai: 

Gia si! a = max {a; b; c}, ta di xet 2 trrfdng hop : 

* —a > b > c dan den ket qua sau: 

P < a 2 b + abc + c 2 b — b(a 2 + ac+ c 2 ) < b(a 

* —a> c>b dan den ket qua sau: 


1 [2b + (a + c) + (a + c) 


J < a 2 c + b 2 c + abc = c(a 2 + b 2 + ab) < b(a + c ) 2 < - 


2b + (a + c) + (a 


Dang thilc xay ra khi (a; 6 ; c) = (-; 0 ) va cac hoan vi. 

, , , 3 4 

Vay gia tri ldn nhat cua bieu thilc la: — 

Bai 282. cho a,b > 0, thoa man ab + a + b = 3. Chting minh rang: 

w +Ji+sjs« 2 +f- 2 +.| 

Ldi giai: 

Vdi gia thiet : ab + a + b = 3, ve trai cua bieu thilc drfpc viet lai nhrf sau: 


(ab + a + b)a (ab + a + b)b ab 

LHb = - - --- 1 --- 1 - - 

b -\-1 o+l a + b 

a 2 (b + l) + ab b 2 (a + l) + ab ab 
b +1 (a + 1 ) a + b 

9 , 9 ab ab ab 

b+1 a +1 a + b 

Sil dung bat dang thilc AM-GM, va chu y ab + a + b = 3 , ta co: 

9 , 9 ab ab ab 9 , 9 a (6 + l) (a + l)b a + b 

a 2 + b 2 + -- +-- +-- < a 2 + b 2 + v ,—- + ^—, + —— < 

b+1 a+1 a + b 4 4 4" 
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Vay bai toan diMc chiing minh. 

Bai 283. Cho x,y,z > 0. Chiing minh rang: 

, o ■, f 1 1 1 \ ^ 3 (y + z z + x x + y' 

(l S + !/ 3 + ,S)^_ + _ + _j>_^ + _ + _J/ 

Ldi giai: 

Cach 1. 

Bat dang thtfc can chdrig minh titdng ditdng 

Q | x 3 + y 3 | y 3 + z 3 ( z 3 + x 3 ^ 3 f x + y | y + z | z + a 

O - ! - qH - o M - q — rj\ ' ' 

z d x 6 y 6 2 z x y 


Ma theo AM-GM ta < 


a _ x + y _ y + z _ z + x 
z x y 

Do do ta can chiing minh : 

12 + (ji 3 + b 3 + c 3 ) A 6 (a + b + c) 

Ma theo AM-GM ta co 

a 3 8 + 8 > 12 a 
b 3 + 8 + 8 > 126 
c 3 + 8 + 8 > 12 c 
6 (a + b + c) >36 

Cong ve theo ve ta co dieu phai cluing minh Dang thilc xay ra khi x — y = 


Sil dung bat dang thilc AM-GM ta 


Ta se cluing minh 


Theo AM-GM ta 


(x 3 + y* + z 3 ) (4 + 4 + 4 ) > p 3 + y 3 + z 3 ) — 
\x 3 y 6 z 6 ) xyz 


/q o , x 3 3 (y + z z + x x + y\ 

(x 3 + y 3 + z 3 ) - > - -+-+- 

v ' xyz 2 \ x y z J 

> 2 (x 3 + y 3 + z 3 ) > ( x 2 y + y 2 z + z 2 x) + ( x 2 z + y 2 x + z 2 y) 


y 6 + y 6 + z 6 > 3y z 

r 3 _1_ r 3 -1- -r 3 > grV 


> x +y + z > x y + y z + z x 


z +y > 3z y 
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=+x 3 + y 3 + z 3 > x 2 z + y 2 x + z 2 y 
Cong ve vdi ve ta co dieu phai chitng minh. 

Dang thdc xay ra khi x = y = z. _ 

Bai 284. Cho a, b , c la cac so thitc ditdng. CMng minh rang: 

1 1 1 b + c c + a a + b 

a + b + c ~ a 2 + be b 2 + ca + c 2 + ab 

Lcti giai: 

Cach 1. 

Ap dung bat dang thitc Cauchy-Schwarz co: 

a + b (a + b) 2 (a + b) 2 b 2 a 2 

c 2 + ab (a + b)(c 2 + ab) a(b 2 + c 2 ) + b(a 2 + c 2 ) ~ a(b 2 + c 2 ) b(a 2 + c 2 ) 

Lam tufting tit cho cac bieu thitc con lai co: 

b + c c 2 b 2 

a 2 + bc ~ b(a 2 + c 2 ) c(a 2 + b 2 ) 

c + a < a 2 c 2 

b 2 + ca ~ c(a 2 + b 2 ) a(b 2 + c 2 ) 

De y rang : 

V—- - - - 

“ a(b 2 + c 2 ) a + b + c 

Cong 3 bat dang thitc tren ta co dieu phai chitng minh. 

Dang thitc xay ra khi a = b — c. 

Cach 2. 

Khong mat tinh tong quat gia sit b = max {a; b ; c} . Bat dang thitc can chitng minh trfOng drfOng vdi: 

/I a + b \ f 1 b + c \ /I a + c \ 

\a c 2 + ab) Jr \c a 2 + bc) + \b b 2 + ac)~ 

«<<?-«») [— 1 — - — 1—1 + ~ c ) (6 ~ “) > 0 

[a(c 2 + ab) c(a 2 + bc)\ b 3 + abc 

(c — a) 2 (c +a)(bc +ab — ca) (b — c)(b — a) 

^ ca(c 2 + ab)(a 2 + be) + b 3 + abc ~ 

Bat dang thitc cuoi luon dung, do do bai toan chitng minh xong. 

Dang thitc xay ra khi a = b — c. 


Bai 285. Cho a,b,c> 0. CMng minh rang: 

1112 a 2b 2c 

a 4 b 4 c 4 — a 6 + b 4 b 6 + c 4 c 6 + a 4 

Ldi giai: 

Cach 1. 

Sit dung bat dang thitc x 2 + y 2 + z 2 > xy + yz + zx va bat dang thitc AM-GM ta co: 
111 1 1 1 

a* + ¥ + ? - W + ^ 

abc 

2 a 2b 2c 

~ a 6 + b 4 b 6 + c 4 c 6 + a 4 
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Bat dang tlitfc da drfdc chtfng minh. 

Dau bang xay ra khi va chi khi a = b = c. 

Cach 2. 

Sil dung bat dang thtrc Cauchy-Schwarz va bat dang tlitfc AM-GM n 

1 fa 2 1 b 2 1 c 2 1 ^ 

2 \a 6 b 4 b 6 c 4 c 6 a 4 ) 

> - ( ( a + - 1 -) 2 i (^+ 1 ) 2 , ( c + 1 ) 2 

“2\a 6 + 6 4 ^ b 6 + c 4 ^ c 6 + a 4 
2 a 2b 2c 

~ a 6 + b 4 b 6 + c 4 c 6 + a 4 
Bat dang tlitfc da drfdc chtfng minh. 

Dau bang xay ra khi va chi khi a = b — c. 

I Bai 286. Cho a,b,c> 0 . Chting minh rang: 


2 a 2 + ab + ac 2b 2 +bc + ba 2c 2 + ca + cb " 


Bang phrfdng phap bien doi them bdt, bat dang tlitfc da cho trfdng difdng vdi 


E , . 2 2 ac + 2 be + c 2 + ab 

( 2 a 2 + ab + ac) (2b 2 + bc + ab) ~ 


Bat dang thtfc da drfdc chtfng minh. 

Dau bang xay ra khi va chi khi a = b — c . □ 


Bat dang tlitfc can cluing minh trfdng drfdng vdi 

be — a 2 ac — b 2 ba — c 2 

^ 2 a 2 + ab + ac+ 2b 2 + ab + be 2c 2 + cb + ac — 

^ / (q + fr)(q + c) (fr + c)(fr + a) (c + a)(c + fr) \ > g 
\a(2a + b + c) b(2b + a + c) c(2c + b + a)J~ 

Ta lai cd: 

yj, _ f (q + &)(q + c) (fr + c)(fe + a) (c + q)(c + 6) \ 

\ a(2a + b + c) b(2b + a + c) c(2c + b + a) / 

^ 3(a + 6) (6 + c)(c + a) 

— y/abc(a + b)(b + e)(c + a) (2a + b +c)(2b + c+ a) (2c + a + 6) 

= 33 / [(a + 6) (6 + c) (c + a)] 2 

y abc(2a + b + c)(2b + a + c)(2c + a + b) 

Gid ta chi can chtfng minh: 

3 a/ [(a + 6)(6 + c)(c + a)] 2 ~ >3 

y abc(2a + b + c)(2b + a + c)(2c + a + b) ~ 

O- [(a + 6)(6 + c)(c + a)] 2 > abc(2a + b + c)(2b + a + c)(2c + a + b) 

<0 (a& + be + ca) 2 (a + b + c) > 2abc(a + b + c) 2 + 3 abc(ab + bc+ ca) 

That vay ta cd 

(a& + be + ca) (a + b + c) (ab + bc+ ca) 9 abc(ab + cb + ac) , . , 

---> ---= 3 abc(ab + be + c 

2(ab + bc + ca) 2 (a + b + c) 2.3 abc(a + b + c)(a + b + c) , . 

—- 1 > ---^ -- = 2 abc(a + b + c 
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Cong titag ve cua hai bat dang thUc tren tren ta co dieu phai chUng minh. □ 
Cach 3. 

Bat dang thUc can chtfng minh titdng dudng vdi 


E a 

2a 4 - h 


2 a + b + c 


E bc 

2 a 2 + ab + ac 

eye 

Ap dung bat dang thUc Cauchy-Schwarz ta co 

^ 2 a 2 + ab + ac ~ 6 c (2a 2 + ab + ac) 4abc(a + b + c) ~ 4 

cyc eye 

Con ve phai dupe danh gia nhd bat dang thUc Cauchy-Schwarz 


a < 1V 

' 2a, 4 - h 4 - r ~ 4 


2 a + b + c 4 'V a + b a + c 


r + - 


E 

eye 

Bat dang thUc da dupe chtfng minh. 


be 

2 a 2 + ab + ac 


E a 

2a 4 - h 


2 a + b + c 


Bai 287. Cho a,b,c> 0 thoa man —a 6 c > 3(a + b + c) + 4. Tzm tri nhd nhat cua biiu thtic 
P = a + b + c 


Ldi giai: 

Ta co: 


Tudng dudng vdi 


(a + b + c) 3 27 abc 

-- 1 -- > — >3(a + b + c)+4 


(a + b + c + 2) 2 (a + b + c — 4) + 0 •+> a + b + c + 4 


Bai 288. ChUng minh rang: Neu a + b > 0 thi : 

(a + 6 ) (a 3 + 6 3 )(a 5 + b 5 ) < 4(a 9 + b 9 ) 

Ldi giai: 

Stf dung bat dang thtfc Cauchy-Schwarz ta c 6 

(a 9 + b 9 )(a + b) > (a 5 + 6 5 ) 2 
(a 5 + 6 5 )(a + b) > (a 3 + b 3 ) 2 
4(a 3 + b 3 ) > (a + b) 3 

Nhan ve then ve ba bat dang thUc tren ta c 6 dieu phai chtfng minh. 
Dau bang xay ra khi va chi khi a = b — c. 

Bai 289. Cho a, 6 , c la cac so thitc dudng. ChUng minh rang: 

0 + 6 - 1 - 3c a + 3 b + c 3 a + b + c 15 
3a + 36 + 2c 3a + 26 + 3c 2a + 36 + 3c 8 
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Ldi giai: 

Cach 1. 

Dat x = 3b + 3c + 2a, y — 3a + 3c + 2b, z = 3a + 3b + 2c . Khi do bat dang thitc can chifng minh 
titling ditting vdi 

-(* + l\ 

\y xj 

7 ('* , y\ 


7 

(x z\ 

. , 7 . 

y z\ 


- 1 

- + - 

+ — 

- + - 

| + 

8 

Vz x) 

8 

y) 


7 

(X Z\ 

. , 7 . 

(y A 


7 1 

- + - 

+ - 


| + 

8 

Vz x) 

8 

^ y 



Ap dung bat dang thitc AM-GM 


7 (x 


- + - + 


7 (y 


■ + - 


y. 


7 (x y 

8 \y X 


y 


14 14 14 42 

> ir + ir + it = it 


Bat dang thitc da ditpc cluing minh. 

Dau bang xay ra khi va chi khi a = b = c. 

Cach 2. 

VT 


l 7 f c b a 

3 y2c + 3a + 36 26 + 3a + 3c 2a + 36 + 3c 


= 1 + 7(a + 6 + c) 
: -6 + 


l 


\2 a + 36 + 3c 26 + 3c + 3a 2c + 36 + 3 a 

63(a + 6 + c) 15 
8 (a + 6 + c) 8 
Bat dang thitc da ditpc cluing minh. 

Dau bang xay ra khi va chi khi a = 6 = c. □ 


Bai 290. Cho a, 6 , c la cac so thitc ducfng thoa man a + 6 + c = 3. 

Tim gia tri nhd nhat cua bieu thitc 

a 3 6 3 c 3 

6 ( 2 c + a) c( 2 a + 6 ) a(26 + c) 

Ldi giai: 

Cach 1. 

Ap dung bat dang thitc Cauchy-Schwarz ta co 

(Va? + Vb 3 + Vc 3 ) (y/a + Vb + yfc) > (a + 6 + c ) 2 

= 3y/ 3(a + 6 + c) 

+ 3(y/a + Vb + V~c) 

=> (Vat 3 + a/ 6 3 + V?) > 3 


Tit day ap dung bat dang thitc Cauchy-Schwarz mot lan nha ta co 
P > (Va 3 + ViV + Vc 3 ) 2 

— 3(a6 + be + ca ) 


Bat dang thitc da ditpc cluing minh. 
Dau bang xay ra khi va chi khi a = 


(Va 3 + Vti 3 + Vc 3 ) 2 

(a + 6 + c ) 2 


6 = c = 1 . 
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Cach 2. 

Ap dung bat dang thile AM-GM ta co 


„ _ „ b 2 c + 

b(2c + a) b(2c + a) + 3 + 9 

^ b 2c a 

> a - 

- 3 9 9 

8a b 2c 


9 3 

b 3 


9 


b(2c 
8 a 
~9~ 
a + b + c 


a) c( 2 a + b) a(2b + c) 
b 2 c\ /86 c 2 a 
3~J + \J~3~Y 


Bat dang thile da dude chilng minh. 

Dau bang xay ra khi va chi khi a = 6 = c = 1. □ 


b 2c a 
3 _ 9~ _ 9 


/ 8 c a 2 b\ 

V¥ ~~ 3 ~~ ~9 J 


Bai 291. Cho a , b , c la cac so thitc dvtctng thoa man ab + bc + ca — abc. Chilng minh rang: 
y/a 2 + 3b 2 + y/b 2 + 3c 2 + y/c 2 + 3a 2 > ^ 
ab be ca ~ 

Lbi giai: 

Cach 1. ^ ^ 

Ta co ab + bc + ca — abc <t^- + T + - = l 

abc 

Theo bat dang thile Cauchy-Schwarz ta co 

(1 + 3) (a 2 + 3b 2 ) > (a + 3b) 2 => y/a 2 - 3b 2 > 

td day ta suy ra 

y/a 2 + 3 b 2 y/b 2 + 3c 2 y/c 2 + 3a 2 > a + 35 + 5 + 3c + c + 3a_/l_^l^_l\ _ ^ 
ab be ca ~ 2 ab 2 cb 2 ac \a b c) 

Bat dang thde da drtdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c — 3.. 

Cach 2. 

Ap dung bat dang thile Minkowski ta co 



Bat dang thile da drfOc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c — 3. □ 

Bai 292. Cho a, b , c la cac so thitc d/HOng. Chilng minh rang: 

ab + be + ca < a 2 + b 2 + c 2 

a 2 + be + ca b 2 + ca + ab c 2 + ab +be ~ ab + bc + ca 
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Ldi giai: 


Bat dang thile can chilng minh (ky hieu BDT) tufting drfdng vdi 

^ c yc a ( a b + bc + ca a 2 + bc + ca)~^ 

Co the coi c = min{a ; b\ c}, bang phep bien doi trfdng drfdng ta co 

BDT & y a(— —^-^ -) > 0 

^ ab + bc + ca a 2 + be + ca 

eye 

^ a(a — b)(a + b)(a + c) b(b — c)(b + c)(b + a) c(c — a)(c + a)(c + b) > ^ 
a 2 + be + ca b 2 + ca + cb c 2 + ab +be ~~ 

a(a — b)(a + b)(a + c) b(b — a + a — c ) (b + c)(b + a) c(c — a) (c + a) (c + b ) 


+ 


a 2 + be + ca b 2 + ca + cb 

c(a + b)(a — b) 2 {a 2 + b 2 + ab + ca + cb) 

(a 2 + bc + ac ) ( b 2 + ca + ab) 

(b + c) (c — a) (c — b) (2 ac 2 + 2 ab 2 + abc + c 2 b + b 2 c) 


c 2 + ab + be 


> 0 


( b 2 + ca + cb) (c 2 + ab + be) 

Dung do c = min{a ; b; c} 

Bat dang thilc da ditpc cluing minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 

Cacti 2. 

Theo bat dang thile Cauchy-Schwarz ta co 

(a 2 + bc + ca) (b 2 + bc + ca) > (ab + bc + ca) 2 
cung theo bat dang thile Cauchy-Schwarz 


Nen suy ra: 

Vay 

Til cac danh gia tren ta co: 

E 


i* b 2 (? 

- 1 - 1 —, > a — b t C. 

cab 

a 3 b + b 3 c + c 3 a > abc (a + b + c) 
ab 3 + be 3 + ca 3 + 2 abc (a + b + c) a 2 + b 2 + c 2 


(ab + bc + ca) 2 ab + bc -1 

ab (b 2 + bc + ca) 


a 2 + be + ca 


eye v 

= E- 


' (a 2 + bc+ ca) (b 2 + bc+ ca) 

■v ab (b 2 + bc+ ca) 

(ab + bc+ ca) 2 
ab 3 + be 3 + ca 3 + 2 abc (a + b + c) 
(ab + bc+ ca) 2 
, a 2 + b 2 + c 2 
ab + bc + ca 


Cuoi cung ta chilng minh drfpc 
ab 


be 


ca < a 2 + b 2 + c 2 
a 2 + be + ca b 2 + ca + ab c 2 + ab + bc ~ ab + bc + ca 
Bat dang thile da drfpc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 293. Cho a, b , c la cac so thitc dvtcfng thoa man a — b + c 3. Ch/ttng minh rang: 
2 (a 2 b + b 2 c + c 2 a) + 3(a 2 + b 2 + (?) + 4 abc > 19 


Ldi giai: 

Ta co 19 = 27 — 8 = 3(a + b + c) 2 — 8 = 3(a 2 + b 2 + c 2 ) + 6 (ab + bc+ ca) — 8 . 
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Khi do, bat dang thitc trtdng drtdng vdi 

a 2 b + b 2 c + c 2 a + 2 abc + 4 > 3 (ab + bc + ca ). 

Lai co, 3 (ab + bc + ca) = (a + b + c) (ab + bc + ca) — ( a 2 b + b 2 c + c 2 a ) + (ab 2 + be 2 + ca 2 ) + 3abc. 
Nen bat dang thitc trd thanh 

4 > ab 2 + be 2 + ca 2 + abc. 

Khong mat tfnh tong quat gia sit b nam gida a va c, suy ra a(b — a) (b — c) < 0, hay 
ab 2 + ca 2 < abc + a 2 b. 

Nhif vay, ab 2 + be 2 + ca 2 + abc < a 2 b + c 2 b + 2 abc = b(a + c) 2 — 4 b ■ (^) 2 < = 4. 

Ta co dieu phai chitng minh. 

Dau bang xay ra khi va chi khi a — b — c. — 1. 


Bai 294. Cho a, b, c la cac so thitc d/iIOng. Chitng minh rang: 

a(a-2b + c) > Q 
eye ab + 1 


Ldi giai: 

Bat dang thitc can ehilng minh trtdng drtdng vdi 

a(a -b) + a(c - b) _ (a - bfac (a - c)(a - b) > Q 

eye 1 + ab cyc (1 + ab)( 1 + ac) cyc (1 + ab)( 1 + ac) 

Dung theo bat dang thitc Schur . Bat dang thitc da drtdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 295. Cho a, b, c la cac so thitc dutdng thoa man a — b~ c 3. Chitng minh rang: 
1 1 1 9 

1 + be 1 + ca 1 + ab 2(y/a + Vb + y/c) 


Ldi giai: 


Taco: 

Dat x = ^fa + Vb+ y/c Ta can chitng minh: 


1 = 3 _ y- ab >s~T = 15 ~ (Va + Vb + y/c ) 2 

™ 1 + ab ™ 1 + ab ~ ^2 4 


— a: 2 9 ( o J ,3 + a/33 V 3 - ^ n 


bat dang thitc nay dung \/x e [V3; 3]. Bat dang thitc da drtdc chitng minh. 
Dau bang xay ra khi va chi khi a = b = c = 1 . □ 


Bai 296. Cho 0 < a, b, c < 1 . Chitng minh rang: 

- -— H-H-——y#;(l — a)(l — 6)(1 — c) < 1 

6 + c +1 c + o + 1 o + 6+ l 


Ldi giai: 

Gia sit: a > b > c khi do suy ra 


E o < a + b + c ^ 1 — a 

b + c+l~ 6 + c+l 1 + 6 + c' 


Ta chi can chitng minh 


( 1 -«)(1-6)(1- c )-+^ t <0 


la xong. Dieu do trtdng drtdng vdi 


(1 — b) (1 — c) (1 + b + c) — 1 < 0 
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bat dang thdc cuoi dung theo AM-GM. Bat dang thdc da drfdc chdng minh. 
Dau bang xay ra khi va chi khi a = b = c(= 0 hay = 1). □ 


Bai 297. Cho x + y + z = xyz va x,y,z > 1. Tim gia tri nho nhat cua bieu th-tic 
= y-2 z — 2 x-2 

x 2 y 2 z 2 

Lbi giai: 

Td gia thiet ta suy ra — + — + — = 1. Ta lai co: 
xy yz zx 


(y- 1 ) + (a; - 1 ) (z-l) + (y-l) (x-l) + (^-l) 

r 2 " l " v 2 " l " 7 2 > 



Tiep tuc bien doi 



= V3-2 


Vay gia tri nho nhat cua P = \/3 — 2. 

Dau bang xay ra khi va chi khi x = y = z = \/3- 
Bai toan da drfdc giai quyet. □ 

Bai 298. Cho x,y,z>0,x + y + z—1 . Chitng minh rang: 

9 xyz + 1 > 4 (xy + yz + zx). 

Ldi giai: 

Cach 1. 

Ky hieu BDT la bat dang thdc can chdng minh, khi do ta co: 

BDT o (x + y + z) 3 — 4(x + y + z) (xy + yz + xz) + 9 xyz > 0 

x(x - y)(x - z) +y(y - z)(y - x) + z(z - x)(z - y) > 0 
Gia sd x > y > z > 0. Khi do ta co: 

z(z-x)(z-y) > 0 

x(x - y)(x -z) + y(y - z)(y - x) = (x - y)(x 2 - xz - y 2 + yz) 
= (x - y) 2 (x + y - z) > 0 

Cong cac ve cua hai bat dang thii’c tren ta drfdc dieu phai chiing minh. 

Dau bang xay ra khi va chi khi x — y — z — O 


Cach 2. 

Gia sd z = min (x; y\ z) 

BDT ^ xy (9z - 4) + 1 - 4z (1 - z) > 0 

^ ~ ^ (9* - 4) + 1 - 4z (1 - z) > 0 
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Bat dang thrfc cuoi cung dung. Bat dang thrfc da drfpc chrfng minh. □ 

Cach 3. 

Ta co bat dang thrfc quen thuoc sau: (danh cho ban doc) 

xyz > (x + y — z)(y + z — x)(z + x — y 

Ket hop vdi dieu kien x + y + z = 1 ta co: 

BDT o xyz > (1 - 2z)(l - 2x)(l - 2y) 

■O xyz > 1 — 2(x + y + z) + 4 (xy + yz + zx) — 8xyz 
<0 9 xyz > 1 — 2(x + y + z) + 4 (xy + yz-\- zx) 

Ltfu y x + y + z = 1 , th do ta co dieu phai chitng minh. □ 

Bai 299. Cho x,y,z e [0; 1] . Chting minh rang: 

2(x 3 + y 3 + z 3 ) - ( x 2 y + y z + z 2 x ) < 3. 

Ldi giai: 

Ta co ( x — 1 ){y — l)x > 0 . Nen suy ra x 2 — x 2 y < x — xy Tpong tit cho cac bo so khac. Th day suy 
ra 

2(x 3 + y 3 + z 3 ) - ( x 2 y + y 2 z + z 2 x) < 2(x 2 + y 2 + z 2 ) - x 2 y - y 2 z - z 2 x 

< x 2 + y 2 + z 2 + x + y + z — xy — yz — xz 
Mat khac ta co: ( x — l)(y — 1) > 0. Nen suy ra x — xy < 1 — y 
Cho nen ta nhan drfpc 

x 2 +y 2 + z 2 +x+y+z — xy—yz — xz < x 2 + y 2 +z 2 — x — y—z + 3 = x(x — l) + y(y— l) + z(z — 1)+3 < 3 
Bat dang tlitfc da drfpc chtfng minh. Dau bang xay ra khi va chi khi x = y = z = 1. □ 


Bai 300. Cho a. b. c > 0. a — b -r c — 3 . ChiCng minh rang: 

a + b b + c c + a 3 
ab + 3 be+ 3 ca + 3 2 

Ldi giai: 

Ky hieu BDT la bat dang thrfc can chhng minh, khi do ta co: 

BDT o 4 abc(ab + be + ca) + 6 (a + b + c) (ab + bc + ca)+ 

+ 18a6c + 36(a + b + c) > 3[a 2 b 2 c 2 + 3 abc(a + b + c) + 9 (ab + be + ca) + 27] 
•O 4 qr + 27 > 3r 2 + 9r + 9q (*) 

Vdi p = a + b + c = 3, q = ab + be + ca < 3, r = abc < 1 

Do ta co: 3r 2 + 9r + q( 9 — 4r) < 3r 2 + 9r + 3(9 — 4r) = 3r(r — 1) + 27 < 27, nen (*) dung. 
Bat dang thrfc da drfpc chrfng minh. 

Dau bang xay ra khi va chi khi a = b — c = !.□ 
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16 Bai 301 den bai 320 

Bai 301. a, b , c ducfng thoa man a + b + c — 3 . Chilng mink rang: 

a 2 b b 2 c c 2 a < 3 
2 a + b 2 b + c 2 c + cl 2 

Ldi giai: 

Sil dung bat dang thile Cauchy-Schwarz ta co 

a 2 b ^ ^—\ 1 . a 2 b a 2 b a 2 b . (a + b c) 2 3 

^ 2a + 6 - ~a + ~b~’ = 9 < 2 

eye eye 

Bat dang thile da ditdc chilng minh. □ 



Ldi giai: 


Cach 1. 

Bat dang thile can chilng minh tUdng ditdrig vdi 


^ q(fr + c)(6-c) 2 
b 2 c 2 

Luon dung do a; 6 ; c > 0. 

Bat dang thile da ditdc chilng minh. 

Cach 2. 

Sau khi quy dong va pha ngoac ta ditdc bat dang thile tUdng dudng: 


2[(q&) 3 + (be) 3 + (ca) 3 ] > ^(a6) 2 (ac + be) 

eye 


Dat ab = x,bc = y,ca = z , ta can chilng minh: 


2(x 3 + y 3 + z 3 ) > ^2 x2 (y + z ) = ^2 x v( x + y) 

eye eye 

ap dung m 3 + n 3 > mn(m + n) ta co 


^x 3 + y 3 xy(x + y) 

eye eye 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 303. a,b,c la la cac so khong am thoa man a + b + c < 3 . Chilng minh rang: 

y + 6 3 /£±^y + c3 < i (0 2 + 62 +cT 


Ldi giai: 

Ap dung bat dang thile AM-GM ta co: 
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Tit day suy ra: 


6 ^) 4 = a 2 .(i,+cy 2n(i,+ 2 c 5 )(i,+c) 


< a 2 .2(b 2 + c 2 ) 
^ a 2 b 2 + a 2 c 2 


5(a + b + c) 
2 5 .27 




= a 2 6 2 + 6 2 c 2 + c 2 a 2 


^ (a 2 + b 2 + c 2 ) 2 

“ 3 

Bat dang thilc da difdc chutng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 304. a, b, c la la cac so khong am thoa man a + b + c < 3 . Chting minh rang: 

““ (^ir ) 5 + 64 pir)*+ c “ (4^) 5 - s (a2 +b2+ c2)3 


Ldi giai: 

Ap dung bat dang thitc AM-GM ta co: 
Trong bai tren ta da cluing minh: 


^b + c ^ 4 < a 2 (b 2 + c 2 ) 


Ta co cac ket qua sau day: 

^ a 2 (b 2 + c 2 ) a 2 (b 2 + c 2 ) 

2 ' 2 
2 2a 2 . ( b 2 + c 2 ). (b 2 + c 2 ) 
_a ' 8 
2 (a 2 + 6 2 + c 2 ) 3 
- ° ' 27 

Tit day suy ra: 



< ( a 2 + & 2 Tc 2 ). 


(a 2 + 6 2 + c 2 ) 3 
27 


(a 2 T & 2 T c 2 ) 4 
27 


Mat khac theo ket qua bai 303 ta co: 



|(« 2 + 6 2 + c 2 ) 


2 


Tit cac ket qua tren ta nhan difdc: 

e 4^' 


Eo3 /6 + c 


E« 5 (^ 


<i(^ + ^ + ^)ib!±T±d)! 
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Bat dang thilc da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 305. a, b, c la la cac so thitc ditdng. Chitng minh rang: 

a 2 (b + c) b 2 (c + a) c 2 (a + b ) >2 (a 2 + b 2 + c 2 ) 

b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 ~ a + b + c 

Lcti giai: 

Ap dung bat dang thitc AM-GM ta c 6 : 


4 (ab + bc+ ca)(bc + b 2 + c 2 ) < (ab + bc +ca + bc + b 2 + c 2 ) 2 = (b + c) 2 (a + b + c) 2 


Tit day suy ra: 

Vay 


a 2 (b + c) > 4 a 2 (ab + bc + ca) 
b 2 + be + c 2 ~ (b + c)(a + b + c) 2 

4 (ab + bc + ca) f a 2 \ 
~ (a + b + c) 2 \~b + cj 


Do do, de chilng minh bat dang tliii’c 


> 

^ b + c 


(a + b + c)(a 2 + b 2 + c 2 ) 
2 (ab + be + ca) 


Ta se cluing minh 


Hay can phai cluing minh 


Dieu do titdng ditdng vdi 


E a‘ 

b~+ 


(a + b + c ) 3 


— (a + b + c) 


b + c 2 (ab + bc + ca) 

Vr— + a) > (a + b + c ) 3 

^ u + c 2 (ab + bc + ca) 


E a 

h A- r 


(a + b + c) 2 


b — c 2(t/6 — be — ca) 


Bat dang thitc cuoi cung hien nhien dung theo Cauchy-Shwarz. Bat dang thitc da ditdc chitng minh. 
Dau bang xay ra khi va chi khi a = b — c. □ 


Bai 306. a,b la la cac so thitc ditdng thoa man a 2 + b 2 = 1 . Chvtng minh rang: 


1 1 ^ k (fa fb\ 

—h r > 2\/2 + I 4 — — \ — I 

a b V «/ 


Ldi giai: 

Ta thitc hien cac phep bien ddi titdng ditdng 

1 1 0 /- a b 

—T — 2y2 + — H-2 


b b 

•O a + b + 2 ab ^ 2\/2 ab + 1 
•O' a + b + (o + 5) 2 — 1 A -\/2(a + 6) 2 + 1 — \/2 
O (1 - v^t 2 + t + \/2-2>0,t = a + 6 

O (1 - V2)(t - V2)(t - 1) > 0 
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Tit dieu kien dau bai de suy ra ditdc 1 < t < \/2 nen bat dang thitc cuoi cung dung. 

Dau bang xay ra khi va chi khi a = b. □ 


Bai 307. a, b, c la la cac so thitc ditdng thoa man a 2 + b 2 + c 2 = 3 . Chting minh rang: 


Lbi giai: 

Cdch 1. 

Ta co bat dang thitc sau day dung 

1 > a 2 + 1 

2 -a ~ 2 


Do ta co a(a — l ) 2 > 0 
Do do 


1 1 1 ^ a 2 + b 2 + c 2 + 3 

2 —a + 2-b + 2 ~c ~ 2 


Cdch 2. 

Bat dang thitc can chitng minh titdng ditOng vdi 


Do: 


a b c > 

2-q + 2-6 + 2^ - 


(q + b + c ) 2 


2 (q + b + c) — (a 2 + b 2 + c 2 ) 


Titdng ditdng vdi 


(a + b + c ) 2 + 9 > 6 (q + b + c) 


(dung theo bat dang thitc AM-GM ) 

Cdch 3. 

Bat dang thitc can chitng minh titdng ditdng vdi 


ja + b + c) 2 
2(q + b + c) — 3 


Ta chitng minh 


q b 

2 — a + 2-b 


9 

2 (q 3 + b 3 + c 3 ) — (q 4 + b 4 + c 4 ) 
Thay vay, bat dang thitc can chitng minh titdng ditdng vdi 


> 3 


q 4 + 6 4 + c 4 + 3 > 2 (q 3 + 6 3 + c 3 ) 


Hay titdng ditdng vdi 


(q 4 + q 2 ) + (b 4 + b 2 ) + (c 4 + c 2 ) > 2 (q 3 + b 3 + c 3 ) 

Bat dang thitc cuoi cung dung theo bat dang thitc AM-GM 
Tit day, sau khi ap dung bat dang thitc Cauchy-Schwarz ta co 

a > (q 2 + b 2 + c 2 ) 2 

2 — a 2 — b 2 — c ~ 2 (a 3 + b 3 + c 3 ) — (q 4 + b 4 + c 4 ) — 
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Bat dang thilc da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 308. x, y, z la la cac so thuc duclng thoa man xy + yz + zx = 1 . Chting minh rang: 

1 1 1 H AT /I 

-1-1-> 3 + \— + 1 + W— + 1 

xy yz zx \ x z y y z V z 

Ldi giai: 

Cach 1. 

Ta c 6 : 

3 ^ 

Gid ta phai chdrig minh: 


- + - + -> 3 +,/ 3(4 + 4 + 4 + 3 ) 

xy yz zx V x V z 

(-1-1-3 ) 2 > 3(— H—- H—- + 3) 

xy yz zx x 2 y 2 z 2 

^ (x + y + z) 2 -3 , 
t 2„.2 7 2 


- > o 

x*y*z z 

(x - y) 2 + (y- z) 2 + (z- x) 2 


> 0 


Bat dang thhc cuoi cung hien nhien dung 
Bat dang thhc da ditdc chhng minh. 

Dau bang xay ra khi va chi khi x — y = z = —j=. □ 


Cach 2. 

Ta co 


/ 1 1 1 


111 / w * 

-1-(-= (xy + yz + zx) -1-b 

xy yz zx \xy yz zx 

„ z z x x y y 

=3+-+-+-+-+-+- 
x y y z z x 




x x y 

r *|- 1 - 1 - 1 - 1 

y y z z 

y + x + j z + x z + y + 1 6 _ 3 
y ' y \ z ' z 2' 

i 7 i i i 

+ 1 H-1-1- 

xy yz zx 



+ 1 + - + 1 + - + U + : 
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> 3+ 1 r {x + y) + {x + z) + (y + z) + ( y + x) + {z + x) + (z + y) ' 

~ 2 [ x y z 


>3 + 


y/(x + y){x + z) y/(y + z)(y + x ) y/{z + x) {z + y) 


^x 2 + xy + yz + zx y/y 2 + xy + yz + zx z 2 + xy + yz + 2 


> 3 + V^TI + vV + i + ^ ? TI 


- 3+ V^ + 1 + # + i + \/ 3 + 1 

Cach 3. ^ ^ ^ 

Til gia thiet dat - = tanA; - = tanB ; - = tanC. Til day suy ra A + h? + C = 7 r 

x y z 

Khi do bat dang thilc can chilng minh trtdng drfdng vdi: 


y: sinAsinBcosC > 3cosA + ^ cosAcosB 
•O’ ^ sin 2 A > 6 cos A + 2 ^ cosAcosB 

•O 1 > 2 cosA + ^ cosAcosB 


( Bat dang thilc cuoi cimg dung theo AM — GM ) Bat dang thilc da drtdc chilng minh. 
Dau bang xay ra khi va chi khi x = y = z = —j=. □ 


Bai 309. a,h,c la la cac so thilc dicing. Chilng minh rang: 

111 9 ^ / 1 1 1 

—h 7 H-1-^ 4 I -- + - 1 - 

a b c a+b+c \a+b b+c c+a 

Ldi giai: 

Nhan (a + b + c) vao hai ve bat dang thtfc can chtfng minh; sau khi thu gon ta drtdc: 

E l 1 v 4c 

< <a + b ) ~^2^+b 


Bat dang thilc cuoi cung trfdng drfdng vdi 


y c(n ~ 6)2 > o 

' ab(a + b) 


hien nhien dung. 

Dau bang xay ra khi va chi khi a = b = c. □ 


Bai 310. a, 6 , c la la cac so thuc dvCbng. Chilng minh rang: 


Ecyc J > T,cyc V° 2 “ ab + & 


Ldi giai: 

Taco 


^-scyc Jj ^hcyc 


a 2 — ab + b 2 


Ap dung bat dang thilc Cauchy-Schwarz ta nhan drtdc 

(a + b + c) (r AzAlA) > ( E v^~w+¥) 


^ Va 2 -ab + b 2 > a -b — c 
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Tit day suy ra (a + h + c ) y J > (a + b + c) (j2 cyc Va 2 -ab + b 2 ^) 

Bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b — c . □ 


Bai 311. a,b,c la cac so khdng am thoa man a 7 + b 7 + c 7 < 3 . Chitng minh rang: 


1 1 1 
2 -a + 2 -b + 2 -c 


< 3. 


Ldi giai: 

Ta co bat dang thitc dai dien: —^ ^ 

(do titdng ditong vdi (a — l) 2 (a 6 — a 4 — 2a 3 — 3a 2 — 4a — 5) <0 (*) 

Vi: a < -^3 . Nen a 6 < a/3® < 5 

Tit day suy ra a 6 — a 4 — 2a 3 — 3a 2 — 4a — 5 < 0 

Vay (*) dung).Titdng tit ap dung chd hai bat dang thitc cbn lai. 

Bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 


Bai 312. Cho x, y, z la so thitc ditdng thoa x -\- y z = 3xyz 
Tim gia tri nhd nhat cua 

P=Z3 + Z3+Z3 


Ldi giai: 

Sit dung bat dang thitc AM-GM ta c 6 : 
' 1 1 , 3 
~ d -n t 1 ^ - 

y xy 


+ / + [^ 2 (^ + i? + ^) +3 - 3 (5; + i + ») : 


i i , f 

H— 3 + 1 > — 

Z 6 X 6 zx 

Vay gia tri nho nhat cua bieu thitc bang 3 dat ditdc khi x — y — z — 1. 


3 + ~3 + Z5 > 3. 


Bai 313. a, b, c la cac so khdng am thoa man \ ■— 3. Chitng minh rang: 

a 2 b 2 <r 

1 + 1 + 1 < 3 
1 + ij (a + b ) 3 + abc 1 + \J(b -\- c ) 3 + abc 1 + (c + a ) 3 + abc 


Ldi giai: 

Tit dieu kien ta c 6 : 


1 1 1 3 

O ?j\/ a 2 b 2 c 2 > 3 <^> abc > 1 

1 1 


Mat khac ta c 6 : 


1 + yj (a + b) 3 + 1 1 + \J' (b + c ) 3 + 1 1 + \J\c+ a) 3 + 1 

\J {a-\- b) 3 + 1 — 1 yj (b + c ) 3 + 1 — 1 \J ( c + a ) 3 + 1 — 1 

(a + 6) 3 (b + c ) 3 (c + a ) 3 
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Suy ra: 


x 3 = y/(l + x) (1 — x + x 2 ) 

^ (1 + x) + (1 - X + x 2 ) 

- 2 
x 2 

= ! + — => \J\ + x 3 — 1 < : 


- X 3 - 1 < J_ 

x 3 — 2x 


1 
2 

<+i 

- 4 

1 

< - 

- 4 

_ 3 
“ 4 

Bat dang thdc da drfdc chiing minh. 

Dau bang xay ra khi va chi khi a = b = c — 1. □ 


-i-'i 


VT < - ( + - 

2 \a + b b + c c + aj 

1 1 

+ T + “ 

b c 


.1 1 1 

3 + + ^+^ 


Bai 314. a, b , c thitc dttctng thoa man a 2 + b 2 + c 2 = 3. Chting minh rang: 

1 1 1 > 4 4 4 

a + 6~^6 + c + c + a — a 2 + 7 + 6 2 + 7 c 2 + 7 


Xdf* giai: 

Ta co: 


1 

+ 

1 

> 

4 

a + b 

6 +€ 

a + 26 + c’ 

1 

+ 

1 

> 

4 

b + c 

c + a 


a + 6 + 2 c 

1 

+ 

1 

> 

4 

c + a 

a + b 


2 a + 6 + c 


1 


Td day suy ra: 

1 1 

a + b 6 + c + c + a ~ a + 26 + c + a + b + 2c + 2 a + b + c 
4 4 4 

2 o + 2b + 26 + 2 c 2 a + 2b + 2 c + 2 c 2 a + 2 a + 2b + 2 c 

4 4 

- (a 2 + 1 ) + ( 6 2 + 1 ) + ( 6 2 + 1 ) + (c 2 + 1 ) + (a 2 + 1 ) + ( b 2 + 1 ) + (c 2 + 1 ) + (c 2 + 1 ) + 
4 

+ (a 2 + 1) + (a 2 + 1) + (6 2 + 1) + (c 2 + 1) 


4 4 4 

= a 2 + 7 + 6 2 + 7 + c 2 + 7 


1114 4 4 

a+ 6 + 6 +c+c+a ~~ a 2 + 7 6 2 + 7 c 2 + 7 


Vay ta co: 

Bat dang thdc da drfdc chdng minh. 

Dau bang xay ra khi va chi khi a = 6 = c = 1. □ 

Bai 315. a, b, c thitc dUdng thoa man a 2 + b 2 + c 2 = 3. Chiing minh rang: 

a b c r- 

— < H- , + — , ft y/3 

\/a 2 + b + c \/b 2 + c + a a/c 2 + a + b 


Ldi giai: 
Cach 1. 
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Ta co: 

aVT+b + ~c by/1 + a + c cy/1 + a + b 

Li Ho = — . + — , H- . 

-^/(a 2 + 6 + c)(l — b — c) yj(b 2 4-.C —r/)(l + a + c) ->/(c 2 + a + 6)(1 + a + b) 

^ Q\/l + 6 + c + 6-\/l T cl + c + c\/l + 6 + 0 
a + b + c 

Ta chi can chitng minh: 

ay/1 + b + c + 6 -\/l + a + c + c\/l + b + a ^ 
a + b + c 

Hay titling ditdng vdi chtfng minh 

a \/l — 6 -t- c + a + c + c\/l —a < "\/3(o T & ~r c) 

Bien doi ve trai bat dang thitc cuoi ta co 

a\/1 + b + c + 6 \/l + a + c + c \/1 + b + a < 

< yf{a — b + c) (a — ab — r/c — 6 — be — ba — c -f ac — c 6 ) 

= -\/(a + b + c)[(a + b + c) + 2(ab + bc+ ca )] 

< ^(a + 6 + c)[(a + 6 + c) + 2 ^*- ^ + ] 

< -\/(a + b + c)[(a + b + c) + 2(a + b + c)] = \/3(a + b + c) 

Bat dang thilc da ditiic chitng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 

Cach 2. 

Ta co cac danh gia sau: 

a + b + c< yj?> (a 2 + b 2 + c 2 ) = 3 = a 2 + b 2 + c 2 
(1 + b + c) (a 2 + 6 + c) > (a + 6 + c) 2 

(E Va , “ 6 + c ) + + a + ?T^T&) 

^ ^ a(l + b + c) + 6(1 + c + a) + c(l + a + 6 ) 

(a + 6 + c ) 2 
^ a + b + c + 2ab + 26c + 2ca 
(a + 6 + c ) 2 

< a 2 + 6 2 + c 2 + 2ab + 26c + 2 ca _ 

(a + 6 + c ) 2 

Tit day ta co: 


E 


y/ a 2 + 6 + c 


< \/3 


Bat dang thitc da ditdc cluing minh. 

Dau bang xay ra khi va chi khi a = b — c — 1. □ 


Bai 316. a, 6 , c /a cac so khdng am . CMng minh rang: 

(a 2 + 6 2 + c 2 ) 2 > 4(a + 6 + c)(a — 6)(6 — c)(c — a) 

Tdf* giai: 
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Khong mat tfnh tong quat, gia sit b nam giha a va c. Khi do, ta co hai trrfdng hop xay ra. 
a/ Neu a > b > c, thi bat dang thilc hien nhien dung do VT > 0 > VP. 
b/ Xet trrfdng hop c >b> a. Sit dung bat dang thtfc AM-GM, ta co 

4 (a+b+c)(a — b)(b — c)(c—a) — 4 (c—a)(c — b)(b — a)(a+b+c) < [(c — a)(c — b) + (b — a)(a + b + c )] 2 
Mat khac, lai thay 

(c — a)(c — b) + (b — a)(a + b + c) — ( a 2 + b 2 + c 2 ) = —a(2a + 2c—b) <0 

Ket hop hai danh gia nay lai, ta co ngay ket qua can cluing rninh.D 
Bai 317. a, b, c thiCc dUdng thoa man a 2 + b 2 + c 2 — 1 . Chting minh rang: 

1 — ab 1 — be 1 — ca ^ 3 

+ Jb + ^f + IfTaf - 2 

Lbi giai: 


Cach 1. 

Ta co cac ket qua sau day 


fef 2 (a + bf + (b + cf + (c + af 4(a 2 + b 2 + c 2 ) 


N > Mtl -( 3 ) 
— 3 \ a + b I ~ 3\2j 


a + b ) 

1 — ab 1 2 — 2 ab 1 2 (a 2 + b 2 + c 2 ) — 2 ab 

(a + b) 2 2(a + bf 2 (a + b) 2 


Trf day rut ra: 


1 (a — b) 2 c 2 

(a + b) 2 (a + b) 2 (a + by 


1 


2 |g| • b) 2 [a • bY 


'(a + b) 2 ~ 2 


5 (« + b f + 5 


(a + 6) 2 




Vay, ta da cluing minh drfOc: 


9 

4 


1 — ab 
(a + b) 2 

Bat dang thrfc da drfOc cluing minh. 

Dau bang xay ra khi va chi khi a = b = c 


1 — be 
(b + c) 2 + 



1 — ca > 3 
(c + a) 2 ~ 2 


Cach 2. 

Ta co cac ket qua sau day 

v 1 ^ 9 > 9 9 

“ (a + b) 2 + (b + cf + (c + af ~ 4(a 2 + b 2 + c 2 ) 4 

_ (a + bf 

1 — ab ^ 1 4 1 1 

(a + b) 2 (a + bf (a + b) 2 4 

V 1 ~ ab >y^ I_3 > 9 _ 3 = 3 

i ^( a + b ) 2 i ^( a+b ) 2 4 4 4 2 
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Td day rut ra: 


1 — ab 1 — be 1 — ca > 3 

(a + b) 2 (b + c ) 2 (c + a ) 2 2 


Bat dang thde da drfdc chdng minh. 

Dau bang xay ra khi va chi khi a = b = c = . □ 

v 3 


Cach 3. 

Td dieu kien suy ra: 1 = a 2 + b 2 + c 2 > ab + be + ca =+ 2 > a 2 + b 2 + c 2 + ab + be + ca Do do ta co: 
^ 1 — ab 2 — 2 ab 

(a + b) 2 (a + b ) 2 

> a 2 + b 2 + c 2 + ab + 6 c + ca — 2 ab 

(a + 6) 

(a — 6) 2 + c 2 + ab + be + ca > (c + a) (c + 6 ) 

(a + 6) 2 (a + 6) 2 

Td day suy ra: 

T 1 - ab l- be 1 - ca 1 (c + a) (c + 6 ) (a + 6 ) (a + c) (6 + c) (6 + a) 

\_(a + b) 2 (b + c ) 2 (c + a) 2 J _ (a + b) 2 (& + c ) 2 (c + a ) 2 


Yav ta co 


1 — ab 


(a + b) 2 

Bat dang thde da drfdc chdng minh. 

Dau bang xay ra khi va chi khi a = b = c 


1 — be 
(b -p ) 2 + 



1 — ca > 3 
(c + a ) 2 ~ 2 


Bai 318. a,b,c thitc (hieing thoa man a + b + c — 1 . Chilng minh rang: 

ab be ca 1 

- 1 - 1 -< - 

c + 6 ab a + 6 be b + 6 ca 3 

Ldi giai: 

Ta lan lrfdt co cac ket qua sau: 

• C + 6 ab — c (a + b + c) + 6ab = (ab + be + ca) + (c 2 + 2 ab) + 3 ab 


> ab ab be ca ^ 

' ab +be + ca ab + bc+ ca ab + bc + ca ab + bc + ca 


3-E- 


(a + b + c) 


E ab _ c 2 + 2ab Cauchy-Jjchwarz a 2 + 6 2 + c 2 + 2(a& + &c + ca) 

c 2 + 2 ab = 2 - 2 = 


ab 


ab 


<U 


ab 


ab ab 

~ + 


c + 6 a& (ab + be + ca) + (c 2 + 2ab) + 3ab 9 \ab + bc + ca c 2 + 2ab 3ab 


ab 


' c + 6 ab 9 

eye 

Td day ket luan 


5 


ab 

ab + bc + ca 


+E 


ab 

c 2 + 2 ab 


+ 1 <-(1 + 1 + 1 ) 


E ab ^ 1 

c + 6 ab ~ 3 
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Bat dang thile da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a — b — c — □ 


Bai 319. a, b , c thitc ducfng thoa man a + b + c — abc. Chilng minh rang: 

1 1 11 

a 2 (l + be) b 2 { 1 + ca) c 2 (l + a6) — 4 

TcF* giai: 

Chu y dang thile quen thuoc sau: 



a + b + c 


Dat: x — y — z — - Ta c 6 xy + yz + zx = 1 
a ^ b c 

Khi do Bat dang thilc can chilng minh tndng dufting vdi: 



x 2 yz 

+ y 2 zx 

z 2 xy < 


1 +yz 

+ l + zx + 

1+xy ~ 

gia sau: 
x 2 yz 

xy.xz 


f xy.xz 

1 + yz ~ 

(xy + yz) + (zx + yz) 4 

\xy + yz 


'\ - i 

^ 1 + yz ~ 4 ^ ' 


xy.xz xy.xz \ _ 1 
xy + yz zx + yz J 4 


1 

4 


xy.xz \ 
zx + yz J 

(xy + yz + zx) 


Til day suy ra 


x 2 yz y 2 zx z 2 xy < 1 
1 +yz 1 + zx 1 + xy ~ 4 


Bat dang thile da ditqc chilng minh. 

Dau bang xay ra khi va chi khi a = b = c = \/3. □ 


1 

4 


Ta co cac danh gia sau 

1 1 
- + 


- + 


+ 7 


a 2 (l + be) b 2 ( 1 + ca) c 2 ( 1 + ab) a(a + abc) b(b + abc) c(c + abc) 

1 1 


1 


a(2a + b + c) b(2b + a + c) 

i-v' 1 1 


c(2c + b + a) 


4a(a + b) 4a(a + c) 
1 
4 


1 1 1 

4 ab 4bc 4 ca 


Va ta cung co: 

1 1 abc be 

a 2 + a 2 bc a 2 + a(a + b + c) a(a + b + c)(2a + b + c) (a + b + c)(2a + b + c) 

Do bieu thile cuoi cimg la dong nhat nen ta co the gia sil a + b + e = 1. 

(Neu a + b + c — k, ta co the dat a = ha'; b = kb', c = kd.) khi do ta co 

1 / T = t—-—_ y— b ±— + 

: 4 ^-^ K a + b a + c 4 


J 2 a + b + c 


J a + b + a + c 
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Lbi giai: 

Bat dang thilc can cluing minh trfdng drfdng vdi 


(a + b)Vab + 2 (y/a + Vb)Vab < (a + b) + (a + b) 2 

Ta c6 

(a + b) 2 (a + b).2 Vab ^ 

2 > - -£-= vab(a + b ) 

(& b} 2 , . Aab + ( \[Qj Vb) 2 , >— ~ 

1 2 ; + (a + b) > -^> 2(y^ + Vb) 

Cdng cac ve cua hai bat dang thilc tren ta c6 dieu phai chilng minh. 

Dau bang xay ra khi va chi khi a = b = 1. □ 


17 Bai 321 den bai 340 



Khi dd ta c6 


P = y 3 + z 3 + x(x 2 - yz) < y 3 + z 3 = Q 
Mat khac, thed bat dang thilc AM-GM ta c6: 

Q 2 = (V + zf(y 2 -VZ + z 2 ) 2 = (y 2 + 2 yz + z 2 )(y 2 -yz + z 2 )(y 2 -yz + z 2 ) < ( ^^- ) 3 < 3 s 
=> P < Q < 3V3 

Dang thilc xay ra khi x = y = 0, z = \/3 hdac cac hdan vi. 

Vay gia tri ldn nhat cua P la 3\/3. _ 

Bai 322. a , b, c thilc dUdng thoa man a 2 + b 2 + c 2 = 3. Chting minh rang: 

a 2 b 2 + 7 b 2 c 2 + 7 cV + 7 
(a + b) 2 + (b + c) 2 + (c + a) “ 

Ldi giai: 

Cach 1. 

Sil dung gia thiet va ket hdp vdi bat dang thilc Cauchy-Schwarz ta cd: 
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a 2 b 2 + 7 > 2ab + 2 (a 2 + b 2 + c 2 ) 
(a + b) 2 ~ (a + b ) 2 


Tit do ta co 


y. a 2 b 2 + 7 > 9 

b (°+ 6 ) 2 _ 2 

Bat dang thitc cuoi dung theo Nesbit. 

Bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = 1. □ 


a 2 + b 2 + 2 c 2 a 2 + b 2 + 2c 2 

- + 2 (a 2 + b 2 ) 


(a + b ) 

\ c 2 9 3 

2 + 2 =6 


3 c 2 
2 + a 2 + 6 2 


Cach 2. 

Ta co cac danh gia sau: 

a 2 b 2 + 7 > 2 ab + 2(a 2 + 6 2 + c 2 ) _ ^ a 2 + b 2 + 2c 2 
(a + 6) 2 _ (a + 6) 2 (a + 6) 2 

Suy ra: 

y^ a 2 b 2 + 7 y^ a 2 + b 2 + 2c 2 

i^( a + b f~ ( a + 6 ) 2 

Tit (a + 6) 2 < 2(a 2 + b 2 ) suy ra 

(a + b) 2 (b + c) 2 (c + a) 2 < 8(a 2 + 6 2 )(6 2 + c 2 )(c 2 + a 2 ) 


Tit ket qua 

4(a 2 + b 2 )(a 2 + c 2 ) < (a 2 + b 2 + 2c 2 ) 2 

Suy ra 

64[(a 2 + b 2 ){b 2 + c 2 )(c 2 + a 2 )] 2 < (a 2 + b 2 + 2c 2 ) 2 (6 2 + c 2 + 2a 2 ) 2 (c 2 + a 2 + 26 2 ) 2 
8(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < (a 2 + b 2 + 2c 2 ) (& 2 + c 2 + 2a 2 ) (c 2 + a 2 + 2b 2 ) 

Tit do ta co 


(a + b) 2 (b + c) 2 (c + a) 2 < (a 2 + b 2 + 2c 2 ) (6 2 + c 2 + 2a 2 ) (c 2 + a 2 + 2b 2 ) 


Sit dung bat dang thitc AM-GM 


E 


a 2 + 6 2 + 2c 2 
(a + b) 2 


> 3, 


(a 2 + b 2 + 2c 2 ) (fr 2 + c 2 + 2a 2 ) (c 2 + a 2 + 2b 2 ) 
(a + b) 2 (b + c) 2 (c + a) 2 


> 3 


Vay ta nhan ditdc: 


E 


a 2 b 2 + 7 
(a + 6) 2 


>3+3=6 


Bat dang thitc da ditdc chitng minh. 

Dau bang xay ra khi va chi khi a = b = 1. □ 


Cach 3. 


a 2 b 2 + 7 _ a 2 b 2 + +1 + 2(a 2 + b 2 + c 2 ) 2 ab + 2c 2 

(a + b ) 2 (a + 6) 2 _ (a + 6) 2 + 


Vay gid ta se chitng minh: 
Ta c6 : 


^ 2 ab + 2 c 2 ^ 
^ (a + b) 2 - 


2 ab + 2c 2 
(a + b) 2 




2 c 2 — a 2 — b 2 
(a + b) 2 
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Gia sh: a < b < c, khi do 

2 c 2 > 2 b 2 > 2 a 2 

(<a + b ) 2 ~ (c + a ) 2 _ (b + c ) 2 
Va 

a 2 + b 2 a 2 + c 2 62 + c 2 
(a + 6) 2 “ (a + c ) 2 _ (6 + c ) 2 

Vay bat dang thdc dung theo Che-brf-sep . Bat dang thhc da drfdc chiing minh. 
Dau bang xay ra khi va chi khi a = b = 1. □ 


Cach 4- 

Ta co: 


£ 


a 2 b 2 + 7 
(a + b) 2 


>-E 


a 2 b 2 + 7 
2 (a 2 + b 2 ) 


Doi bien a 2 — x, b 2 = y, c 2 = z va dat x-+y + z = p,xy + yz + zx = q, xyz = r. Ta can chhng minh: 


xy + 7 
^ x + y 


> 12 


titdng dudng vdi chhng minh 

^2(xy + 7)(y + z)(z + x) > \2{x + y)(y + z)(z + x) 

eye 

khai trien va thu gon lai ta c 6 : 

7 p 2 + 7q + q 2 + rp> Ylpq — 12 r 
&q 2 - 29 q + 15r + 63 > 0 (p = 3) 

4q - 9 

Theo bat dang thhc Schur ta co r > —-— 

Suy ra 

q 2 — 29q + 15r + 63 > g 2 — 29q + 15.^^-^ + 63 = (q-3)(q-6) >0(q<3) 

Bat dang tlihc da ditdc chilng minh. 

Dau bang xay ra khi va chi khi a = b = 1. □ 


Bai 323. Cho x, y, z thuc duefng thoa man xy + yz + zx = 1 . Chting minh rang: 


- + 


y 


y( 1 + x 2 ) z(l + y 2 x(l + z 2 ) 4 


Ldi giai: 

Ta co cac danh gia sau day: 

x 2 y 2 + x 2 y 2 + x 2 y 2 + xyz {x + y + z) = (xy + yz + zx) 2 — xyz (x + y + z) 
, 8 (xy + yz + zx) 3 _ 8 
~27 “ 27 

9 

(x + y + z) = (x + y + z) (xy + yz + zx) < - (x + y) (y + z) (z + x) 

Do do neu ky kieu VT - ve trai cua bat dang thtre can chimg minh ta se co: 


xyz (x + y)(y +z)(z + x) < - 
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Vay ta c6 


VT = Y. 

eye 


X 

y(l + x 2 ) 


E 


x 

y{x + y){x + z) 


_ y- x 2 z (y + z) 

EJ/3 (a: + 2/) (x + z) (y + z) 
x 2 y 2 + x 2 y 2 + x 2 y 2 + xyz (x + y + z) 
xyz (x + y)(y + z) (z + x) 

{xy + yz + zx) 2 (x + y + z) 

xyz {x + y){y + z) (z + x) {x + y) (y + z){z + x) 
> 27 _ 9 _ 9 
“ ~ 8 ~ ~~ 8 “ 4 


y( 1+x 2 ) z{l + y 2 ) x{l + z 2 ) 


Bat dang tilde da drtdc chiing minh. 

Dau bang xay ra khi va chi khi x — y — z — 


7r D 


Bai 324. Cho x, y, z thuc ductng thoa man xy + yz + zx = 1. Chiing minh rang: 


+ - 


?/(l + z 2 ) z( 1 + x 2 ) x{l+y 2 ) 4 


Ldi giai: 

Ta co cac danh gia sau: 


Vay ta co: 


xyz{x + y + z) < 


{xy + yz + xy) 2 1 


3 3 

(x + y + z) 2 > 3 {xy + yz + xz) = 3 


2/(1 + z 2 ) z{ 1 + x 2 ) x{l + 2 1 2 ) 


(z + x + y ) 2 


Bat dang tilde da drtdc chiing minh. 

Dau bang xay ra khi va chi khi x — y — z — —j=. □ 


‘ xy + yz + xz + xyz{x + y + z) 
9 
! 4 

1 


Bai 325. Cho a; b ; c thiCc dUdng thoa man a + b +c — 1. Chiing minh rang: 

a 2 + b 2 + 2 6 2 + c 2 + 2 c 2 + a 2 + 2 > ^ 

a + 6 — ab b + c — bc c+ a — ca ~ 

Ldi giai: 

Ta lan lrtdt danh gia 

a 2 + b 2 + 2 6 2 + c 2 + 2 c 2 + a 2 + 2 = ^ 2 / 1 1 \ 

a + b — ab b + c — bc c + a — ca ^ \a + b — ab a + c — ac) 

eye v 7 

^ 4(a 2 +1) 4(a 2 +1) 4(a 2 +1) 

— ^ 2 a + b + c — a{b + c) ^ 2a + 1 — a — a(l — a) ^ a 2 + 1 

eye v 7 eye v 7 eye 
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Bat dang tlitfc da difdc chtirig minh. 

Dau bang xay ra khi va chi khi a—b—c — O 


Bai 326. Cho a, b, c thuc diCdng thoa man a + b + c = 1. Chiing minh rang: 


g(l-c) 3 (l + c) g(l — °) 3 (1 + °) v'fl-W + &) “ 8 

Ldi giai: 

Ta nhan thay rang 

ab _ ab 

y/(l - c) 3 (l -he) (a + b)y/(a + b)(a + c + b + c) 

< 1 / ab < 1 j VabVab 

2y (a + b)(a + c + b + c) 2 y (a + b)2y/(a + c)(b + c) 


< 1 1 / afr < 1 1 / a b 

“2^4 \J (a + c)(b + c) - 2y8\a + c + 6 + c 

t day, sau khi ap dung bat dang tlitfc Cauchy-Schwarz ta se co 


~ eye 2 V 8 \o + c b + c J ~ 2\ 8 8 


Bat dang tlitfc da difdc cluing minh. 



9>a 3 + l + l + 6 3 + l + l + c 3 + l + l> 3(a + b + c) 

Suy ra 3 > (a + b 4* c) va tit 9 > (a + b -b e) 2 > 3 (ab + bc + ca ) suy ra 3 > (ab + bc + ca ) 
Tit do ta c6 


ab be ca ab be ca 



Bat dang tlitfc da difdc chtfng minh. 

Dau bang xay ra khi va chi khi a = b — c — !.□ 
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Bai 328. Cho a, h, c three dieting thoa man 
ChUng minh rang: 


a 2 + b 2 + 1 b 2 + c 2 + 1 c 2 + a 2 + 1 
ab + be + ca < 3 


icy* giai: 

Ap dung bat dang thUc Cauchy-Schwarz ta co: 




1 

a 2 + b 2 + 1 


s E 


1 + 1 + a 2 
(a + 6 + c) 2 


6 + a 2 + b 2 + c 2 
(a + b + c) 2 


TU day de dang suy ra 


ab + bc + ca < 3 


Bat dang thUe da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b — c — 1. □ 


Bai 329. Cho a, b, c three dieting thoa man a + b + c— 3. Chring minh rang: 


a 2 + b 2 + c / fr 2 + c 2 + a c 2 + a 2 + b 
a + b + c 2 + V 6 + c + a 2 + V c + a + b 2 ~ 


Ldi giai: 

Ta co 


(a 2 + b 2 + c) (a + b + c 2 ) < 


(a 2 + b 2 + c 2 + 3) 2 


a 2 + b 2 + c 


a 2 + b 2 + c 


2 (a 2 + 6 2 + c) 


a + b + c 2 \/(a 2 + b 2 + c) (a + b + c 2 ) a 2 + b 2 + c 2 + 3 


Ta can chUng minh 


a 2 + fc 2 + c b 2 + c 2 + a c 2 + a 2 + b 
a + b + c 2 + V 6 + c + a 2 + y c + a + 6 2 
2(a 2 + 6 2 + 6 2 + c 2 + c 2 + a 2 + a + b + c) 
a 2 + b 2 + e 2 + 3 
4(a 2 + 6 2 + e 2 ) +• 6 
: a 2 + 6 2 + c 2 + 3 

4(a 2 + b 2 + c 2 ) + 6 
a 2 + 6 2 + c 2 + 3 — 


Tuong duong vdi chUng minh 

a 2 + b 2 + c 2 > 3 

Dieu do luon dung vdi moi a, b, c > 0 va a + b A e = 3 bdi vi : 

9 .9 9 (a + b + c) 2 

a 2 + b 2 + c 2 > 2 --- = 3 


Bat dang thUc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b — c — 1. □ 
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Bai 330. Cho a, b, c thiCc dUdng thoa man a 3 + b 3 + c 3 — 3. Chting minh rang: 

a 2 b 2 ° 2 < 1 

b + 5 + ^+5 + ^+5 - 2 ' 


Lcti giai: 

Ap dung bat dang thilc AM-GM ta co: 




b 2 

7 + -- + - 


b + 5 c + 5 a + 5 2 a/3 Vb + 2 

Theo bat dang thtrc Cauchy-Schwarz ta lai co 

1 


2a/3 


^ £ 


Ta chi can chilng minh 


Hay tUdng dnong vdi 


fb + 2j ~ 2 ^ 3 ^ 

E a 

b + 2 


ME 


b + 2 


< 1 


y ' a(a + 2)(6 + 2 ) < (a + 2)(6 + 2 )(c + 2 ) 


a 2 c + b 2 a + c 2 b + 2 (a 2 + b 2 + c 2 ) < 8 + abc 
Bat dang tlitfc cuoi suy ra tif hai bat dang thhc sau 


a 2 + 6 2 + c 2 < 3 

a 2 c + b 2 a + c 2 b <2 + abc 

Hai bat dang thtfc nay danh cho doc gia nhn la mot bai tap nho. 

Bat dang thutc da dupe chihig minh. 

Dau bang xay ra khi va chi khi a = b = c = 1 . □ 

Bai 331. Cho a; b; c thuc dUOng thoa man (a + b + c) 2 = 9 abc. Chting minh rang: 

1 + 1 + 1 <r 3 

Vl + 3a 2 Vl + 3 b 2 + Vl + 3c 2 “ 2 

Lbi giai: 

Cdch 1. 

Dat a — yz: b — zx: c — xy , ta co: 

9 x 2 y 2 z 2 — {xy + yz + zx) 2 o 3xyz = xy + yz + zx > 3^/xyz => xyz > 1 
Khi do ta co: 
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1 


1 


y/l + 3 y 2 z 2 \/l + 3 z 2 x 2 \/l + 3 x 2 y 2 

x y z 

= —H- y - H- - 

yjx 1 + 3x 2 y 2 z 2 \Jy 2 + 3 x 2 y 2 z 2 \J z 2 + 3x 2 y 2 z 2 

x y z 

:— _ _|— y _ _|— _ 

•\/x 2 + 3xyz \Jy 2 + ‘ixyz ^/z 2 ~+3xyz 

x y z 

: — _ _| — y -| — _ 

•\/x 2 + X?/ + yz + y/y 2 + xy + yz + zx yjz 2 + xy + yz + zx 

^ x ^ y \ z 
- y/(x + y)(x + z) V(y + Z )(y + x ) + (* + j/) 


1 

<- 

“2 


Bat dang thtfc da ditcic dicing minh. 

Dau bang xay ra khi va chi khi a = 6 = c = 1. □ 


X 


X ) 

I+-I 

(JL_ + 

y \ 

I+-I 


z 

x + y 


x + z) 

1 + 2 1 

[y + z 

y + x ) 

1 + 2 1 

\z + x 

z + y. 

X 


y \ 

I+-I 

(-V- + 


+ -! 

( — + 

X 

x + y 


y + x) 

' + 2 

[y + z 

z + y) 

l + 2 1 

V z + x 

X +:Z J 


<■* 
“ 2 


Cach 2. 

Trf gia thiet (a + b + c ) 2 = 9 abc > 3 (ab + bc+ ca ) va dat x — - 
Ta co x + y + z < 3. 

Do 3 (xy + yz + zx) <(x + y + z) 2 < 9 nen xy + yz + zx < 3 
Khi do bat dang thtfc can dicing minh tctdng ditong vdi 


E- 


1 _ 1 


That vay, ta co: 

E™sE 


: = £ 


Vx 2 + 3 ^ \/ x 2 +xy + yz + zx “ y/(x + y)(x + z ) 2^Vx + t/ x + z/ 2 


< 1 y. ( X X \ 3 

— 2 2.*/ l x+v+x+z) 2 


Bat dang thtfc da dctdc chting minh. 

Dau bang xay ra khi va chi khi a = b = c = 


Bai 332. Cho a; 6 ; c thuc dUdng thoa man abc = 1. Tim gia tri nhd nhat cua bieu thiCc 

p a 2 b b 2 c c 2 a 
a + b b + c c + a 


Ldi giai: 


v ^ y „ 

Ta co abc = 1, nen co the dat a = —, 6 = c = —. Khi do ta co: 

i 4 + B 4 + z 4 + 3(xV + !/V + A 2 ) 

= (x 2 +y 2 + z 2 f + (xV +y 2 z 2 + z\ 


Ttf day suy ra: 


<l(x 2 + y 2 + z 2 Y 
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y, 2x 2 
2 xz 4 - 2 


Ap dung bat dang thilc AM-GM ta co: 


V ™ _> 2 V- 

^ 2 xz 4 - 2?/ 2 “ ^ x- 


2xz + 2 y 2 ~ '^x 2 + z 2 + 2y 2 


Lai ap dung bat dang thttc Cauchy-Schwarz ta co 

o V * 2 (x 2 + y 2 + z 2 f >g 3_3 

’ ^ x 2 + z 2 4- 2 y 2 ' x 4 + y 4 + z 4 + 3 ( x 2 y 2 + y 2 z 2 + z 2 x 2 ) ' 4 2 


Tit day suy ra 


3 \ a 2 b 3 

= 2^ a I h - 2 


Gia tri nho nhat nay cua P dat ditdc khi cho a = & = c = 1. 0 


Bai 333. Cho a; 6 ; c t/iitc dvCdng thoa man a 2 + b 2 + c 2 = 1. Chilng minh rang: 

a b c 3a/3 

= b 2 + c 2 + c 2 + a 2 + a 2 + b 2 ~ ~2~ 


Ldi giai: 

Theo bat dang thitc AM-GM ta < 


27.2a 2 (b 2 + c 2 ) (i b 2 + c 2 ) < 8 (a 2 + b 2 + c 2 ) 3 = 8 


a 3\/3 2 

Thiet lap hai bieu thitc titdng tit va cong ve vdi ve, ta co: 

3\/3 / 2 72 2\ 3^/3 

+*>-+ c ) = ^- 

Vay ta co dieu phai chilng minh. 

Dau bang xay ra khi va chi khi a = b — c = —=. □ 


Bai 334. Cho a; 6 ; c thvCc dttcfng thoa man a + b + c = 3. Chting minh rang: 

a 2 b b 2 c c 2 a 

- 1 - 1 -< 1 

2 a + b 2 b + c 2 c + a 
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Ldi giai: 


TO day suy ra 


1 1 1 (\ 1 1 \ _ 1 (2 1 

2 a + b a +a + b ~ 9 \a +a +b) 9\a + 6 


2 1 

a 2 b 9 , „ + h 2 ab + a 2 

--r < a 2 b. a n 0 = --- 

2 a + b 9 9 


Todng to cho hai phan so con lai , ta co dope 

a 2 b b 2 c 
2a + b 2b + c 2c + a ~ 9 


a 2 b b 2 c c 2 a 1 . , . 2 

f^rrz + ^ q (« + b + c ) = 1 


Bai 335. Cho a; 6; c la do dai cac canh cua tam giac. Chdng minh rang: 

(a + 6) 4 + (c + &) 4 + (a + c) 4 + > 9(a 4 + b 4 + c 4 ) 


Ldi giai: 

Sau khi pha ngoac va rut gon, bat dang thOc can chOng minh tOOng dOOng vdi 

6(a 2 6 2 + b 2 c 2 + c 2 a 2 ) — 7 (a 4 + b 4 + c 4 ) + 4(a 3 6 + ab 3 + c 3 b + cb 3 + a 3 c + ac 3 ) > 0 
Ap dung AM-GM ta co 

4(a 3 6 + ab 3 + c 3 b + cb 3 + a 3 c + ac 3 ) > 8 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

Ta lai co theo bat dang thOc trong tam giac 

14(a 2 6 2 + b 2 c 2 + c 2 a 2 ) — 7(a 4 + b A + c 4 ) = 7(a + b + c)(a + b — c)(a — b + c)(b — a + c) >0 
tO day suy ra 

6(a 2 6 2 + b 2 c 2 + c 2 a 2 ) — 7 (a 4 + b 4 + c 4 ) + 4 (a 3 b + ab 3 + c 3 b + cb 3 + a 3 c + ac 3 ) > 0 
Bat dang tlitfc da dope chOng minh. □ 


Bai 336. Cho x , y , z la cac so dvtdng thoa man xyz = 1. Chitng minh rang: 



Ldi giai: 

Cach 1 . ^ 

Tit dieu kien ta co the dat x — y — z — - 
b c a 

khi do bat dang thOc can chOng minh trd thanh 

a ^ b _|_ c > i 
\Ja 2 + 8 be \/b 2 + 8 ca c 2 + 8 ab ~ 

TrOPc het ta chOng minh bat dang thOc dai dien sau: 

a > a 4 / 3 

Va 2 + 8 be ~ a 4 / 3 + 2(bc) 2 C 
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Trtdng dating vdi chdng minh 

4 2 8 

a 2 (a3 + 2(6c)3) 2 > a3 (a 2 + 8 be) 


Hay trtdng dicing vdi 


4 4 2 2 

(be) 3 + a3(6c)3 > 2a3 be 


Bat dang tilde nay dung theo AM-GM 
Td day suy ra 

c 

\/c 2 + 8 ab 


1 

Bat dang thde da drtdc chdng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1 . □ 


\/a 2 + 8 be a/6 2 + 8 ca 

> v 0,4/3 

~ a 4 / 3 + 2(6c) 2 / 3 — 

eye 

a 4 / 3 


Cach 2. 

Cung bien doi nhrf tren ta can chdng minh 


E 


a 

Va 2 + 8bc 


> 1 


Ap dung bat dang thde Cauchy-Schwarz: 

VT > # (a + b + cf _ 

a\Ja 2 + 86c + b\Jb 2 + 8 ac + c\/ c 2 + 86a 

Lai ap dung bat dang thde Cauchy-Schwarz 

( aVa 2 + 86c + b\/b 2 + 8 ac + cVe 2 + 86a) 2 < (a + 6 + c) (a 3 + 6 3 + c 3 + 24a6c) < (a + 6 + c) 4 
Td day suy ra 

aVa 2 + 86c + 6\/6 2 + 8ac + cVc 2 + 86a < (a + 6 + c) 2 

Bat dang thde da drfdc chdng minh. 

Dau bang xay ra khi va chi khi a = b—c — l.D 


Bai 337. Cho a; 6; c la cac so thitc duefng thoa man a 2 + 6 2 + c 2 = 12. Tim gia tri nhd nhat cua 
bieu thitc 

p_ 1 1 1 

1 + ab 1 + bc 1 + ca 

Lbi giai: 


Cach 1. 

Ta cd: 


3 + ab + be + ca 3 + a 2 + 6 2 + c 2 


3 

5 
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3 

Vay MinP = - khi a = h — c = 2. □ 

Cach 2. 

2 
5 


+ c 2 = 12 

9 > 9 = 3 

ib + be + ca ~ 3 + 12 5 


Bai 338. Cho a ; 5; c la cac so thitc ditdnq. Chiinq minh ranq: 

a 2 b 2 c 2 ^ a + b + c 

y/3a 2 + 85 2 + 14a 6 \/35 2 + 8c 2 + 146c \/3r 2 — 8r/ 2 -4. Men — 5 

giai: 

Cach 1. 

Ta co: 3a 2 + 8 b 2 + 14 ab < (2a + 35) 2 , suy ra 


1 1 + ab 

1+ab + 25 

Ap dung bat dang thUc AM-GM ta co: 

ab + be + ca < a 2 + b 2 

Khi do ta co 

P- 1 1 1 > 

1 + ab 1 + bc 1 + ca — 3 + o 


Vay MinP = - khi a = b — c — 2. □ 


E a 2 ^ ^—\ a 2 >9 2a 35 2a 35 a + b + c 

V3a 2 + 85 2 + 14a5 — 2a + 35 — V 2a + 35 25 25 5 

eye v eye eye 1 eye 

Bat dang thtfc da dupe chiing minh. 

Dau bang xay ra khi va chi khi a = b—c — l.D 


Cach 2. 

Ta co: 

„2 n 2 n 2 

CL CL ^ a 

+ V3a 2 + W + 14a6 + ^ (2o + 3+ - (a - f,) 2 ~ ^ 2a + 36 

Ap dung bat dang thUc Cauchy-Schwarz ta co 

E a 2 ^ (a + 5 + c) 2 a + 5 + c 
2a + 35 — 5(a + 5 + c) 5 

eye v ' 

Bat dang thUc da dupe chUng minh. 

Dau bang xay ra khi va chi khi a = b—c — l.D 


Bai 339. Cho a; 5; c la cac so thitc ditetng man dieu kien 3a5 + be + 2 ac = 6 . Tim gia tri Idn 
nhat cua biiu thvtc 

1 4 9 

“ ^Tl + 5^f4 + ?T9 

Loti giai: 

Cach 1. 
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Td day ta co 


1 + x 2 1 + y 2 1 + z 2 
(■x + y + zf 


~ x 2 + y 2 + z 2 + 3 
_ (x + y + z ) 2 
(x + y + z) 2 + 1 

1 

(x + y + z) 2 + 1 

1 


= 1 - 
> 1 - 


3 (xy + yz + zx) + 1 4 


1 


1 


1 


1 + x 2 1 + y 2 1 + z‘ 
1 


<® 

- 4 


x=y=z= 


Vs 


a = —=. b = —=. c — Vs 

Vs Vs 


Vay 

A 

Dau bang dat dncic khi va chi khi 

Titdng dncirig vdi 

Cacti 2. 

Dat: a = x, b = 2y, c — 3z 

Td dieu kien, suy ra: xy + yz + zx = 1. Khi do ta co 
1 1 1 
- x 2 + l + y 2 + l + z 2 + l 

1 1 1 
x 2 + xy + yz + zx y 2 — xy — yz — zx z 2 + xy + yz + zx 
1 1 1 
(x + y)(x + z) (y + z)(y + x ) (z + x)(z + y) 

= 2 (x + y + z) 

(x - y){y - z)(z A x) 

_ 2(x + y + z)(xy + yz + zx) 

(x + y)(y + z)(z + x) 

Do: 

(x + y + z)(xy + yz + zx) = (x + y)(y + + x) + xj/z 


Suy ra: 


A = 2[l + - 


t] 


(x + y)(y + z)(z + x) J 
Ap dung bat dang thdc AM-GM ta co: 8 xyz < (x + y)(y + z)(z + x), nen ta co 


xyz 


{x + y)(y + z)(z + x) 8 


Suy rad < 
Vay Max A = 


9 
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Dau bang dat drfdc khi va chi khi x — y — z — —= Tircing dcfdng vdi 

v 3 

1,2 r 
a = b = c— Vo 
a/3 Vs 

Cach 3. 

Dat a — x,b — 2y,c — 3z, suy ra xy + yz + zx = lta co A = — - 1 — - 1 — - 

x 2 + 1 y +1 z 2 + 1 

ABC 

Tiep tuc dat x — tan—, y = tan —; 2 ; = tan— ta c 6 

f 2 a 2 2 b 2 c, 

2 A — (cos — + cos — + cos —) 

3 

= 3 + cosA + cosB + cosC < 3 + - 

- ^ 

“ 2 
9 

Vay A < Dau bang dat drfdc khi va chi khi 

1,2 r 
a = —=, b = —=, c — V3 

VS V3 


| Bai 340. Cho a; b la cac so thitc dUdng. Chting minh rang 

(1 + *)(!+*) (1 + ^1 >256 


Ldi giai: 

Cach 1. 

Ta co theo bat dang thrfc Cauchy-Schwarz: 

(1 + a)(l + t)(i + -^) 2 > (1 + Vb)\ 1 + ^) 2 


> (1 + 3 ) 4 = 256 


Dang thrfc xay ra khi a = 3; b = 9. □ 

Cach 2. 

Ta c 6 theo bat dang thrfc Holder: 


(1 + a)(ir t ) ( 1 + JL r = (i + a+ C i) (i + ^ 

fh I Q / Q 

> (1.1.1.1 + +Va.\ -=) 4 = 256 

V a\/ Vb\j Vb 

Dang thrfc xay ra khi a = 3; b = 9. □ 

Cach 3. 

VT =(1 + a + - + b)(l + -^=) 2 
a Vb 

>am-gm (! _|_ 2Vb +&)(! + ~^=) 


Vb J 

— [(1 + Vb)(l + ^)] 2 — 256 

(Bat dang thrfc cuoi cung dung theo AM-GM) Dang thrfc xay ra khi a = 3; b = 9. □ 

Cach 4- 
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StjC dung dong nhat thdc sau 

(1 + o) ( 1 + «) ( 1 + ^) = 256 + 32 ( ? S _ ' W)2 + ( ? S _ '^ )4 + ( \/!"' / “ )2 ( 1 + ^) 

Dang thhc xay ra khi a = 3; b = 9. □ 


18 Bai 341 den bai 360 

Bai 341. Cho a; 6, c la cac so thiCc dUdng thoa man a + h + c — 3. Chting minh rang 

1 1 1 

a 2 + b + c + b 2 + c + a + c 2 + a + b ~ 


Lbi giai: 
Cdch 1. 

Ta co: 


(1 + b + c)(a 2 + b + c) > (a + b + c) 2 


Suy ra 


E 


1 

a 2 + b + c 


< 1 + b + c 

— (a + b + c) 2 


Bat dang thhc da drfdc chiing minh. 

Dau bang xay ra khi va chi khi a = b — c — !.□ 


3 + 2 (a + b + c) 
(a + b + c ) 2 


Cdch 2. 

Sh dung phrfdng phap tiep tuyen ta co : 


4 ~ a _ 1 = (3 — a)(q — l) 2 > 

9 a 2 + 3 — a 9 (o 2 + 3 — a) 


Do do 


a 2 + b + c b 2 + c+a c 2 + a + b 


<Vi^ = i 

~ ^ 9 


Bat dang thhc da dhdc chhng minh. 

Dau bang xay ra khi va chi khi a = b — c — !.□ 


Bai 342. Cho a, b , c la cac so thitc dvtdng thoa man ab + bc + ca + abc = 4. Chting minh rang 
Vab + Vbc + \fca < 3 


Ldi giai: 

Cdch 1. 

Dat x = Vbc\ y = \Jca\ z — \fab Suy ra 


http: //boxmath.vn/ 


189 





Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


x 2 + y 2 + z 2 + xyz = 4 
O (x + y + z) 2 - 4 = 2 (xy + yz + zx) - xyz 

(x + y + z) 2 - 4(x + y + z) + 4 = (2 - x)(2 - y){2 - z) 
< 6-x-y-z 3 

-K 3 ) 

Dat t = x + y + z, ta co: 

(t - 6) 3 + 27 (t 2 - 4t + 4) < 0 
(t-3)(t + 6) 2 < 0 
Ot< 3 

Vab + Vbc # i/ca < 3 

Bat dang thtfc da ditcic chilng minh. 

Dau bang xay ra khi va chi khi a = b = c = 1. □ 

Cach 2. 

Dat \fab = 2x , Vbc = 2 y, y/ca — 2z ta co: 

x 2 + y 2 + z 2 + 2 xyz = 1 
3 

Ta can chtrng minh x + y + z < - , that vay 

Sh dung phuong phap kfdng giac, dat x — cos A, y = cosB , z — cosC ta co 

A -\- B -\- C 3 
cos A + cosB + cosC < 3cos(---) = - 

Bat dang thhc da ditpc chimg minh. 

Dau bang xay ra khi va chi khi a = b = c = 1 . □ 


Bai 343. Cho a, b, c la cac so khong am thoa man a+b+c = 3. Tim gia tri nhd nhat cua bieu thtic 


A b 2 + c 2 + 1 + c 2 + a 2 + 1 + a 2 + b 2 + 1 


Ldi giai: 


Ap dung bat dang thhc Cauchy-Schwarz ta co: 


Suy ra 


Dat 


^ ^ a(b 2 + c 2 + 1)].A > (o + b + c) 2 — 9 

eye 


A > 


9 

a(b 2 + c 2 + 1 ) 


P — o (& 2 + c 2 + 1) — 3 + ab(a + 6 ) 
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Gia sd a > b, a > c suy ra 

ab(a + b) < ab(a + b) + 2 abc + ca(a + c ) 
= ab(a + b + c) + ac(a + b + c) 

3 

= 3 a(b + c) < -(a + b + c) 2 

_ 27 

“ T 


Bat dang thilc thiic cuoi cung dung theo AM-GM. 
Td day suy ra 



Ldi giai: 


Ta chifng to rang gia tri ldn nhat va nho nhat bieu thdc bar 


2 — 5\/l + a — 6 


\/5 — 4a + 2-\/l A (2 + 6 


Dung vi ham 6 — 2 y/5 — 4 a + 5 y/\+a ddn dieu do co dao ham bang H - . > 0. Gia 

V5 — 4a 2\/l + a 

tri ldn nhat nay dat drfOc khi cho a = — 1 Ta co tiep 

r | 1 1 7 V / 5^-4 V T + ^-6 >0 

6 6 ' V5 - 4a + 2x/TTa + 6 “ 


Dung do ham d td so dcJn dieu. Gia tri nay dat drfOc khi cho x 


4 


. □ 
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Dat 



Vdi 


T = 2 xy 3yz 2 zx 

(■z + x)(z + y) (x + y)(x + z ) (y + z)(y + x) 

2x(x + y) + 3yz(y + z) + 2 zx(x + z) 

(x + y)(y + z)(z + x) 

6 xy(x + y) + 9 yz(y + z) + 6 zx{x + z) — 5 (xy(x + y) + yz(y + z) + + z) + 2xyz) 

3(z + y)(j/ + *)(* +a) 

TS 

Its 


TS = xy(x + y) + 4 yz(y + z) + zx(z + x) — 10 xyz 
= x(y 2 + xy + z 2 + zx) + 4yz(y + z) — 10 xyz 


> 2 x 2 y/yz + Syx^/yz - 8 xyz = 2 y/yz(x - 2 y/yz) 2 > 0 
Dau bang xay ra khi va chi khi x — y — z — □ 


Bai 346. Cho a,b,c la cac so thuc dvCdng thoa man abc = 1. Chting mink rang: 

i + 3 >_ 6 _ 

a + b + c ab + bc + ca 

Lcti giai: 

Dat 



bat dang thtrc ditpc viet lai ditdi dang 

i + — 3 —>—®— 
xy + yz + xz x + y + z 

Ap dung bat dang thitc quen thuoc 

(x + y + z) 2 > 3 (xy + yz + zx) 


ta co 

3 „ 9 

1 H-> 1 H-n 

xy + yz + zx (x + y + z) 

Ap dung bat dang thitc AM-GM cho ta 

i 9 6 

1 H- n A - 

(■x + y + zy x + y + z 

Tit do suy ra dieu phai chitng minh. Dang thitc xay ra khi va chi khi a = b = c — 1. _ 

Bai 347. Cho a, 5, c la cac so thitc drtdng thoa man a 2 + b 2 + c 2 < -. Chdng minh rang 

(a + b) (b + c) (c + a) H—- + — l jfej -7 > 25 
a 6 b 6 c 3 

Lcti giai: 

Ta co: 

7 > a 2 + b 2 + c 2 > 3\/a 2 b 2 c 2 =+■ abc < - 
4 8 

Ma sh dung bat dang thitc AM-GM ta co: 

(a + b)(b + c) (c T a) > 8 abc 
1113 
a 3 b 3 c 3 — abc 
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Tit do ta co 


111 1 23 

P = (a + b)(b + c)(c + a) + - 3 + - 3 + -^>8abc+ — + — >2 + 23 = 25 
Dang thilc xay ra khi a = b — c — 

Bai 348. Trong tarn giac ABC co cac canh a , b , c. Chilng mirth rang : 

a 3 + 6 3 + c 3 + 3 abc > a(b 2 + c 2 ) + b(a 2 + c 2 ) + c(a 2 + b 2 ) 

Ldi giai: 

Bat dang thilc can chilng minh titdng ditdng vdi 


(a + b — c)(b + c — a)(c + a — b) < abc 


Theo bat dang thilc AM-GM ta co: 


, , w , . ^ .a + b — c + b + c— a. 

(a + b — c)(b + c — a) < ( - - - ) = b 2 


Xay ditng cac bat dang thilc titdng tit: 


(b + c — a){c + a — b) < c 2 
(a + b — c)(c + a — b) < a 2 


Nhan 3 bat dang thilc tren ta se c 6 dieu phai chilng minh. 

Bai 349. Cho cac so a, b , c, e [0; 1]. Chilng minh rang : 

a( 1 — b) + 6(1 — c) + c(l — a) <1 

Ldi giai: 

Dd a, b, c, e [0; 1] nen ta c 6 


0< (1 — a)(l — 6)(1 — c) 

•O' 0 < 1 — (a + b + c) + ab + bc + ca — abc < 1 — (a + b + c) + ab + be + ca 
<0 (1 —b) + 6(1 — c) + c(l — a) < 1 


Dau bang xay ra khi a = b = 0,c— lva cac hdan vi. 

Bai 350. Cho a, 6 , c > 0 ua a 6 + be + ca = 1. Chitnh minh rang 

\ —|- 66 + \ j — + 6 c + \ —|- 6 a < —— 
V a V 6 Vc abc 

Ldi giai: 

Ap dung bat dang thilc AM-GM: 


(1 + 6 a 6 ). —.3 < 


4 + 6 a 6 + 
3 


\/3 

a 


Xay ditng cac bat dang thilc titdng tit rdi edng lai ta ditdc : 


12 + 6 (a 6 + be + co) A \/3 — 
3 a/3 


/- 1 2 1 

= 2V3'4k -< s -1- 

3a6c 3a6c 3a6c 


1 

a 6 c 
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Vi( abc < 


3VT 


Dang thile xay ra khi a = b — c = 


V3' 


Bai 351. V6i so thuc dUdng x, hay tim gia tri nhd nhat cua 

Ldi giai: 

Sil dung bat dang thile AM-GM ta co: 


3 + - | + 7 tl — - 


11 3 7 3 9 3 / 9 15 

- X+ 2x + 2 + 2x-2 +X+ x~2 


Dang thlie xay ra khi x — 3. 
15 

Vay minP = —. 


Bai 352. Cho x,y,z e [0; 2] va x + y + z. Tim gia tri Idn nhat cua 
A = x 2 + y 2 + z 2 


Ldi giai: 

Do x G [0; 2] ta co : 


(2 — x)(2 — y)(2 — z) > 0 <S=^ —4 + 2 (xy + yz + zx) — xyz > 0 


A = 9 — 2 (xy + yz + zx) < 5 — xyz < 5 

Dang thile xay ra khi x — 2,y = 1, z = 0 va cac hoan vi. 

Vay max A = 5. 


Bai 353. Goi a, b, c la do dai 3 canh cua 1 tam giac co chu via + b + c — 2. Chitng minh rang 
— <a 2 + b 2 + c 2 + 2 abc < 2 


Ldi giai: 

Wa + b + c—2 nen do dai moi canh nho hdn 1 . 

Si! dung AM-GM cho ba so drfdng: 1 — a, 1 — b, 1 — c ta drfdc: 


3 -(a + b + c)> 3y/ (1 — a)(l — 6)(1 — c) > 0 
1 


> (1 — a)(l — b)(l — c) > 0 


-O’ — > ab+ be + ca — abc > 1 
<0 2 < 2 ab + 2be + 2 ca — 2abc < ^ 

O 2 < (a + b + c) 2 — (a 2 + b 2 + c 2 + 2abc) < ; 
<0 ^ < a 2 + b 2 + c 2 + 2 abc < 2 


Dang thile xay ra khi a = b — c — -. 
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Bai 354. Cho x, y la cac so 

thvtc. Tim gia tri nhd nhat cua 

A = 

^(x-l) 2 + y‘ 2 +^(x+l) 2 + y* + \y-2\ 


Ldi giai: 

Sd dung bat dang thdc vec td va bat dang thdc ve tri tuyet doi, ta 
A= yj(x - if + y 2 + \J(x + l) 2 + y 2 + \y - 2| 


= ^ [(* - l f + y 2 \ 
JM, 



.[(•? + 1) 2 + y 2 ] 


. — \/3 / ^ . y . \/ 3 , , , v , * 

> ~Y~ ( x - 1 )+ 2 + ^f( x + 1 ) + 2+ 2 ~ y 


Dau bang xay ra khi x = 0, y = Vay min A — 2 + y/3. 

_v3_ 

Bai 355. Cho cac so thitc x, y, z thoa man: x 2 + y 2 + z 2 = 2. Tim gia tri Idn nhat, gia tri nhd 
nhat cua hiiu thvtc: 

P = x 3 + y 3 + z 3 — 3 xyz 

Ldi giai: 

Sd dung hang dang thdc quen thuoc co: 

P = (x + y + z)(x 2 + y 2 + z 2 - xy - yz - zx) 

Sd dung bat dang thdc AM-GM, ta co: 

P 2 = (x 2 + y 2 + z 2 + 2 xy + 2 yz + 2 zx) ( x 2 + y 2 + z 2 — xy — yz — zx) ( x 2 + y 2 + z 2 — xy — yz — zx 
^ \3(x 2 + y 2 + z 2 )] 3 _ Q 


-2V2 <P< 2\/2 


Td do ta co ket luan 

maxP = 2V2 
minP = —2\[2 



Ldi giai: 

Ap dung bat dang thdc Cauchy-Schwarz ta co : 


(c + b)(a + c) > ( y/ac + Vbcf 
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[ab 7 lab + c(a + b + c) / (c + b)(c + a) \fca-\- Vcb J- rr 

V7 + 1 = V- I -= V-o-> ^ =V^ + Vb 

Tao cac bat dang thitc titdng tit cong vao ta se c 6 dieu phai chdng minh. 

Dang thdc xay ra khi a = b — c — -. 

Bai 357. Cho x, y ^ 0 thoa man dieu kien xy(x + y) — x 2 — xy + y 2 . Tim gia tri Idn nhat cua: 
P=- + - 

X 3^y3 


Ldi giai: 

Dat a — b — - 
x y 

Khi do gia thiet xy(x + y) = x 2 — xy + y 2 ditdc viet lai la a + b — a 2 — ab + b 2 va 
P = a 3 + b 3 = (a + b)(a 2 — ab + b 2 ) — (a + b) 2 
Sd dung bat dang thdc AM-GM ta co 


a + b = a 2 — ab + b 2 = (a + b) 2 — 3 ab > (a + b) 2 — 3. 
=> (a + b) 2 — 4(a + 6)<0<S=^0<(a + 6)<4 
=► P = (a + bf < 16 


(a + b) 2 


Bai 358. Cho a, b, c la cac so thuc dUdng. Chttng minh rang : 

(2 a + b + c) | (2 b + c + o) | ( 2 c + a + b) 

2 + 777 , 77 + : 


2 a 2 + (6 + c ) 2 26 2 + (c + a ) 2 2c 2 + (a + b) 2 


Ldi giai: 

De y rang 


( 2 a + b + c ) 2 2 (b + c — a) 2 


2 a 2 + (b + c) 2 2 a 2 + (b + c ) 2 

Bat dang thdc can chdng minh titdrig ditdng 

2 (b + c — a) 2 + 2 (c + a — b) 2 + 2 (a + b — c) 2 


2 a 2 + (b + c ) 2 2 b 2 + (c + a) 2 2 c 2 + (a + b)' 

Sii dung bat dang thdc Cauchy-Schwarz ta c 6 

2 (b + c — a) 2 2 (b + c — a) 2 (b + c — a)' 


2 a 2 + (b + c ) 2 - 2a 2 + 2 (b 2 + c 2 ) a 2 + b 2 + c 2 
Thiet lap 2 bieu thdc trfdng tit, sau do cong ve theo ve, ta ditdc 

(b + c — a) 2 + (c + a — b) 2 + (a + b — c) 2 
LHS - a 2 + b 2 + c 2 

Sit dung bat dang thttc Cauchy-Schwarz, ta thay rang 

(b + c — a) 2 + (c + a — b) 2 > (b + c — a + c + a — b) 2 2 


2 2 
(c + a — b) 2 t (a + b — c) 2 
2 + 2 
(a + b — c) 2 (b + c — a) 2 


> a 2 

> b 2 


http: //boxmath.vn/ 


196 






Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Cong ve theo ve cac bat dang thitc tren, ta ditdc: 

(b + c — a) 2 + (c + a — b) 2 + (a+ b — c) 2 > a 2 + b 2 + c 2 


Tit do ta co 

2(b + c — a) 2 2 (c + a — b) 2 2 (a + b — c) 2 ^ 

2 a 2 + (b + c ) 2 2 b 2 + (c + a ) 2 2 c 2 + (a + b) 2 ~ 

Bai toan ditdc cluing minh xong. Dang thitc xay ra khi va chi khi a = b = c. 

Bai 359. Cho a, b , c la cac so thitc ditctng thoa man abc = 1. Chting minh rang : 

1 1 1 > 3 

a 3 (b + c) b 3 (c + a) c 3 (a + b) ~ 2 


Lcti giai: 

Dat x — y — z — - thi xyz = 1. Khi do 
abc 

111 xyz.x 2 xyz.y 2 xyz.z 2 x 2 y 2 z 2 

- 1 - 1 -= —- 1 —-—— -|— -=- 1 --- 1 - 

a 3 (b + c ) b 3 (c + a ) c 3 (a + b) y + z z + x x + y y + z z + x x + y 

Sit dung bat dang thitc AM-GM, ta co: 


x 2 y + z 
y + z 4 



x 


Titdng tit cho 2 bieu thilc con lai, cong ve vdi ve ta dc: 

„ x + y + z 
P H---> x + y + z 

x + y + z Zjfxyz, 


3 

2 


Dang thhc xay ra khi: a = b — c = 1 . _ 

Bai 360. Tim gia tri nhd nhat cua P vdi x + y + z = 1 va x,y,z > 0 
P = 2(x 2 + y 2 + z 2 ) — 4 xyz — 9x + 2011 

Ldi giai: 

Cach 1. 


P = 2(x 2 + y 2 + z 2 ) - 4xyz - 9x + 2011 
> 2 x 2 \-fci(y + z) 2 — x(y + z) 2 — 9x + 2011 
= 2x 2 + (y + z) 3 — 9x + 2011 
= 2(x - l) 2 + (y + zf - h{x - 1) + 2004 > 2004. 

Vay minP = 2004 khi x = 1; y — z = 0. 

Cach 2. 


P = 2(x 2 +y 2 + z 2 ) - 4xyz - 9x + 2011 
> 2x 2 + (y + z) 2 — x(y + z) 2 —9x + 2011 
= 2x 2 + (1 — x) 3 — 9x + 2011 
= —x 3 + bx 2 — 12x + 2012 = f(x), ( x E [0; 1]) 
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Ta co: 


f\x) = -3x 2 + 10x - 12 < 0, xe [0; 1] 
=► > /(1) = 2004 


Vay minP = 2004 khi x = 1; y = z = 0. 


19 Bai 361 den bai 380 

Bai 361. Cho a, 6 , c la cac so thiCc dtidng thoa man abc = 1. Chting minh rang : 

a b c 

a 2 + 2 + b 2 + 2 + c 2 + 2 “ 

Ldi giai: 

Sii dung bat dang thdc AM-GM, ta co 

a b c ^ a b c 

a 2 + 1 + 1 + b 2 + 1 + 1 + c 2 + 1 + 1 ~ 2a+ 1 + 26+1 + 2 c +1 

Ta se chting minh 

a b c ^ ^ 

2 a + 1 + 26 + 1 + 2 c + 1 “ 

That vay sau khi quy dong va rut gon, vdi chii y abc = 1 ta co 
2 (a + 6 + c) >6 

Bat dang thhc dung theo AM-GM, do do bai toan chting minh xong. 

Dang thilc xay ra khi va chi khi a = b — c — 1. 

Bai 362. Cho a, 6 , c la cac so thilc dvtdng thoa man a 2 + 6 2 + c 2 = 3. Chting minh rang : 
abc 9 

— 4 - 1 + -:- 

6 c a a + b + c 

Ldi giai: 

Sit dung bat dang thtfc Cauchy-Schwarz ta co: 

a b c > (a + 6 + c ) 2 
6 c a ~ ab + be + ac 

Ta se chting minh 

(a + b+cf ^ -9-^-3- +2 ^ -9- 

ab + be + ac a + b + c ab + bc + ca a + b + c 

Dat a + b + c = t thi ta can chting minh 

^2 _ 3 + 2 > - <+> (t + 3)(t - 3 ) 2 > 0 

Bat dang thtfc cuoi luon dung, do do bai toan drfOc cluing minh xong. 

Dang thtfc ra khi a = b — c — 1. 

Bai 363. Cho a, 6 , c > 0 va min {a + 6 ; 6 + c; c + a} >0 thoa man a 2 + 6 2 + c 2 = 2(a6 + 6 c + ca). 
Chting minh rang 

I ab I be I ca 1 

V a 2 + 6 2 + V b 2 + c 2 + V c 2 + a 2 “ ^ 
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Ldi giai: 

Ta c 6: 


1 ab 
a 2 + b 2 


Do do ta chi can chdng minh: 


a Jab{a 2 +.f^) ^ \f2ab 
a 2 + b 2 “ a 2 + b 2 


\ 2 ab 

^ a 2 + b 2 


+ 1 O 3 + ^ ^ 

eye 


2 ab 

a 2 + b 2 


> 4 «E 

eye 


(a + 6) 2 
a 2 + b 2 


> 4 


Sd dung bat dang thde Cauchy-Schwarz ta co 

•^(a + 6) 2 ^ 4(a + 6 + c) 2 o 4(a6 + 6c + ca) 
^ a 2 + b 2 ~ 2 (a 2 + 6 2 + c 2 = + a 2 + 6 2 + c 2 


Bai toan drtdc chdng minh xong. 

Dang thde xay ra khi va chi khi a = 0, b — c va cac hoan vi. _ 

Bai 364. Cho x , y la hai so thuc dUeSng thoa man dieu kien x 2 + y 2 = 1. 
Tim gia tri nhd nhat cua biiu thde 

p = (i + ^( 1 + i) 2 + (1+ ^(i + i) 2 

Ldi giai: 

Sd dung bat dang thde Cauchy-Schwarz va bat dang thde AM-GM, ta co 


(l + rr) 2 1 + 


S)f 


> |(l + x) ( 1+ - ) + il + y) ( 1 + 


1 x 1 y 

1+-+X+-+1 +-+y+- 

y y x 

x \y 2 + \ + l ^) + y{^ + \ + \ 



= 2(17+ 12\/2). 
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Vay P > 17 + 12a/ 2, dang thdc dat drfdc khi x = y = —. 

Bai 365. Gia sit a, h,c> 0 va a 2 + b 2 + c 2 = 1. CMng minh rang : 

—f 7 4-b a + 6 + c > 4 a/3 

a b c 

Ldi giai: 

Sd dung bat dang thdc AM-GM ta co: 


1 = a 2 + b 2 + c 2 > 3 a/ a 2 b 2 c 2 abc < — 7 = 


3a/3 


1113 3 , 

-♦7 4— > 3/ — > — , — 3 a /3 

abc v abc ? ' 

V 3d3 


> 2 —b — 4—^ > 6 a/3 ( 1 ) 

\a b c) 

—h -—I-b 3a -b 3 b -b 3c > -b 3.3 Tabc = 3 ( 4 - 3 a/ abc] > 6a/3 

abc y a bc \Vabc ) 


Mat khac cung theo AM-GM thi 


=r- —b 7 —I-b 3a 4- 3b 4- 3c A 6 a/3 (2) 

abc 

Cong ve vdi ve (1) va (2) ta co dieu phai chdng minh. 

Bai 366. Cho cac so thitc khong dm thoa man x + y + z = 1. CMng minh rang 
x 2 4-1 y 2 + 1 z 2 + l < 7 
y 2 + 1 + Z 2 + 1 + X 2 + 1 “2 

Ldi giai: 

Gia sd a = max {a,b,c}. Ta se chdng minh rang 


b 2 +1 c 2 + l 
c 2 -b 1 a 2 + 1 


< (6 + c ) 2 + 1 + 


1 

a 2 4- 1 


That vay. bat dang thdc da tren trfdng ditdng vdi 

c 2 < (b + c) 2 c 2 + (b + c ) 2 -b c 2 — b 2 c 2 < (b +c) 2 c 2 + 2bc + 2c 2 
a 2 + 1 — c 2 + l ^ a 2 + 1 ~ c 2 -b 1 


Ludn dung dd a = max {a, b, c}. 

Do do: 

a 2 A 1 6 2 - 1 c 2 - 1 


79 —7 n — 9 — 7 ^— 9 —7 < ci 2 + (6 + c) + 1 H—~—— + 2 
6 2 + 1 c 2 + 1 a 2 + 1 “ v ' a 2 + 1 


Nhrf vay ta se chdng minh: 


2 . 2 1 3 (1 -a)(l -3a-4a 3 ) 


Bat dang thdc cuoi ludn dung do 

i>«>i 

Bai toan drfdc chdng minh xong. Dang thdc xay ra khi a = 1; & = c = 0. 
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Bai 367. Cho a, b, c la cac so thuc dUdng thoa man a 2 + b 2 + c 2 = 1. Chting minh rang: 

*2 


V3 


a?\J\ — be + b 2 \J 1 — ca + c 2 V 1 — ab > 

Ldi giai: 

Bat dang tlitfc can chdrig minh titdng dneing titdng ditdng : 

aV2 - 2be + b 2 V 2 - 2ca + cV2 - 2a6 > 


Sd dung bat dang thtre AM-GM ta co 

a 2 \/2 — 2be > a 2 y/ 2 — (6 2 + c 2 ) = a 2 \/l + a 2 = Va 4 + a 

Titdng tit 


6 2 \/2 - 2ca > : \$d + 6 fi 
c 2 V 2 — 2aft > Vc 4 + c 6 


LHS > Va 4 + a 6 + #+6^ + Vc 4 + c 6 
> \] (a 2 + 6 2 + c 2 ) 2 + ( a 3 + f> 3 + c 3 ) 2 


= + (1) 


Mat khac theo Cauchy-Schwarz ta co 


(a 3 + 6 3 + c 3 )(a + b + c) > (a 2 + b 2 + c 2 ) 2 


(a + b + c) < ^3(a 2 + b 2 + c 2 ) 


(o 3 + 6 3 + c3) >_g+£+A = 1 (2) 


\/3(a 2 + 6 2 + c 2 ) x/3 


Tit (1) va (2) ta co 


a VI — be + bW1 — ca + c V1 — ab > 


if 


Bai toan ditdc chttng minh xong. 

Dang tlitfc xay ra khi va eh! khi a = b = c — . 

_ v3 


Bai 368. Cho a,b,c > 0 thoa abc = 8. Tim gia tri Idn nhat cua 

p- 1 1 


2 a + 6 + 6 26 + C + 6 2c + a + 6 


Ldi giai: 

Dat a = 2x 2 , b = 2y 2 , c = 2z 2 <+> xyz — 1 


>P= I. V"_1 

2 ^ 2x 2 + i 


2 ' 2x 2 + y 2 + 3 


^2(2x 2 + y 2 + 3) = ^[(x 2 + y 2 ) + [x 2 + 1) + 2] > ^ 2(xy + x + 1) 
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• p<-T —-— 

4 ^ xy + x + 1 


Ta co : V-- = 1. 

xy + x + 1 

That vay, dita vao tich xyz = 1 ta co : 


y —!— 

' xy + x + 1 


1 1 

- + 


1 


xy + x + 1 x + xy + 1 y + - + 1 zx + z + xyz x + xy + 1 xy + x + 1 xy + x + 1 
Nen tacoP<^^- 


‘ 4 xy + x + 1 4 

Vay gia tri ldn nhat P ma x = ^ dat dttdc khi a = b = c — 2. 


Bai 369. Cho cac so thuc a, b, c thoa man: ab + bc + ca— 1. Tim gia tri nhd nhat cua bieu thtic 
P = 40 a 2 + 27 b 2 + 14c 2 


Ldi giai: 

Theo AM-GM ta co 

16a 2 + 9 b 2 > 24 ab 
24a 2 + 6c 2 > 24ac 
186 2 + 8c 2 > 246c 

Cong ve theo ve cua cac bat dang thtfc cung chieu ta co : 

P > 24 (ab + be + ca ) = 24 

Vay minP = 24. 

Bai 370. Cho a, b, c la cac so thuc dUdng va thoa man dieu kien a 2 + b 2 + c 2 — 3. 
Tim gia tri nhd nhat cua bieu thtic 

P = ( 3a + -^- 2 ) + (3b + — V + Uc + — h 
b + c J I c + a J I a + b 


Ldi giai: 

Ta co: 


P = 3a + 


b + c 


36+ — ) + (3c+^- 
c + a/ V a + 6 


= 9(a 2 + 6 2 + c 2 ) + 12 (r^— H- - -1-+ 4 ( --— ^ 4 -' s 4- - — 2 ) 

\6 + c c + a a + 6/ \(a + 6) (6 + c) (c + a) / 

Sh dung bat dang thtfc Nesbit va bat dang thtfc Cauchy-Schwarz ta co: 

P>27-12.^V + 1 

2 3 \ a + 6 6+c c+a 


>45 + 


>45 + 


3" 2 2 (a + 6 + c) 2 
27 

3(a 2 + 6 2 + c 2 ) = 


Dau bang xay ra khi a = b — c — 1. 


http: //boxmath.vn/ 


202 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bai 371. Cho a, b, c la cac so thitc dUdng va thoa man dieu kien a 2 A b 2 A c 2 = 3. 
Tim gia tri nhd nhat cua biiu thitc 


P = 6a 2 — 6a + 5 + 


ab -\ 


+ ( 66 2 — 66 + 5 + 2 ) + ( 6c 2 — 6c A 5 -I-— 

bc + ba J V ca + cb 


Ldi giai: 

Sd dung bat dang thdc AM-GM ta co 


2 2 

6a 2 — 6a + 5 A —~. -= 5(a 2 A 1) — 6a A a 2 A —;- 

ab A ac ab A ac 

2 / 2 

A 4a A a 2 H— -= 2a A 2a Ala 2 sfe 


ab A ac 


> 3//2a.2a. a 2 A 


ab A ac 


ab A ac 


6a 2 —6a A 5-I— r -^— } > 27 [4a 4 A , 

ab + ac / V b A c 


Tudng tu 


Td do ta co: 


66 2 - 66 A & A , 2 , ^ > 27 (4 b 4 A 

bc + baj \ c A a 

6c 2 — 6c A 5 H--—> 27 (4c A H— 

ca + cb ) \ a A 6 

P > 108 (a 4 A 6 4 A c 4 ) A 216 ( , " A — A * , ) 
v • \Hc cAa a —b J 

(a 2 A 6 2 A c 2 ) 2 3 

> 108-— 3 ; A 216.- 

= 648 

Vay gia tri nho nhat cua bieu thdc P = 648. Dat drfdc khi a = b = c = 1 


Bai 372. Cho x , y, z la cac so thitc dvCcfng va thoa man dieu kien x A y A z = 3 xyz. 
Tim gia tri nhd nhat cua bieu thdc: 

y 4 


„ f 111 

P= - + 


- A 


A 7 


x y z) |_(xy A T){toz A-l) (yz + l)(yx + l) (zxAl)(zyAl) 


Ldi giai: 

Cach 1. 

Sd dung bat dang thdc AM-GM ta co: 

(. x 2 A y 2 A z 2 ) 2 


P > —}= 

y/x 2 y 2 

Ta se chdng minh 


27(x 2 + y 2 + z 2 ) 


xyz(x A y A z) A 3 A 2 (xy A zy A zx) 


xyz(x + y + z) + 3 + 2(xy A z A zx) 

_ 27(x 2 A y 2 A z 2 ) _ 27 

xyz(x + y + z) + 3 + 2(xy A zy A zx) _ 4 
O 4(x 2 A y 2 A z 2 ) > xyz(x + y + z) + 3 + 2(xy A zy A zx) 


2(x 2 A y 2 A z 2 ) > 2 (xy — yz A zx) 

2 

2(x 2 A y 2 A x 2 ) > -(x A y A z) 2 = 2xyz(x A y A z) 
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Nen cong viec trd ve cluing minh 


xyz(x + y + z) >3 


That vay drfa vao dieu kien ta co xyz > 1 nen bat dang thilc tren dung theo AM-GM . 

27 

Dang thilc xay ra khi x = y — z — 1. Vay minP = —. 

Cacti 2. 

Sil dung bat dang thilc Cauchy-Schwarz va ket hop gia thiet, ta co 

81 [ x 4 y 4 z 4 1 


(x + y + z) 2 [(xy + l) (xz + 1) (yz + l)(yx + l) (zx + 1) {zy + 1) J 

9 [ * 4 | v 4 | 1 

x 2 y 2 z 2 [(xy + 1) (xz + 1) (yz + 1) (yx + 1) (zx + 1) (zy + 1) J 


y 2 z 2 (xy + 1 ) (xz + 1 ) z 2 x 2 (yz + 1 ) (yx + 1 ) x 2 y 2 (zx + 1 ) (zy + 1 ) 


y 3 z 3 (xy + 1) (xz + 1) z 3 x 3 (yz + 1) (yx + 1) x 3 y 3 (zx + 1) (zy + 1) J 

1 , t 1 

Dat a = —, b = — ,c— — 
yz zx xy 

Th dieu kien ta co a + b + c = 3. Khi do P ditpc viet lai la 


J 


r + 


b 3 


+ 7 


Ap dung AM-GM : 


L( 1 + &)(! + c) (1 + c) (1 + a) (1 + a) (1 + b) 


o? 1 + 6 1 + c ^ 3 

(1 + b) (1 + c) + “ 8 “ + “ 8 “ - 4° 
b 3 1 + c 1 + 0^3 

(1 + c) (1 + o) 8 8 4 

c 3 1 + a 1 + 6^3 

(1 + a ) (1 + 6 ) + 8 + 8 “ 4 C 


Th do ta co 


(l + 6 Hl + c) + (l+c)’(l + a) + (l + a)(l + 6 ) + i + I (0 + 6 + c) -I ( “ + 6 + c) 


b 3 


+ 7 


c 3 


(1 + 6) (1 + c) (1 + c) (1 + a) (1 + a) (1 + b) 4 
27 

Vay P > - 

- , 27 

Gia tri nho nhat cua P = — dat ditOc khi a = b — c — 1. 

Bai 373. Cho a, b , c la cac so thuc dvtdng thoa man ab + bc + ca = 3. Chilng minh rang 

1 1 11 

1 + a 2 (b + c) 1 + b 2 (c + a) 1 + c 2 (a + b) ~ abc 


Lbi giai: 

Sil dung bat dang thilc AM-GM ta co: 


ab + bc + ca = c 


Th do ta suy ra 


1 + a 2 (b + c) > a(ab + bc + ca) — 3 a 
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Throng tif 2 bieu thbc con lai, ta co : 


E 


1 

1 + a 2 (b + c) 


^E 


1 

3a 


1 / ab + be + ca 
3 \ abc 


1 

abc 


Bai toan drtdc chbng minh xong. 

Dang thbe xay ra khi va chi khi a = b = c = 1. 

Bai 374. Cho a, 5, c la cac so thiCc dvCdng thoa man a + b + c = 1. Chdng minh rang 
a^l + b — c + b\/1 + c — a + c\Jl + a — b + 1. 

Lcti giai: 

Sb dung bat dang thbc AM-GM ta co: 

\/l.l(l + b — c) < —_ 


a\/l + b — c + by /1 + c — a + c\/l + a — b < ^ ^a + g = 1 


Bai toan drtdc chbng minh xong. 

Dang thbc xay ra khi va chi khi a = b = c = 


Bai 375. Cho a, b, c la cac so thuc dUdng thoa man x 2 + y‘ 

iE_ + AE + AE>3 

1 + yz 1 + zx 1 + xy 2 


2 = 3. ChUng minh rang: 


Ldi giai: 


Cach 1. 

Sb dung bat dang thbc Cauchy-Schwarz ta co: 


1 + yz 


V 2 , * 2 ^ (x 2 + y 2 + z 2 ) 2 

1+ zx 1 + xy ~ 3 + xyz{x + y + z) 


3 + 


_ ® _ _>? 

{xy + yz + zx) 2 2 


Bai toan drtdc chbng minh xong. 

Dang thbc xay ra khi va chi khi x — y — z — 1 

Cach 2. 

= J + y 2 + ,2 _ f + + J%V_'\ 

1+yz 1+ zx 1 + xy \l + yz 1 + zx 1 + xy J 

> 3 - | (x 2 (l + yz) + y 2 { 1 + zx) + z 2 ( 1 + xy)) 
9 1 . . 2 

~ 4~ J^( xy + yz + zx ) 

>\-/y + v > + sf 
_ 3 
“ 2 ' 

Bai toan drtdc chbng minh xong. 

Dang thbc xay ra khi va chi khi x — y — z — 1. 
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Bai 376. Cho a, b, c la cac so thiCc dUdng thoa man ab + bc + ca — 1. Tim gia tri nhd nhat cua 
P = a 2 + 2b 2 + 5c 2 


Ldi giai: 

Sd dung bat dang thdc AM-GM ta co 

P = jja 2 + + ^6 2 + 2c 2 + 3c 2 + ^a 2 > 2 (ab + bc+ ca) = 2. 

( 3 2 1 \ 

y/n'ViiWnJ 

Vay minP = 2. 


Bai 377. Cho a, b, c la cac so thitc dUdng thoa a 2 + b 2 + c 2 < abc. Tim gia tri Idn nhat cua 

6 


]/ 6a 2 + 9 + \[< 


6 b 2 + 9~ + V 66 2 + 9 


Ldi giai: 

Sd dung bat dang thdc AM-GM ta co: 


T 2 < 3 V a < 3 V a = - V 1 < — V f - 

- ^6a 2 + 9~7^^l2 7^^5-49^V3 a 


1 1 1 ab + bc +ca < a 2 + b 2 + c 2 < ^ 

abc abc ~ abc ~ 


Td do ta suy ra T < y 

Dang thdc xay ra khi va chi khi a = b = c — y/3. 


Bai 378. Cho a, b, c la cac so dUdng thoa man: a+bpc— - Chting minh rang: 

1 A ~ > 3 


vdz + 36 \/b + 3c \Jc + 3a ' 


Ldi giai: 

Sd dung bat dang thdc AM-GM ta co: 


z + 36 + 1-1-1 


^ y cl + 3 6 


Td do ta suy ra 


\/ a + 36 a + 36 + 2 

Chdng minh tUOng tit vdi 2 hang td con lai, sau do cong ve theo ve, ta co 

1 1 1 > 3 / 1 1 1 
■\/a + 36 y/bp 3c \Jc P 3a \tt — 36 — 2 6 +3c+ 2 c + 3a + 2 


Den day, sd dung bat dang thdc Cauchy-Schwarz ta co 

1 


1 1 


0 - + 36 + 2 6 +3c+ 2 c + 3(2 + 2 J 4((2 + 6 + c) + 6 


27 


Nhu vay 


1 1 1 

= + > 3 


t/a P 36 v+ + 3c s/c + 3a ' 
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Bai toan drfdc cluing minh xong. 


Bai 379. Cho x, y , z la cac so thitc dvtdng thoa man x + y + z = 1. Chvtng minh rang: 


xy + z 


yz H 


zx + y 


Ldi giai: 

Si! dung gia thiet x + y + z — 1 va bat dang thilc AM-GM ta co: 
LHS — 


xy 


xy + z(x + y + z) ' \J^yz + x (x + y + z) ' Y zx + y (x + y + z) 
xy I yz I zx 

(z + x)(y + z) + \J (x + y)(z + x) + \J (y + z) (x + y) 

+ + + — ' ) + -(— + —' ) 

2 \z + x y + zj 2 \x + y z + x) 2 \y + z x + yj 


yz 


f. 


-S[( 


z+x z+x) 


y + z y + zj \x + y x + yj 


Bai toan ditOc chilng minh xong. 

Dang thilc xay ra khi va chi khi x = y = z — - 


Bai 380. Cho a, b, c la cac so thitc ditdng va thoa man a + b + c = 3. 
ab 

+ A . n.O . „ + 


]/ 2a 2 + 3b 2 + 7 + ][: 


_ < V3 

2c 2 + 3a 2 + 7 “ 2 


Ldi giai: 

Si! dung bat dang thilc AM-GM ta co: 

ab ab ^ ab ^ ab f 11 

2 a 2 + 3b 2 + 7 ~ 2 (a 2 + 1 ) + 3(6 2 + 1 ) + 2 “ 4a + 6b + 2 “ T \6b + 4a + 2 
Den day, sil dung bat dang thilc Cauchy-Schwarz ta co: 

1 \ a 1 ab 


ab < ab f 1 
4a + 6 b + 2 4 y 66 4a + 2 J 

Til do ta co 


- <-h 

24 8 a + a + l — 24 8 9 


1 ab (1 1 


“ + 1) “ 24 + 36 + 72 


ab 


a b ab 


2a 2 + 3b 2 + 7 ~ 24 36 72 

Tiep tuc si! dung bat dang thilc Cauchy-Schwarz va ket hop danh gia tren, ta co 
2 / ab be ca 

~ 3 \2a 2 + 3b 2 + 7 + 2b 2 + 3c 2 + 7 + 2c 2 + 3a 2 + 7 

b ab\ ( b c bc\ / c a ca\ 

~ 3 1 24 36 72 ) ”*” \24 36 72 ) \24 36 72/ 


(a + b + c a + b + c ab + bc+ ca 
1 24 + 36 + 72 


Nhrf vay 


ab 


~7 + i‘ 


I 2 a 2 + 3 b 2 - 
Bai toan ditpc chilng minh xong. 

Dang thilc xay ra khi va chi khi a — b = c — 1, 


2b 2 + 3c 2 + 7 V 2c 2 + 3a 2 + 7 


. V3 
: 2 
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20 Bai 381 den bai 400 


Bai 381. Cho a , b , c la cac so thuc dttctng thoa man a 2 4- b 2 + c 2 = 3. Chilng mink rang: 

-p- 3 


/ ^ 
\J a 2 + b 


— h — c V 6 2 — a.# 

Xdf* giai: 

Cach 1. 

StjC dung bat dang thtfc Cauchy-Schwarz ta co 


a + / 


c 2 + a + 6 " 


(a 2 + b + c) (1 + b + c) > (a + b + c ) 2 


2 + b + c “ 


: + 6 + < 


(1 + b + c) 


I a 2 < / a /a (] 

Va 2 + 6 + c — V a + ^ + c V a 

E ,/=!=■/ 


(1 + 6 + c) 


+ b + c 
a(l + b + c) 


(1) 


I a 2 + 6 + c ' V a + Hc'V a + 6 + c 
Tiep tuc sii dung bat dang thilc Cauchy-Schwarz ta co: 

> a (1 + b + c)\ 


E 


a (1 + b + c) \ 

a + 6 + c V a + 6 + c J 
2 (a 6 + be + ca) 


= 1 . 1 + 


a + b + c 


E 

< 1 + 


a + 6 + c 
2 (a + 6 + c) 


E‘ 


CL + b + C / 


3 (a + 6 + c) 


— 1 + —(a + 6 + c)<l + — \/3 (a 2 + 6 2 + e 2 ) — 3 


E 


a + 6 + e 


Ml + H-c) ^ 3(2) 
V a + b + c 


Ket hop (1) va (2) ta duoc 


Va 2 + 6 + c~^\^6 2 + c + a + c 2 + a + 6 ^ 


Bai toan dupe chilng minh xong. 

Dang thilc xay ra khi va chi khi a = b = c = 1 . 

Cach 2. 

Sd dung bat dang thtre Cauchy-Schwarz ta co 

• a + b + c < y/3(a 2 + b 2 + c 2 ) = 3 = a 2 + b 2 + c 2 

• (1 + b + c)(a 2 + b + c) > ( a + b + c) 2 


Tit do ta co 

a b c < a(l + b + c) + b(l + c + a) + c(l + a + b) 

a 2 + b + c + b 2 + c + a + c 2 + a + b~ (a + 6 + c ) 2 

a + b + c+ 2ab + 26c + 2 ca 
(a + 6 + c ) 2 

< a 2 + 6 2 + c 2 + 2ab + 26c + 2 ca _ 1 
(a + 6 + c ) 2 
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Mat khac, cung theo bat dang thilc Cauchy-Schwarz thi 




c 2 + a + b 


< (a + b + c ) 


- + 


+ - 


a 2 + b + c b 2 + c + a c 2 + a+ b 


< 3. 


Can bac 2 hai ve ta co dieu phai cluing minh. 

Dang thilc xay ra khi va chi khi a = b — c — 1. 

Bai 382. Cho a, b , c la cac so thuc dvtdng va thoa man a + b + c = 3. 

1 + 1 + 1 ^ < l~ 3 ~ 

\/3 a 2 + Ab 2 + 5 \/36 2 + 4c 2 + 5 \/3c 2 + 4a 2 + 5/ — V abc 


Ldi giai: 

Bat dang thilc can chdng minh titcing ditdng 


abc 


abc 


I 3a 2 + 4b 2 + 5 V 36 2 + 4c 2 + 5 
Sii dung bat dang thdc AM-GM ta co 


abc ^ \/3 
3c 2 + 4a 2 + 5 “ ~Y 


abc _ abc ^ abc 

3a 2 + 4b 2 + 5 ~ a 2 + b 2 + 2a 2 + 2 + 3 b 2 + 3 “ 2 ab + 4a + 6b 


Mat khac, theo bat dang thilc Cauchy-Schwarz ta co 


abc 


abc 


2ab + 4a + 6 b 
Th do ta suy ra 


ab + 2 3 b 


abc 


1 \ abc ( 1 , 

+ SI -T+l. + l +S7 = ^ + 


abc ac 
36 + 24 


: < 


c abc ac 
72 + 36" + 24 


3a 2 + Ab 2 + 5 

Thiet lap 2 bieu thhc trfdng tit, sau do cong ve theo ve, ta drfpc 
abc abc abc 


7 + 


+ ; 


3a 2 + Ab 2 + 5 3 b 2 + 4c 2 + 5 3c 2 + 4a 2 + 5 
< f c a bc ac\ ( a abc ba\ f b abc be 

-V72 + 36 + 2iJ + V72 + 36 + 24J + V72 + 36 + 24 


Sh dung bat dang tilde Cauchy-Schwarz ta co 

LHS 2 <^( ah ° + abc + abc 

~ \3a 2 + Ab 2 + 5 3 b 2 + 4c 2 + 5 3c 2 + 4a 2 + 5 


c abc ac 
72 + 36 + 24 


, .. abc ba\ ( b abc 
+ *72 + 36 + 24) + V72 + 36 + 


„ (a + b + c 3 abc ab + bc+ ca 

' 72 + ~36~ + 24 


Nhrf vay 


abc 


V 3a 2 + Ab 2 + 5 V 3 b 2 + 4c 2 + 5 
Bai toan drfpc chrfng minh xong. 

Dang thilc xay ra khi va chi khi a = b = c — 1. 


I abc ^ \/3 
/ 3c 2 + 4a 2 + 5 “ ~Y 
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Bai 383. Cho a, b, c la cac so thiCc dUdng thoa man a 2 + b 2 + c 2 = 3. Chvtng minh rang 
a b c 3 , 

-- 7 —b -h - t ^ -abc 

1 + bc 1 + ca 1 + ab 2 

Ldi giai: 

Cach 1. 

Bat dang thde can chdng minh trfdng drfdng vdi 

1 1 13 

ab (1 + ab) be (1 + be) ca (1 + ca) ~ 2 
De y rang ta co phan tfch sau: 

1 5 — 3 ab (ab — l) 2 (3ab + 4) 

ab( 1 + ab) 4 4ab(l + ab) 

Thiet lap drfdng tit doi vdi be va ca ta cd: 

1 5 — 3 be (be — 1) 2 (35c + 4) 

6 c(l + be) 4 46c(l + be) 

1 5 — 3ca (ca — l) 2 (3ca + 4) 

ca(l + ca) 4 4ca(l + ca) 

Cdng ve vdi ve cac bat dang thtfc tren, ta drfdc 

\ (ab — 1 ) (3 ab + 4) ^ 3 
^ 4a6(l + ab) ~ 2 

cyclic 

Bai toan drfdc chrfng minh xong. 

Dang thhc xay ra khi va chi khi a = b — c — 1. 

Cach 2. 

Sd dung bat dang thde Cauchy-Schwarz ta cd 

• (a + b + c) 2 < 3 (a 2 + b 2 + c 2 ) = 9 

• (ab + bc + ca) 2 < (a 2 + b 2 + c 2 ) 2 = 9 

Mat khac, cung theo bat dang thde Cauchy-Schwarz thi 

a b c > (a + b + c) 2 (a + b + c) 3 

1 + bc 1 + ca 1 + ab a + b + c - 3 abc (a + b + c) 2 + 3 abc (a + b + c) 

(a + b + c) 3 

~ (a + b + c) 2 + (ab + bc+ ca) 2 
^ (a + b + c ) 3 
“ 9+~9 

3 

> -abc. 

Bai tdan drfdc chdng minh xong. 

Dang thde xay ra khi va chi khi a = b — c — 1. 

Bai 384. Cho a, b , c la cac so thitc dvtdng thoa man a + b + c = 3. 

\J a 2 — ab + b 2 \Jb 2 — be + c 2 \J c 2 — ca + a 2 3 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 “ 2 


15 — 3 (ab + bc + c 


(oh — 1) (3 ab + 4) ^ 3 
' ^ 4ab(l + ab) - 2 + 

cyclic 
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Ldi giai: 

Sil dung bat dang thile Cauchy-Schwarz ta co 

(a + b)Va 2 +b 2 — ah = y/(a + b)(a 3 + b 3 ) >a 2 + b 2 


Tit do ta suy ra 






Va- 

1 — ab + b 2 


1 



a 2 + b 2 


a + b 

Thiet lap tUdng tit, ta co 






VB 

2 — be + c 2 


1 



b 2 + c 2 

~ 

b + c 


vi 

' — ca + a 2 

> 

1 



c 2 + a 2 


S: ; + a 


Cong ve vdi ve cac bat dang thile tren, ta co: 

V a 2 — ab+b' 2 Vb 2 —foe + c 2 Vc 2 — ca + a 2 111 93 

a 2 + b 2 b 2 + c 2 c 2 + a 2 ~ a + b +b +c +c +a ~ 2(a + b +c) 2 

Bai toan ditdc cluing minh xong. 

Dang thile xay ra khi va chi khi a = b — c — 1 . _ 

Bai 385. Cho cac so thitc d/tf/Jng x,y,z. CMng minh rang 

( x + V + z ) + ^ > 3^3(x 2 + y 2 + z 2 ) 

Ldi giai: 

StjC dung bat dang thile Cauchy-Schwarz ta co 

( - + -'Mfi- J (xy + yz + zx) > (x + y + zf 

\y z xj 

Mat khac, theo AM-GM ta co: 

3 (xy + yz + zx) y/3(x 2 +y 2 + z 2 ) = \J 27 (x 2 + y 2 + z 2 ) (xy + yz + zx) 2 

< (x 2 + y 2 + z 2 + 2 xy + 2 yz + 2 zxf 

— (x + y + z) 3 

Nhan ve vdi ve hai bat dang tren ta co 

(x + y + z)(- + ^ + -) >3^3 (x 2 + y 2 + z 2 ) 

\y z x J 

Bai toan drfdc chilng minh xong. 

Dang thile xay ra khi x = y = z. _ 

Bai 386. Cho x,y, z la cac so thuc ducing thoa man 13x + 5 y + 12z = 9. Tim gia tri Idn nhat 
cua: 

m xy 3 yz 6 zx 

T = --- 1 --- 1 - 

2 x + y 2 y + z 2z + x 

Ldi giai: 

Si! dung bat dang thile Cauchy-Schwarz ta co 

2 x + y = ltAl + 1 > 9 

xy y y x ~ y + y + x 
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Tit do suy ra 


Titdng tit ta co: 


xy < 2 y + x 
2 x + y ~ 9 

3 yz < 2 y + z 
2 y + z ~ 3 

6 zx 4x + 2z 

2 z + x ~ 3 


Cong ve vdi ve ba bat dang thde tren ta co 


13s + 5 y+ 12 z 
9 


Vay gia tri ldn nhat cua T la 1. 

Bai 387. Cho cac so ditcfng a, b , c thoa man abc = 1. Chitng mink rang 

Va , , Vc i 

2 + by/a 2 + cVb 2 + ayfc 

Ldi giai: 

Vi abc = 1 nen ta co the dat Ja — -,Vb = -,y/c— 

y z x 

Sd dung bat dang thitc Cauchy-Schwarz ta co: 


x 


E 


yfa 

2 + by/a 


E— 

eye 2 + 


y_ 

y 

z 


2 

2 ' 


y 


y - (^-) 2 

c^c 2a ^ 2 + ( X ^) 2 


(xt/ + yz + zx) 2 

{xyf + (yz) 2 + (zx) 2 + 2 xyz(x + y + z) 


1 


Bai toan ditdc chitng minh xong. 

Dang thitc xay ra khi va chi khi a = b — c — 1 . _ 

Bai 388. Cho a, b, c la so thitc dvtcing thoa man a + b + c— abc. Chitng minh rang 
be ca ab 3\/3 

a (1 + be) b (1 + ca) c (1 + ab) ~ 4 

Ldi giai: 

Dat a — b — c = - thi gia thiet ditdc viet lai la: xy + yz + zx — 1. 
x y z _ 

De thay x + y + z > y/3(xy + yz + zx) = y/3. 

Sd dung bat dang thde Cauchy-Schwarz ta co 

x ] y ! ^ > (.x + y + zf = _ (x + y + z) 3 _ 

yz + 1 zx + 1 xy + 1 ~ 3 xyz + x + y + z 3 xyz(x + y + z) + (x + y + z) 2 

> _ (x + y + zf __ (x + y + zf 

~ (xy + yz + zx) 2 + (x + y + z) 2 1 + (x + y + z) 2 

(x + y + z — \/3) (4(rc + y + z) 2 + y/3(x + y + z) 2 + 3) 3\/3 

4 (l + (x + y + z) 2 ) 4 

> 3yj 

“ 4 

Bai toan ditdc chdng minh xong. 

Dang thde xay ra khi va chi khi a = b = c = y/3. 
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Bai 389. Cho x, y, z la cac so thuc dUdng thoa man xy + yz + zx — 3xyz. Chting mink rang: 
y 2 x 2 z 2 

xy 2 + 2x 2 zx 2 + 2z 2 yz 2 + 2y 2 ~ 


Ldi giai: 

Dat x = y — z = 4 thi gia thiet drfdc viet lai la a + b + c = 3 
Khi do ta co: 

y 2 x 2 z 2 a 2 b 2 


c 2 


xy 2 + 2x 2 zx 2 + 2 z 2 yz 2 + 2 y 2 a + 2b 2 b + 2c 2 c + 2 a 2 

( 2 ab 2 2 be 2 2 ca 2 \ 

= “ + 6 + C “ (^T265 + 6 + 23 + ^+2^J 

> a + 6 + e — ^ ^ v a 2 6 2 + v / 6 2 c 2 + 3 c 2 a 2 ^ 


Sd dung bat dang thde AM-GM ta co 


^a 2 ^ 2 = ^06.06.! < 


ab + ab + 1 


Tuong tu 


v/feV < 


be + be + 1 


2 + b + c— ^ ^ a 2 b 2 + \^ 6 2 c 2 + \/ c 2 a 2 ^ >a + 6 + c—^(2a6 + 26c + 2ca + 3) > 1 


9 v 

Bai toan drtdc chdng minh xong. 

Dang tilde xay ra khi va chi khi x — y — z — 1. 

Bai 390. Cho a,b,c e [—1; 4] t/ioa a + 26 + 3c < 4. Chdng minh rang 
a 2 + 26 2 + 3c 2 < 36 

Ldi giai: 

Vi a, 6 , c G [— 1 ; 4] nen ta co 

(a + l)(a — 4) < 0 <(=> a 2 < 3a + 4 
2(6 + 1)(6 — 4) <0^ 26 2 <66 + 8 
3(c + l)(c — 4) <0^>3c 2 <9c+12 


Td do suy ra 


a 2 + 26 2 + 3c 2 < 3 (a + 26 + 3c) + 24 < 36 


Bai toan drtdc chdng minh xong. 

Dang thde xay ra khi va chi khi a — c— — 1,6 = 4. 


Bai 391. Cho x , y, z la cac so thitc dttctng thoa man x + y + z > —I-f -. Chdng minh rang: 

x y z 

3 2 

x + y + z > —■-■- 1 - 

x + y + z xyz 
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Ldi giai: 

Theo gia thiet va sd dung bat dang thde quen thuoc a 2 + b 2 + c 2 > ab + be + ca ta co 

x + y + z 


(x + y + z) 2 > (- + - + -) >s(- + - + -) 
\x y z) \xy yz zx) 


xyz 


Td do ta co 


2 2 

- (x + y + z) > - 

3 xyz 


Nhu vay, ta co 


X + y+Z= l (x + y+z) + l (x + y+z) >lQ + i + iyi (x + y +z) 


Bai toan drfdc chutng minh xong. 

Dang thde xay ra khi va chi khi x = y — z — 1 . _ 

Bai 392. Cho a,b,c la dd dai 3 canh cua tam giac. Chdng minh : 

a ( 1 1 2 \ h c 

\3a + & + 3a + c~^2a + & + c/ ”^3a + c”^3a + 6 < 

Ldi giai: 

Nhan xet: Neu x, y, z > 0, x < y thi — < X Z 

y y + z 

Do do 


' 1 1 
3a + b 3 a + c 


2 \ b c a + c a + b 2 a 

2 a + b + cj 3 a + c 3a + b 3 a + b 3 a + c 2 a + b + c 

2a T 2 b 2a -I - 2c 4a 

4a + 6 + c 4a + 6 + c 4a + 6 + c 

= 2 . 


Bai toan dddc chdng minh xong. 

Bai 393. Cho x, y > 0 thoa man: x + y = 2. Chdng minh rang 
x 2 y 2 {x 2 + y 2 ) < 2 
va 

x 3 y 3 (x 3 + y 3 ) < 2 

TcF* giai: 

Sd dung bat dang thde AM-GM ta co 


1 o o / 2 2 ^ i x + yf ( 2x y + x 2 + y 2 f 0 

I ~.2xy.2xy{x +y)< -.---•- - -= 2 


• x 3 y 3 (x 3 + y 3 ) = 2 xy.xy.xy(x 2 - xy + y 2 ) < 2 ( 


<2 ( xy + xy + xy + x 2 -xy + y 2 ^ = ^ 


Dang thde xay ra khi va chi khi x — y = 1. 

Bai 394. Cho a, b , c /a ba so thitc dttctng. Chdng minh rang 

(a + 2 ) (b + 2 ) (6 + 2 ) (c + 2 ) (c + 2 ) (a + 2 ) ^9 
(b + 1) (b + 5) (c + 1) (d+ 5) (a + 1) (a + 5) 4 

2/bf* giai: 

Ta co bat dang thde luon dung sau: 

(6 + 1 ) + (f+ 5) - 4(6^2) ~ 462 + 166 + “ - 362 + 186 + 15 « ( b ~ ^ ^ 0 
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Td do ta suy ra 

(a + 2) (6 + 2) ^ 3 (a + 2) 
(6 + 1) (6 + 5) " 4(6 + 2) 

Trfdng tit 

(6 + 2) (c + 2) ^3(6 + 2) 
(c + 1) (c + 5) - 4(c + 2) 
(c + 2) (a + 2) ^ 3 (c + 2) 
(a + 1) (a + 5) " 4(a + 2) 


Cong ve vdi ve cac bat dang thdc tren, va sd dung bat dang thdc AM-GM cho 3 so, ta drtdc: 

(q + 2) (6 + 2) (6 + 2) (c + 2) (c + 2) (a + 2) 3 T (a + 2) (6 + 2) (c + 2) 1 > 9 

(6 + 1 ) (6 + 5) (c + 1 ) (c + 5) (a + 1 ) (a + 5) 4 [(6 + 2 ) (c + 2 ) (a + 2 )J 4 

Bat dang thdc drtdc chdng minh. 

Dang thdc xay ra khi va chi khi a = b — c — 1 
Bai 395. Cho a,b,c la cac so thuc duong. Chdng minh rang: 

1 1 13 

a (1 + b) b (1 + c) c (1 + a) ~ 1 + abc 

Ldi giai: 

Dat a = k—, b = k-, c — k— vdi k > 0 
y z x 

3 

Khi do ta co RHS — -— 

1 + k 3 

Sd dung bat dang thtrc Cauchy-Schwarz ta co 

rue _ y 1 = v 1 = y z = y' a i 

^ a(l + b) ^k-(l + k u ) ^ kxz + k 2 xy ^ ka\b\ + k 2 a\C\ 

eye ' ' eye V v 2 ' eye eye 

> (ai + 61 + Ci) 2 > 3 

— ( k 2 + /c)(a 1 6 1 + & 1 C 1 + dai) — k 2 + k 

vdi ai = yz; 61 = zx; c\ = xy. Nhrf vay ta can chdng minh 

k 3 + 1 > k 2 + k -B- (fc — l) 2 (/c + 1 ) > 0 

Bat dang thdc cuoi luon dung, bai toan drtdc chdng minh xong. 

Dang tilde xay ra khi va chi khi a = b = c. 

Bai 396. Cho a, 6 , c la cac so thiCc dvCdng thoa man abc = 1. 

(a 2 + 8 ) ( 6 2 + 8 ) (c 2 + 8 ) < (a + b + c ) 6 


idf* giai: 
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Sd dung bat dang thdc AM-GM ta co 

(a 2 + 8 ) ( b 2 + 8 ) (c 2 + 8 ) _ (a 2 + 8 abc) ( 6 2 + 8 abc) (c 2 + 8 abc) 
(a + b + c ) 6 (a + b + c ) 6 

(a + 86 c) (6 + 8 ca) (c + 8 a 6 ) 

(a + b + c) 

< [a + b + c + 8 (ab + 6 c + ca )] 3 

27 (o + 6 + c) 

T 8 1 3 

a + 6 + {a — 6 — c ) 2 

< L J 

27(a + 6 + c ) 6 

1 / 1 8 \ 3 
27 \a + 6 + c 3 J 

< 1 / 1 8 \ 3 
“ 27V3v^ + 3/ 


Do do 

(a 2 + 8 )( 6 2 + 8 )(c 2 + 8 ) < (a + 6 + c ) 6 

Bai toan ditOc chdng minh xong. 

Dang thdc xay ra khi va chi khi a — b — c — 1. 

Bai 397. Cho a, 6 , c la cac so thitc dttctng thoa man a + b + c = 1. Chdng minh rang: 


%+ Vab + Vabc < ; 


Ldi giai: 

Sd dung bat dang thdc AM-GM ta co 


» Vab = 2y^6< ^ + 6 

a 

rz - - + 6 + 4c 

» Vabc = 77 -6(4c) < —--- 


Td do ta co 


a + Vab + Vabc < 


4(a + 6 + c) 
3 


4 

3 


Bai toan drfdc chdng minh xong. 

Dang thdc xay ra khi va chi khi a = —, 6 = —, c — —. 

6 _ 1 _ 21 ’ 21 ’ 21 _ 

Bai 398. Cho x , y , z la nhdng so dUdng thoa man x + y + z > 6 . 

x 3 y 3 z 3 

- 1 - 1 -> 6 

y + z x + z x + y 

Ldi giai: 

Cdch 1. 
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Sd dung bat dang thdc AM-GM ta co 

+_ + +_ + (y + zf > 3 x2 
y + z y + z 8 2 

^ (^>3 

z + x z + x 8 2 y 

z 3 z 3 (x + y) 2 3 2 

-+-+ ^> -z 2 

x+y x+y 8 2 

Cong ve vdi ve cac bat dang thdc tren, ta co 

« 2 ('A- + ^b + ^L'\>b I 2 + 2 + ^)_l( 

\y + z z + x x + y) 4 V ' 4 

Mat khac, ta co 

| {x 2 + y 2 + z 2 )-^ (xy + yz + zx) > j^(x + y+ zf - ^(x + y + z) 2 = ^(x + y + z) 2 > 12 
Do do 

jL + j+ + j+>s 

y + z x + z x + y 

Bai toan drfdc chdng minh xong. 

Dang thdc xay ra khi va chi khi x — y — z — 1 . 

Cach 2. 

Sd dung bat dang thdc Cauchy-Schwarz ta co: 

x 4 | y 4 | z 4 > (x 2 + y 2 + z 2 ) 2 > X 2 + y 2 + z 2 > (x + y + z) 2 

x(y + z) y{z + x) z(x + y) ~ 2 {xy + yz + zx) ~ 2 “ 6 

Do do 

y + z x + z x + y 

Bai toan dUOc chdng minh xong. 

Dang thdc xay ra khi va chi khi x = y — z — 1. 

Bai 399. Cho a, b, c la cac so thuc khong dm thoa man a + b + c — 3. Tim gia tri Idn nhat cua: 

P = (a 2 — ab+ b 2 ) (b 2 — bc + c 2 ) (c 2 — ca + a 2 ) 

Ldi giai: 

Gia sd a = min{a, b, c}. Ta co b + c = 3 — c < 3 
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Sd dung bat dang thdc AM-GM ta co: 

P = (a(a — b) + b 2 ) (b 2 — bc+ c 2 ) (a(a — c) + c 2 ) 

< b 2 (b 2 — bc + c 2 )c 2 

= W bc \ hc ^ 2 ~ bc + c ^ 

^be + ^be + ( 6 2 — be + c 2 ) 


< 12 

Dang thdc xay ra khi a = 0 , b = 2 , c = 1 va cac hoan vi. 

Vay gia tri ldn nhat cua P la 12 . 

Bai 400. Chting minh rang vdi moi a, b, c khong am ta co: 

lab + be + ca 3 I (a + b) (b + c) (c + a) 

V -3--V- 8 - 

Lcti giai: 

Sd dung bat dang tilde AM-GM ta thu dude 

, 3 r~r 3/ n,n n ^ a + 6 + c a6 + 6c + ca (ab + be + ca)(a + b + c) 

abc = V abc.v a 2 b 2 c 2 < ---.---= --^-- 

Ma theo 1 hang dang thtfc quen biet thi 

(ab + bc + ca) (a + b + c) = (a + b) (b + c) (c + a) + abc 

Do do ta co 

- (ab + be + ca)(a + b + c) < (a + b) (b + c)(c + a) 

Mat khac, sd dung bat dang thde AM-GM ta co 

3 \/(a + &)(& + c)(c + a ) < (a + b) + (b + c) + (c + a) = 2 (a + b + c) 

Tit do suy ra 

(a + b)(b + c)(c + a) > ^(ab + be + ca)(a + b + c) > ^(ab + bc + ca ).^ y/(a + b)(b + c)(c + a) 
hay tUdng drfdng 

/ab + bc + ca 3 /(a + b) (b + c) (c + a) 

V -3-- V - 8 - 

Bai toan dude chdng minh xong. 

Dang thde xay ra khi va chi khi a = b — c. 
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